FUTURE GLOBAL STABILITY OF MAXWELL-JUTTNER
EQUILIBRIA AND VACUUM FOR THE MASSLESS
BOLTZMANN EQUATION ON FLRW SPACETIMES
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ABSTRACT. In this work we study the general relativistic massless Boltz-
mann equation on Friedmann—Lemaitre—Robertson—Walker spacetimes with
spatial topology T3 in the linear and decelerated expanding regimes, where
the scale factor is t9 with q € [0,1]. The massless Boltzmann equation on
these backgrounds admits non-stationary Maxwell-Jiittner equilibria of the
form exp(—[t?9p|). For 0 < q < 1, we prove future global-in-time existence
and uniqueness of small perturbations of these equilibria in the case of hard
ball interaction without symmetry assumptions. For 0 < q < 1/3, we prove
that the perturbation — measured in a suitable LIQ, based energy norm — de-
cays at the superpolynomial time-decay rate of t~39 exp(—t!~39), whereas for
1/3 < q < 1 we obtain the polynomial time-decay rate of t—34, In the border-
line case q = 1/3, we show the time-decay of t~397¢ with a uniform constant
1

¢ > 0. Finally, for 3 < q < 1, we prove future global-in-time existence and

uniqueness of small perturbations of the vacuum solution on T3.
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1. INTRODUCTION

In this article, we will study the long time dynamics of the general relativistic
massless Boltzmann equation on homogeneous and isotropic cosmological models
of the universe described by the Friedmann-Lemaitre-Robertson-Walker (FLRW)
spacetimes

M=1T1x%, g =—dt®dt + a*(t)gs,

where I < R is an open interval, (X, gy) is a constant curvature manifold, and
a: I — (0,+0c0) is called the scale factor. This article studies the future global non-
linear stability of Maxwell-Jiittner equilibria on decelerated and linearly expanding
FLRW spacetimes in which the constant curvature manifold is the 3-dimensional
flat torus T3. To the best of our knowledge, this is the first future global-in-time
stability result for the Boltzmann equation in the presence of spatial dependence
and a non-trivial gravitational field.

1.1. The Boltzmann equation in general relativity. Consider a 4-dimensional
Lorentzian manifold (M, g), and let P < TM be the mass-shell of spacetime
defined by

P = {(z,p) € TM: g,(p,p) = —m>c* with p future-directed},
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where ¢ > 0 is the speed of light, and m > 0 is a fixed parameter describing the mass
of the particles under consideration. The general relativistic Boltzmann equation
on (M, g) concerns functions F': P — [0, c0).

Consider a local coordinate system (¢t = 2, 21, 2% 2%) on M, and let (z*,p?)
be the corresponding conjugate coordinate system on P = TM, so that (x#,p?)
corresponds to the point p*0,u |, € P = TM, where p is defined in terms of (z#, p*)

by the mass shell relation

gupt'p” = —m2c2. (1.1)

We use here the Einstein summation convention over repeated indices and adopt
the convention that Greek indices range over 0, 1, 2, 3, and Latin indices range
over 1, 2, 3. Spacetime points are typically denoted (¢,z) € M, though in some
expressions, which will be clear from the context, x € M is used for brevity. By a
slight abuse, we will use the notation p both for points in P, for fixed x € M, and
for p = (p*,p?,p?) to denote elements of R3. Note that the latter parameterizes
the former, with p® > 0 defined by (1.1). We will also write p* to denote the p
component of (p°, pt, p?, p?).
The Boltzmann equation on (M, g) then takes the form

p°0F +p'0pi F — p'p'T},,0,,F = C(F, F), (1.2)
where
o _ 9%
Lo =75~ (0ugpy + Ougus — gy ),

denote the Christoffel symbols of the metric g.
The collision operator C'(F, F') in (1.2) is defined by

C(F,G) % j dyip, (q) f dum(q/)f dp, (F)W (F((\GW) — F(@)G®)),

x x x

in terms of the volume form dup, in the fibers of the mass-shell P, given by

\/—detg

—Po

dup, (p) = dp*dp*dp®.

We recall that indices are raised and lowered with respect to the metric g. Moreover,
the transition rate W = W(p, ¢|p’, ¢’) is defined by

1 1
W(p,qlp'.q") = 580(@ 0)6™ (p" + ¢ — p* — ¢*)(—det g)" 2, (1.3)

where o(p, ) is a scattering kernel measuring the interactions between particles.

The conservation of energy and momentum due to the elastic collisions among

particles is expressed by the fact that W is supported on p, q, p’, ¢/, satisfying
gt =pt g, (1.4)

where the notation p*, ¢*, and p'*, ¢’*, indicates that these are pre and post-
collisional momenta, respectively. Here the relative momentum function o : P, X
P, — [0, +00) is defined by

olp.a) = Wp“ = ¢*)(Pu — au) =V —2(p" s + m2c?),

where o(p, q) is well-defined since p — ¢ is either a null or a spacelike vector. Define
also the function s : P, x P, — [0, +0) by

ef K
s(,q) E — (0" + ¢") (P + ) = 2 (—p g + M),
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where s > 0 since p+¢ is either a null or a timelike vector. Note that s = o%+4m?c?.
We observe that ¢ and s are collision invariants in the sense that o(p, q) = o(p', ¢')
for all p, q, p’, ¢’ satisfying (1.4), and similarly for s. We define also the scattering
angle function 0 : Py, X Py X Pp x Pr — R as

def
cos(0(p,q,p', ) = (0" — ")), — q,,)/ 0"
By the conservation of energy and momentum (1.4), it can be shown that 6 and

cos B are well-defined. We now remark that the transition rate (1.3) is coordinate
invariant, and so, also is the collision operator.

1.2. The Einstein—Boltzmann system and Maxwell-Jiittner FLRW. The
Boltzmann equation in general relativity (1.1)—(1.2) is a fundamental kinetic model
for the study of gravitational collisional systems. In the theory of general relativity,
these systems are modelled by the Finstein—Boltzmann system, which consists of
equations (1.1)—(1.2) coupled to the Einstein equations

. 1 81G
RZC(g)uV - iR(g)gm/ = CTT[U/ (15)

where the energy-momentum tensor 7),, for the Boltzmann equation takes the form
T.w[F] = J F(t,x,p)pupyidetgdplddeps.
Pa —Po

The Einstein—Boltzmann system in the case of massless particles admits an explicit
FLRW solution with spatial topology T3, the scale factor a(t) = (2t)%, and with
F(t,x,p) = exp(—|2tp|) being a Maxwell-Juttner equilibrium. More generally, for
any q = %, the Finstein—massless Boltzmann—scalar field system admits an FLRW
solution with scale factor a(t) ~ t9 for large t, and F(t,x,p) = exp(—|a(t)?p|) a
Maxwell-Jiittner equilibrium.

Further, for any q € (0, 1], there are other matter models for which the Einstein
equations (1.5) admit as solutions the FLRW spacetime with spatial topology T2,
and scale factor a(t) = t9. These are the geometric backgrounds we consider in
this article. We refer to the appendix of [84] for more information about how these
spacetimes arise as solutions to the Einstein equations coupled to suitable matter
models.

1.3. The massless Boltzmann equation on FLRW spacetimes. Let us now
focus on the massless Boltzmann equation (1.1)-(1.2) on the FLRW spacetimes
with T? spatial topology of the form

M = (0, +00); x T3, (1.6)
with the Lorentzian metric
gq = —dt ®dt + t*I(dz' @ da' + d2® ® da® + dz® ® da?), (1.7)

where q € (0, 1], and the speed of light is normalised to unity ¢ = 1. These geometric
backgrounds for ¢ > 0 model an expanding universe with a big bang singularity at
t = 0. For q € (0,1), these spacetimes are said to undergo decelerated expansion
in the sense that the scale factor a(t) = t9 satisfies %a(t) < 0. The case g =1 is

linearly expanding in the sense that %a(t) = 0. We refer to the spacetime (1.6)—
(1.7) in the non-expanding case q = 0, as the non-expanding FLRW spacetime. We
will also consider this latter spacetime.
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In this paper, we investigate the long-time dynamics of the massless Boltzmann
equation on the FLRW spacetime (M, gq) which takes the form

POF + o F - 2 p’poé’ F=C(F,F), F(t=1xp) =F(zp), (18)
where F)(z,p) is a regular initial datum, and p° of [t9p| by the mass-shell relation
with [p|2 = (p1)? + (p*)? + (p®)2. Here, we have used the explicit form of the
non-zero Christoffel symbols I'}, of g4 given by

; ; q q
Tjo = To; = 30, T = 1410,
where 6;; is the standard Kronecker delta which is 1 when the indices are equal,

and 0 otherwise. Note that for any smooth function h(#29p), the linear operator in
the left hand side of (1.8) satisfies

P 29 5. 2 _
(at o= apl) (h(t2p)) = 0. (1.9)

On the FLRW background (1.6)— (1 7), the collision operator C(F, F') is

C(F,G) = 1 f j f W .l P GG ~ Fo)Gla). (1.10)

in terms of the explicit volume form dup, (p) = t39(p°)~Ldp'dp?dp® on the fibers of
the mass-shell P of FLRW. Here, the transition rate W (p, ¢|p’, ¢') is given by (1.3).

1.3.1. Scattering kernel of the collision operator. The scattering collision kernel
o(p,8) we will consider in the transition rate W(p, q|p’,¢’) is

c(0,0) 4 constant, (1.11)

with value normalised to be 1. This kernel corresponds to the case of short range
interactions [25,66]. We refer to the kernel (1.11) as the hard-ball cross section
since it is the relativistic analogue of the hard-sphere kernel for the Newtonian
Boltzmann equation.!

More general commonly studied examples of collision kernels include o (g, 8) of
the form

o(0,0) = 0%0¢(0), —4<a<?2, (1.12)
for a suitable non-negative function o((6). We expect our techniques to generalize

to these kernels with a suitable cutoff assumption on oy(f). One example that
appears frequently in the physics literature is the Israel kernel [44]:

a0(0)
o(1+¢%)
We refer to [69] for more information. Other collision kernels are discussed for

example in [76, Appendix B], and [17,19]. See Section 1.9 for a further discussion
about kernels of the form (1.12).

o(0,0) = (1.13)

IThe Newtonian limit of the Boltzmann equation on R2 in the massive case with (1.11) is the
usual hard-sphere Boltzmann equation as shown in [76].
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1.3.2. Conservation laws and the H-theorem. Key quantities for the solutions of the
massless Boltzmann equation on FLRW spacetime (1.8) are their mass, momentum,
and energy defined respectively as

thj J Fdpdz, thJ J t29p' Fdpdz, t6qJ J |t29p| Fdpdz, (1.14)
T3 JR3 T3 JR3 T3 JR3

where i € {1,2,3}. Here the weight 59 comes from the volume form of phase space.
A basic property of the solutions to the massless Boltzmann equation (1.8) is the
conservation in time of these quantities,

1
d )
(tﬁqf J t2apt F(t,m,p)dpdx) = 0.
dt 18 Jry \ |29

See Corollary A.2 for the proof of these properties. These global conservation laws
arise from the conservation of energy and momentum of collisions among particles.

We also observe that Boltzmann’s H-theorem holds in this setting. Let H[F] be
the entropy of a distribution function F'(¢,z,p) at time ¢ defined by

H[F| ¥ quz JRS —t%9F log F(t, x, p)dpdz. (1.15)

where —F'log F is the standard entropy density. Similarly as in (1.14), the term ¢%9
comes from the volume form of phase space. In this context, the H-theorem states
that the entropy of the system H[F(t)] is a non-decreasing function of time since
4 [F(t)] > 0. See Theorem A.3 for its proof.

1.3.3. Mazxwell-Jiittner equilibria for massless Boltzmann on FLRW. In the mass-
less case when m = 0, the Boltzmann equation on FLRW spacetime (M, g4) has
an explicit non-stationary Mazwell-Jittner equilibrium
2 e—t'p° B e~ 1t27p|
J(#2p) = —— = —— (1.16)
where the normalising constant is chosen so that §, J(p)dp = 1 at t = 1. For q¢ > 0
the Maxwell-Jiittner solution (1.16) is decaying as t — +00 and thus referred to as
a “non-stationary equilibrium”. In the massive case m > 0, there are no non-trivial
global Maxwell-Jiittner equilibria, see [12, Section 12.5] and [24, Theorem 5.1].
More generally, the massless Boltzmann equation on FLRW spacetime (1.8) ad-
mits an explicit 5-dimensional family of non-stationary Maxwell-Jiittner equilibria,

1
Ja,b,c(tqu) _ §€a+b.t2qp75\t2qp| (1.17)

where a € R, b€ R3, and ¢ > |b| are five constant parameters. Note that Jo 1 = J
is the normalised Maxwell-Jiittner equilibrium in (1.16).

The Maxwell-Jiittner equilibria J, 4 . are characterised as suitable maximisers
of the entropy (1.15), subject to constant mass, momentum, and energy (1.14).

For q = 0 it is well known that the Boltzmann equation is dissipative around
the stationary solution (1.16).? For g > 0, since (1.16) is decaying in time, this
dissipative effect weakens as q increases. This fact is captured in the weakening of
the decay rates of the perturbations in Theorem 1.4 as q increases.

2This fact is well-known in the case of massive particles. It is also true in the massless case as
it is shown in Theorem 1.4 in the hard-ball case.
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1.3.4. The vacuum solution for massless Boltzmann on FLRW. For all ¢ = 0, the
massless Boltzmann equation on FLRW spacetime (M, gq) admits the trivial sta-
tionary solution F' = 0, also known as the wvacuum solution. This distribution
function is referred as vacuum since it models a system with no particles. Theorem
1.9 below concerns the stability of the vacuum for the massless Boltzmann equation
when q > %

1.4. The stability problem for the Maxwell-Jiittner equilibrium. In this
work, we study the problem of convergence to equilibrium for the solutions of
the massless Boltzmann equation on FLRW (1.8). We will begin with a standard
reformulation of the initial value problem around the Maxwell-Jiittner equilibrium
(1.16). In what follows, we will use the notation Q(F,G) = -5 C(F, G).

1.4.1. Reformulation of the problem. Given a solution F'(t,x,p) of (1.8), we define
f(t,x,p) by the relation

F(t,z,p) € J(*p) + /T (£29p) f (t, z, p). (1.18)

The unknown f(t,z,p) satisfies the equation

of 4 b= 2o + £F = T( ) (1.19)

Ilfq |
with initial datum

f(t=12,p) = filw,p) = (Fi(x,p) = J(p))/\/J( (1.20)

Here, the linearised operator £ and the nonlinear operator I" are given by
L= —JPQUNIF) — T VPQWIF, ), (1.21)
and
U(hy, ho) € TY2Q(Thy, VI hy). (1.22)

We will suppose in the following that the perturbation f(¢,xz,p) satisfies for all
t > 1 that

t6°'f f T3 (29p) (¢, @, p)dpda = 197 f j 29 7 (£2p) £ (1, . p) dpdr
Ti R3 Tf; R3

_ 469 f f [#9p|T2 (1) f (¢, 2, p)dpde = 0, (1.23)
T JR3

where i € {1,2,3}. Due to the conservation of the mass, momentum, and energy, if
these relations are satisfied initially then the equation (1.19) implies that they will
continue to be satisfied for all ¢ > 1.

For the stability problem of the more general Maxwell-Jiittner equilibria (1.17),
one can reformulate the initial value problem similarly as in (1.19)—(1.20), and
assume a condition on the perturbation f(¢,x,p) similar to (1.23). The results we
will obtain for the problem (1.19)—(1.20) can be extended to these other equilibria.

We could also relax the assumption (1.23) by identifying the Maxwell-Jiittner
equilibrium J, 3 . one would converge at large-times from the values of the conserved
quantities (1.14) at {¢ = 1}. See Appendix B. Then one can suitably modify the
assumption (1.23) by the difference with the corresponding equilibrium Jg p .
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1.5. The collision operator on FLRW. By the conservation of energy and mo-
mentum (1.4), we can parameterize p’* and ¢’* by p, ¢ € R? and an angular variable
w € S2. Due to the diagonal structure of the FLRW metric, we can follow the ar-
guments in the special relativistic case, for example in [77], to reduce the collision
integrals in (1.10). We present in this section the center of momentum and Glassey—
Strauss reductions of the collision operator.

1.5.1. Collisional invariants for massless particles on FLRW. Let us write the func-
tions s(p, ¢) and 0*(p, q) using the explicit form of the FLRW metric g4 in the case
of massless particles m = 0,

op,q) =t /2(lpllal —=p-a),  s(p.a) = *2(|plla| —p-q)- (1.24)
Note that s = p? > 0. We further show some elementary bounds for s = ¢?.
Lemma 1.1. For all (t = 2°,2) € M and all (p, q) € P, x P,, there holds
poloal

2

pxq

1 1 <Q(paq)<tq|p7Q|a 2q‘ |
Ipl2 gl pllq|

Proof. The estimates from above follow from

<s(p,q) <tPp—q|*.  (1.25)

1 1
pllal < 5 (IpI* + la*) = 5lp—af* +p-a.
On the other hand, the estimates from below follow from

2alpPlal® = (- @) 2q Ipx gl
pllal +p-q pllal +p-q’
and the Cauchy—Schwarz inequality. O

s=2 (1.26)

The estimates in (1.25) are similar to those used for the massive case m = 1 in
the non-expanding case q = 0 in [34, Lemma 3.1].

1.5.2. Center of momentum reduction of the collision operator. Let us reduce the
collision operator Q(F,G) in the center-of-momentum representation. For this,
we will use the parametrisation of the post-collisional momenta in the center-of-
momentum expression written, for w € S2, as

, Ptq 2(lpllgl —p-9) (p+q) - w
= + +(y-D)p+q¢—— ), 1.27
p 5 5 w+(y—1)(p+q) DT (1.27)
, DPtq 2(|pllgl —p - 9) (p+q -w
= — +(y=Dp+q¢~— "), 1.28
q 5 5 w+(y=1+q DT g (1.28)
where
lp| + lq|
v =P q) = :
2(Ipllgl = p-q)
With this parametrisation of the post-collisional momenta p’ and ¢’, we have
‘p/|:|P\+|Q|+(p+Q)‘W |/|:|p|+\Q|7(P+Q)'W
2 2 2 2

Then, the conservation of energy and momentum (1.4) are satisfied in the form

[t9p| + |t9q| = [t%'| + |t7¢], p+qg=9p +q. (1.29)
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Furthermore the scattering angle 8 satisfies
cos = w - k(p.q).
where
: 1 2 (lqlp" — Ipla’) o
k(p,q) = ( +( -q) -
Ip| + lal + /2 (pllal —p-9) \2(Iplldl—p-q)

It can be calculated that |k| = 1.
Then, following the proof of [77, Theorem 2 and Corollary 3], the collision oper-
ator Q(F,G) can be reduced in its center-of-momentum representation to

QPG =t | dy | dovo(e) [FG)GW) - Fo)G@]  (130)

where vy = v4(p, q) is the Mgller velocity given by

4p°q° 2 pllal  4[lp]
We used here that for massless particles in FLRW, we have p° = t9|p|, ¢° = t9]q|,
and ¢* = s = 26> (|pllg| —p - q) .

1 2
ar 00, )s(p, )2 1lpllgl—=p-q 1|p ¢
U¢(p, ) = = = m . (131)

1.5.3. Glassey—Strauss reduction of the collision operator. On the other hand, we
can reduce the collision operator Q(F, @) in the Glassey—Strauss representation.
For this, we will use the parametrisation of the post-collisional momenta in the
Glassey—Strauss expression, for w € S2, as

iy 20 (pla —lalp)(lpl +al)
(Ip| + g2 = (w-[p+q])2
g =g (Ipla — lalp)(lpl +1al) (1.32)

(Ipl +lg])? = (w - [p + ql)?

Then, following the proof of [77, Theorem 4], the collision operator Q(F,G) can
be reduced in the Glassey—Strauss representation as

QF,G) =t dq | dwveo(o,0)B(p,q,w)[F(p)G(d)—F(p)G(g)], (1.33)
RS SQ

where
_ A(lpl + lg))? |w - (Iplg — lalp)]

[(Ip] + la)? = (- (p + 0))?)”
Recall the definition of the Mgller velocity v, in (1.31).

By using the parametrisation (1.32) of the post-collisional momenta, following
directly the argument in [33], one can calculate the following Jacobian change of
variables.

B(p,q,w)

Lemma 1.2. Let (p', ¢') be the post-collisional momenta parametrised as in (1.32).
For the collision map (p,q) — (p’,¢’), the Jacobian change of variables is

ow,q) ¢ ]|

I = — . 1.34
od - PP ol (1.34)

We use the parametrisation (1.32) to perform the standard pre-post collision
change of variables (p,q) — (p',¢’) using the Jacobian (1.34).
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1.5.4. Decomposition of the linearised operator. In the following, we will study the

solutions F'(t,x,p) of the massless Boltzmann equation on the FLRW spacetime

[ O F = PO F = QUE ), F(t=1ap) = Fwp), (13
p

in the case of hard-ball cross section o = 1. Typically the center of momentum

reduction of the collision operator will be used so that

_ w (1- P4 NGl —
arc) =3 [ an [ o (1-L0) (FoNGW) - FOIG@).  (130)

where p’ = p/(p, ¢,w) and ¢’ = ¢'(p, q,w) are defined by (1.27)—(1.28).
We recall now the reformulation for the problem (1.35)—(1.36) around the Maxwell-

Jiittner equilibrium as in (1.19). We now decompose the linearised operator L f
defined in (1.21) as

O F +

Lh=v(t,p)h—K(h), (1.37)

in terms of the multiplication operator

v(t,p) L¢3 f

R3
and the momentum integral operator K defined by

e [ |y o(0.0) N/TE%) {3/ T) W) + 7/ TE) 1)
e[ dg [ do v o(e.0) VI TE) hla) (1.39)
R3 S2

= Kah — Kih,

where the last line defines the integral operators Ko and ;. We now compute the
function v(t,p), also known as collision frequency, for the hard-ball kernel.

dq dw vy a(0,0) J(t*9q), (1.38)
SQ

Proposition 1.3. With the hard-ball cross section (1.11), the collision frequency
is v(t,p) = vot 39, where vy > 0 is a fixed constant.

Proof. By the explicit form (1.31) of the Mgller velocity, we compute in the hard-
ball cross-section case that

t3q p . q 2q
v(t,p) = —J dqf dw (1 — ) e~ Ital 1.40
P = 367 Jo ¥ s plla (140
t—3q .
- 7J dqf dw (1 _ pq) elal — 39
167 Jps ~ Jge Ipllql
where v is constant since the value of the integral does not depend upon %. (I

1.6. Notations and function spaces. Let us set the notations and function
spaces we will use in the paper.

1.6.1. Notations. Through the paper, we will write A < B if there is a uniform
constant C' > 0 such that A < CB. If A < B and B < A, then we write A ~ B.
We denote by B, = B(0,r) the standard ball centered at zero and radius r > 0.
We let e (z) and Jm (2) denote the real and complex parts of a complex number
z, respectively. In the Fourier variables k € Z3, we also define the Japanese bracket

Gy (1 + k)
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The momentum of a particle is denoted by a 4-vector p*. We raise and lower indices
of the momenta with the FLRW metric, i.e. p, = g,p”. The components of the
inverse of the metric g are denoted with indices upstairs as g*”. Throughout the
paper, Greek indices range over 0, 1, 2, 3, and lower case Latin indices range over
1,2, 3.

We parameterize the momentum of a massless particle in FLRW spacetime
(M, gq) by p = (p*, p?,p*) € R? with particle energy p” = ¢9|p| where [p|? = p-p. We
write here and onwards the Euclidean dot product as p-q = Z?=1 p'q’. Abusively,
we write p* to denote both the 4-momentum p* = (p°, p’), and the component p*.

1.6.2. Weights and Lebesgue space norms. For m = 0, we define the weight function
w2, (t29p) €1+ [129p|™. (1.41)

For r, s > 1, we define the norms

1/r
\ L&) = ( )| dp) :
1/s
) = ( o dt) ’
1/s
L: « ( (k)> ;

where h(k) is the Fourier transform of h(z), that is, h(k) = = §s e Th(z)dx with
k € Z3. We used above the notation d¥(k) for the discrete measure in Z3 such that

LS h(k)dS(k) = > h(k)

keZ3

=[]

In the following, we will use (-, ) to denote the standard L*(R3) inner product.

1.6.3. Weighted and mixed Lebesgue spaces. For 1 < u, r < +00, we consider the
L,lfL%L; mixed Lebesgue space norms

whmu@%(f(k

the weighted mixed norms

T
HWMWMU@J f quwwr
z3 1 R3

and, for [ > 0, the weighted norms

lwm ey pers < Jzz<k>l(JlT (sz Wy (t29p)”

We use the standard modification when u or r are equal to +0. Above, f (t, k,p)
denotes the Fourier transform of f(t,z,p) with respect to z € T3.

f, k:,p)‘r dp) rdt) " s,

Pt kp)| dp> Tdt) " s,

it k)| dp> :dt) %dE(k).
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1.6.4. Chemin—Lerner function space. In the main results we consider the low reg-
ularity function space L,ﬁL%Lg. For 1 < T < 400, define the space of functions
L LF L2 with the norm

P ligugoy ™ [ esssup |kl asib).

1<t<T

For q € [0,1], our analysis will rely on estimates of the norm HtgquLiLfﬁLg for

solutions of (1.19)~(1.20). The function space Ly LF L? was first considered for the
study of collisional kinetic equations in [20]. In the rest of the paper when we write
Sup; ;<7 We are referring to esssup; ;<.

1.6.5. Initial data norms. The initial data norms we will use are

def
mem—ﬁm%—%(&

|wmfm¢g;u>%{LékY(L@wm@»ﬂfuhp>T@Qidzw)

When | = 0 the weighted initial data norm satisfies |wy, f| 2 oLT (1) = ||wmf\|L)1€L;(l).

ﬁmﬂ%ﬁzmw

and

1.7. The main results. We now present the main results of the article.

1.7.1. Global stability of the Mazwell-Jittner equilibrium. We now state our main
result concerning the future global stability of the Maxwell-Jittner equilibrium
(1.16).

Theorem 1.4 (Future global stability of the Maxwell-Jiittner equilibrium). Let
q € [0,1]. The Maxwell-Jiittner equilibrium is nonlinearly stable as a solution to
the massless Boltzmann equation on FLRW spacetime (1.8) in the case of hard-ball
interaction (1.11).

More precisely, let I > 0 and let f;(z,p) be an initial datum satisfying (1.23).
There is €; > 0 such that if Fy(z,p) = J(p) + J2(p)fi = 0 and [<k)'f1 ”L}CL% < €,
then there is a unique global mild solution f (¢, z, p) to (1.19)—(1.20) for the massless
Boltzmann equation with hard-ball interaction (1.11) on FLRW spacetime (M, gq)
such that F(t,z,p) = J(t2p) + J2 (t29) f(t,x,p) > 0 and

VT = 1’ Ht3q<k>lfHLkL%E’L;Z7 + Ht3q/2<k>lfHLlch%Lz2) $ ||<k;>lf1HL}cL127 (142)

Let also m > 0, and 0 < ¥ < 1. There is ¢; > 0 such that if ”wmleLiL% < e,
then the unique global mild solution f(t,z,p) satisfies the uniform decay estimate

VEz 1, Ol < 0T 0) wmfil gy s (1.43)
where
exp(At), ifq=0,
7;(]5) d:ef exp(ﬁlz%qtl_?’q), if 0 < q< %, (144)
tovo, if q =3,
1, if L <q<1,

with A > 0 a small constant, and vy > 0 the uniform constant in Proposition 1.3.
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Remark 1.5 (Functional space). Alternatively, we could have obtained global
stability in other function spaces such as LE HY L?) nL2HYN Lf, for N > % without
using the Fourier transform, or other L® based functional spaces. In the former
case we expect the following uniform estimate

169 ligmsiy + 10 iy < Uy YT 21
where the implicit constant is independent of T > 1.

Remark 1.6 (Asymptotic vs orbital stability). By the explicit form of the Jiittner
equilibrium, for any m > 0, one can show that [[t29p|™J(t29p) loie ~ t=39 for
large times. In contrast, Theorem 1.4 establishes that for the norm of the per-
turbation /T (P2%p) f(t,z, p) we have ||29p|™\/T(@p) fl 11 2 < £29(Ty(£)) ! for
large times. From (1.44), t=39(T4(¢))~* = ¢739 for 1/3 < q < 1, and (74(¢t))"*(?)
decays faster in time for 0 < q < 1/3. In this sense, Theorem 1.4 can be viewed as
orbital stability for 1/3 < q < 1, and asymptotic stability for 0 < q < 1/3.

Remark 1.7 (Dissipation threshold at q = 1/3). The ¢3 decay rate in Theorem
1.4 should be viewed as a result of cosmological expansion. The additional decay
factor in (1.44) for q < 1/3 should be viewed as a result of dissipation due to particle
collisions. Thus q = 1/3 is a threshold below which the Boltzmann equation is
dissipative, and above which is not.

We expect different values of q arise as thresholds for different choices of collision
kernels. See Section 1.9 below for more information.

Remark 1.8 (Cosmological expansion weakens familiar kinetic effects). Note that
the decay due to dissipation in Theorem 1.4 is stronger for small ¢, and thus cos-
mological expansion weakens this dissipative effect. A related weakening due to
cosmological expansion of another familiar kinetic effect — namely phase mixing
for the Vlasov equation — has also been shown to hold on FLRW spacetimes [84].

1.7.2. Global stability of the vacuum solution. We will now state our main result
concerning the future global stability of the vacuum solution for the massless Boltz-
mann equation on FLRW. Given a solution F(¢,z,p) of the massless Boltzmann
equation (1.8), we define f(¢,z,p) by the relation

F(t,z,p) = J(t*p)f(t,,p),  F(t=1,2,p) = Fi(z,p) = J(p) f1(x,p).

The unknown f satisfies the equation

p' 2q
orf + Waxif i Opi [ =T(f, f)s (1.45)
with initial datum
f(t: l,x,p) :fl(xap) d:efFl(I7p)/J(p) (146)

Above in (1.45), the nonlinear term T'(f, f) is defined as in (1.22). We now state
our main result in the near vacuum case.

Theorem 1.9 (Future global stability of the vacuum solution). Let q € (3,1]. The
vacuum is nonlinearly stable as a solution to the massless Boltzmann equation on
FLRW spacetime (1.8) in the case of hard-ball interaction (1.11).

More precisely, let fi(xz,p) be an initial datum. There is ¢ > 0 such that
if Fy(z,p) = J2(p)fi > 0 and [filLizz < eo, then there is a unique global
mild solution f(¢,x,p) to (1.45)—(1.46) for the massless Boltzmann equation with
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hard-ball interaction (1.11) on FLRW spacetime (M, gq) such that F(t,z,p) =
T3 (t%p) f(t,z,p) > 0 and

S 0y s < Ul (L

Remark 1.10 (The restriction q > %) The restriction q > % in Theorem 1.9 arises
from the expansion rate used to estimate the nonlinear term in terms of the energy
norm Ht?’quLiL"ToLi’ and is thus a priori unrelated to the appearance of q = % as a
threshold in Theorem 1.4.

Remark 1.11 (No previous near vacuum works on T?). In the Newtonian Boltz-
mann theory, the standard approach near vacuum in the style of [43] uses the
dispersion of the transport operator d; + pd,: in the whole space R? to estimate
the non-linear term. As far as we know, there are no global existence results near
the vacuum solution, outside of homogeneity, on the torus T2 for the Newtonian
Boltzmann equation due to the lack of dispersion. (Note however recent develop-
ments on Landau damping for Vlasov—Poisson on T? [7,36,62].)

1.8. Ideas and strategy of the proof. In this section, we overview the main steps
of the proof of Theorem 1.4. In Section 1.8.1, we consider a linear model problem
that motivates the time-decay rates we will show for the Boltzmann equation on
FLRW depending on the value of q. Later, we will sketch the proof of our main
results in Subsection 1.8.2.

1.8.1. A linear model problem. In this section, we will consider the model problem

(2
Ocf + ;:—Mé’xif — 2—tquapif + vt ™3f =0, ft=1,2,p) = fi(z,p). (1.48)
This equation arises from neglecting nonlinear terms and the operator I in the
massless Boltzmann equation (recall Proposition 1.3 for the collision frequency in
the hard ball case).

This is the simplest linear equation displaying the behaviour shown in Theorem
1.4, and in particular does not admit the difficulties pertaining to the kernel of £ as
in the full linearised problem. We will now study the decay properties of | f(¢)[rz |
for the solutions of (1.48). '

Below it will be useful to note that for a function A(t), and ¢ € R, we have

(iﬁ " Zf) () = 95 (1Oh(0). (1.49)

Proposition 1.12 (Decay estimates for the model problem). Let q = 0 and some
f1€ L?(T? x R?). Let f be the unique solution of the model problem (1.48). Then,
the Li’p—norm of f satisfies

11O, < OO s
where
exp(t), if q=0,
To () exp(24;t' ),  if0<q< 3,
! tvo if q =12
) q 39

1, if 1 <q.
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Proof. Multiplying (1.48) by f, and integrating over phase space, we get

1 3q _
ft\\f(t)l\%g‘p + THf(t)H%gm + ot ()72 = 0.

We therefore obtain using (1.49) that

1

d
~4—6q 6q 2 —3q 2 _
S (B Wz ) + vt NSO, = 0. (1.50)

The decay of the L2-norm when q = 0 follows by integrating (1.50). Suppose now
that q # 0, 5. We observe that t%9] f(t)|2, satisfies the ODE,

d 6q 2 2vg 6q 2 _
= (@I, ) + 5 (F91F @1 ,) = 0. (151)
1-3q
decay estimate when q = % is obtained by integrating again (1.51) from which we
conclude that | f(t)[3. =272 f1]32, . O
x,p z,p

which is explicitly solved by |f(#)[|2. =t %9 exp(2-t1739)| 1|2, . Finally, the
z,p z,p

1.8.2. Strategy of the proof. In this section we outline the proofs of Theorem 1.4 and
Theorem 1.9. The broad strategy of proof of Theorem 1.4 is familiar from previous
works in the nonrelativistic and special relativistic settings [20,34]. However previ-
ous approaches would not be sufficient to close our estimates globally in time due
to the #29 rescaling from the cosmological expansion in the FLRW metric. More
precisely in Section 2 we derive the macroscopic equations using a time-rescaled
orthonormal momentum basis. This new approach is essential to obtaining the
precise large time estimates for the solution with cosmological expansion. We also
expect it to be useful in future developments. Furthermore we determine the pre-
cise effects of cosmological expansion on the large time behavior of solutions, and
we develop new methodologies to overcome difficulties due to the masslessness of
the particles. The proof of Theorem 1.9 relies solely on time decay that is caused
by cosmological expansion.

The energy method. The proof of Theorem 1.4 is based on Guo’s energy method
[38] to control the perturbation f of the Maxwell-Jiittner equilibrium. We also use
the low regularity Wiener algebra method using the Fourier transform from [20]. We
will use the energy norm Ht?’quL}cL%ch and the dissipation norm Ht3q/2f“L}CL2TL§‘
The main energy estimate concerning these norms states that for all T' > 1,

12 f L 2 + Ht3q/2fHL}cL%Lg < HfIHL,ng’ (1.52)

which is established under the assumption that the initial perturbation is sufficiently
small. From (1.52) global existence of the perturbation f can be shown by a
standard continuity argument. We outline below the main arguments to derive
(1.52).

The basic energy estimate. Recall that the perturbation f satisfies equation
(1.19) by the massless Boltzmann equation. Applying the Fourier transform in x
to equation (1.19),

[tp]

where f‘( f f) corresponds to the nonlinearity of the system on the Fourier side
(defined as in (4.8)). Then, an energy estimate can be obtained by taking the

<at vil g Qt"'piapi) Ftkop) + LEt k) =D(F Pt k,p),  (1.53)
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product of (1.53) with the complex conjugate f and taking the real part
L6qy 712 " 6 Po7
ST k) + | To%Re ((£f,f))
2 ; .

= 1Ak I, + f r%e ((D(f, /). f)) dr. (154)

This energy estimate calls for a coercivity estimate for the linearised operator £
(defined by (1.21)).

Coercivity of the linearised operator. Observe that the linearised operator £ has
a b-dimensional null space given by

nul(£) = span {493/ T(P9p), (42T (), 912ply/T(P9p) }

over smooth functions of £ and . The elements in nul(£) arise from the conservation
laws of mass, energy, and momentum discussed in (1.14). For q > 0, a new difficulty
compared to previous works is that now the basis above is time-dependent.

Due to the non-trivial kernel, one can only hope to prove a coercivity estimate
for £ modulo nul(£). We will prove in Proposition 3.4 that there exists a uniform
constant dg > 0 such that for all h e Lf, and all t > 1,

t39Lh, hy = do|{I — P}hH%g. (1.55)

where I is the identity operator on L%(R3), and P the orthogonal projection from
LZ(R3) onto nul(L).

Recall the decomposition of the linearised operator Lh = vh — KCh in terms of
the integral operator K defined in (1.39), and the multiplication operator v(t,p) =
vot 39 computed in Proposition 1.3. The coercivity estimate (1.55) follows by
using an explicit decomposition of I into a small piece and a compact piece, using
suitable cut-off functions in the integral form of the operator. Indeed, we show in
Proposition 3.1 that for any small > 0 we can explicitly decompose K in terms of
a compact operator K. by

K=K:+Ks, where K22 <, (1.56)

where | - [|zz2—, 2 is the operator norm from L2 to L2.

Recall the decomposition K = K3 —Ks in (1.39). Following the special relativistic
calculation in [75, Appendix] or [17], the operator Ky can be written as

Koh = 3 J

dg k> (t*p, t*q) h(q), (1.57)
R3

in terms of the explicit kernel ko (t29p, t29p) given by

2 o—t*|p—q|/2
lp—ql t2p—q2) |Ipl  lql| t*p—ql”’

for some ¢; > 0. A general integral operator of the form (1.57) with kernel in
LQ(Rz X Rg) is compact, however ko ¢ L? (Rg X Rg) because of the decay at infinity
and the singularity at {p = ¢}. With this in mind, we decompose Ko = Ko, + Kaos
in terms of operators defined by the following kernels,

kQC(p7 Q) = ¢R,ek2(t2qp, tqu)a kZS(t2qpv t2qq) = (1 - ¢R,e)k2(t2qp7 thq);

+ +
kg(thp,thq) — 261 <1+ |p| ‘Q| 2 |p| |Q| ) p q
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where @r . is a cut-off supported in the domain {t*9[p|+t2%|q| < R}n{t*1p—q| = 2¢}
for constants R > € > 0. The operator Ko, is then compact since ko, € L? (Rf) X Rg),
and the operator norm of [Coy is small for R sufficiently large and e sufficiently small.
On the other hand, in this case of hard-ball interactions, the operator K; is compact
since its kernel belongs to L?(R3 x R3) (however K, is also decomposed as (3.6) so
that K. additionally satisfies the estimate (3.1)).

The coercivity estimate (1.55) can then be proved by contradiction using the
decomposition (1.56) (see Proposition 3.4). However, the coercivity estimate (1.55)
only controls the perturbation f projected out of nul(£). To close the energy
estimate for the perturbation f, we will need further estimates for the projection
Pf into nul(L).

The macroscopic estimates. In the following, we will decompose the perturbation
as f = Pf+{I—P}f, into its macroscopic part P f and microscopic part {I—P}f.
We write P f as a linear combination of basis vectors

3

. 1

Pf= (Af + B2+ e (] 3)) £413/T (),
i=1

in terms of the coefficients A7 (t,x), Bf(t,x), and C/(t,x), given by the explicit

momentum averages of f stated in (2.4). Plugging the decomposition f = Pf +

{I—P}f into (1.19), we obtain

AP D P P

7

= p—p@({l ~P}f) - LUI - P}f) + (£, f).

When the operator 0; + ‘tﬁ—;laﬂ — zt—qpiépfz on the right hand side acts on nul(£), the
result lives in a 13-dimensional space. Then, by considering a basis {t*9e;(t*1p)}j2,
of this space, we will obtain a system of local conservation laws (2.10) and macro-
scopic equations (2.11) for the coefficients A7, B, and Cf. In particular, by the
local conservation laws and (1.23), the coefficients have zero spatial average for all
t>1

The system of macroscopic equations for /T(t, k), g(t,kz), and CA(t, k), is esti-
mated on the Fourier side. Recall that the spatial average of the coefficients van-
ish, A(t,0) = B(t,0) = C(t,0) for all £ > 1. We first estimate C which satisfies the
following schematic equations

2 . R

il Vg =34 3ap. ) = <ij<

5t tiiC + (t BJ) RHS;, 1<j<3, (1.58)
A 1 ~

—3q 3q ~L. R =

=395, (t C)+2\/§t ik - B = RHS,, (1.59)

where the right hand sides RHS;, and RHS,, are defined in terms of Li—projections
using the orthonormal functions {t*7e;(t*9p)};2, considered earlier, as for exam-

ple ({I— P}f, t39¢,(t?9p)), and also nonlinear terms. Multiplying (1.58) by the

term—t4qikj5(t, k), summing on j, and integrating in time, one obtains

2 (7. 5 i 5 = g
ﬁﬁ I R = 5 ((8-k)ct, k)

t=1
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1
|k[?

for some right hand side RHS3. The first term on the right hand side can be bounded
by T f(T,k)|3. and | f1(k)|3., whereas the second term can be bounded using
P P

L ' (z?. k) 399, (t@(t, k)) dt + RHS;,

(1.59) to estimate the term involving C. As a result, one can show

dt

~ ‘ 2

T T
j E9IC(E k)Pt < T AT, k)3 + A +f £29|B(t, k)
1 P P 1

T
+ f £39|{1 — P} f(¢, k)| . dt + NLE, (1.60)
1 P

where NLE denotes non-linear errors. The second integral on the right hand side
of (1.60) comes from estimating RHS3. In a similar fashion, one can later estimate
A- \/§CA’, and finally é, exploiting an upper triangular structure in the system.
The main estimate for the macroscopic coefficients is then

69204, B,C1 1y 15 IE8VHT = Pl gz + 18 fluyzpns + ilzpcs

(1.61)
3 3q/2
+ 1l e[y g g

where |[A4, B,C]| €' |A| + | B] + |C|. The estimate (1.61) controls the dissipation
norm of the macroscopic part since

|21y 131 < [9970AB,C (1.62)

[[FR9re
Estimate of the nonlinear term. To close the energy estimate, one needs to

estimate the cubic nonlinear term on the right hand side of (1.54). We will prove
an Lg—trilinear estimate in Lemma 3.6 according to which

[ S [F]  oy [12] g oy 17 3.)

for all f, h, ne LZ. By using this trilinear estimate on the Fourier side, one can
conclude for all f, h, and n € Lf, that the following uniform estimate holds

(R0 < ity [ 16—l lh O], as0. (163

This estimate can be used to estimate the nonlinear term in (1.54).

Global ezistence and uniform energy estimates. We can then perform the main
energy estimate for the perturbation f. By using the coercivity estimate (1.55) on
top of the basic energy estimate (1.54),

EWlas ) + ([ o= PU e bar )
R ¢ . 2
< fullpz (k) + (L 64 ‘<F(f7f),f>‘d7> .

Then, by using the identity (I'(f, f), hy = (T(f, f),{I — P}h) on the Fourier side,
together with the estimate (1.63) for the nonlinear term, one obtains

19y s + 72— P

SWilleree + 1029 f o e i Htgq/szL;L%}Lg’
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for all T'> 1. See Proposition 5.1. Finally, applying the estimate (1.61)—(1.62) for
the macroscopic part P f, one can show that for all T" > 1,

[ ez + 10V Fl o gs < 1Ay ps + 160 12 F 1y 1 12 (164)

The last term on the right hand side can be absorbed for a small initial perturbation,
and (1.52) concluded. Global existence for the massless Boltzmann equation follows
from this estimate and a standard continuity argument.

Improved energy estimates. A posteriori we show improved time-decay rates for
the perturbation f when 0 < q < % These estimates rely on the computation
of the collision frequency v(t,p) = vot~39 in Proposition 1.3, and a perturbative
treatment of the integral operator I based on the compact-small decomposition
(1.56). Indeed, we consider the equation satisfied by 397 (¢) f (with Tq(t) defined
as in (1.44)) and then perform a similar energy estimate to (1.64). We will show in

Proposition 6.19 that
Vi =1, Ht3q771(t)f”LiL§9Lf, + ||t3q/2771(t)fHL}cL%L% <A HL}ch'

A posteriori we show weighted energy estimates for w, f in terms of the weights
w2, (t*9p) = 1 + [t?9p|™, and propagate spatial regularity by performing energy
estimates for <k>lf(t, k,p) on the Fourier side. See Proposition 6.6 and Proposition
6.8, respectively.

The proof of Theorem 1.9. The near vacuum result is also based on the energy
method. For this problem, the main energy estimate states that for all T' > 1,

”tgquLiL;‘i’Lg S HleL;ch- (1.65)

The linearised operator around vacuum is trivial, and the estimate (1.65) is there-
fore established using the time decay arising from expansion only. In particular,
previous difficulties regarding the kernel and coercivity of the linearised operator
are not present anymore.

Recall that the perturbation f satisfies (1.45). Performing the basic energy
estimate, for all ¢t > 1,

L 6ay 712 _ Vs oo o [ sage ((1(F B F
3O 0 0) = SIA G + | 7% (B, 7)) dr
The estimate (1.65) is then shown by estimating the time integral of the nonlinear

term on the right hand side. Using the trilinear estimate (1.63) on the Fourier side,
it can be shown that for all 7 > 1,

(P, k), f (k)

S G (O] L [#20 7 = Dl g1 F Ol .5 4300)-

Assuming q > %, so that 7739 is integrable, one can show that,
2
V=21 [y ppne S Al + 189 Fl 2y e

The last term on the right hand side can be absorbed for a small initial perturbation,
and (1.65) concluded. Global existence follows from this estimate and a standard
continuity argument.



20 R. M. STRAIN, M. TAYLOR, AND R. VELOZO RUIZ

1.9. Discussion of more general collision kernels. In this section, we discuss
scattering kernels of the form

U(ga 0) = gaJO(e)v —4<a < 27 (166)

for an integrable non-negative function oy (). We first formulate a conjecture on the
dissipation threshold for these more general kernels. We then discuss the behaviour
of the associated model problem.

1.9.1. Dissipation threshold for more general kernels. We expect the Maxwell-
Jiittner equilibrium to be future nonlinearly stable for all kernels of the form (1.66).
Recall (see Remark 1.7) that, for a = 0, expansion rate q = 1/3 is a threshold be-
low which there is dissipation, and above which there is not. We expect a different
threshold value of q to arise for the more general kernels in (1.66).

Conjecture 1.13 (Dissipation threshold at (3 4+ a)q = 1 for —3 < a < 2.). Con-
sider q € [0, 1], and the massless Boltzmann equation with scattering kernel (1.66)
on FLRW (1.8), (1.10). The Maxwell-Jiittner equilibrium .J(¢?p) is future non-
linearly stable. Moreover, for any max{3 + a,0}q < 1 the norm Ht?’qf(t)HL}ch
decays uniformly as ¢ — +00 — with quantitative rates, depending on q in (1.7)
and on a in (1.66) — and in general the norm Hfgqf(t)HL;Lg does not decay for
max{3 + a,0}q > 1, where the perturbation f is defined by (1.18). Notably for
—4 < a < —3 the norm Ht?’qf(t)HLiLg decays uniformly as t — +00 with quantita-
tive rates for any q € [0, 1].

In particular, for a € (—4, —1] we expect that tS/QHf(t)”LiLg decays for solutions

of the massless Boltzmann equation with scattering kernel (1.66) on FLRW with
scale factor q = % (which satisfies the Einstein—massless Boltzmann system, as
discussed in Section 1.2). Moreover, in the case of Israel particles, in which o(g,0)
is defined by (1.13), we expect q = % to be the dissipation threshold.

In the next section, we will consider a linear model problem that motivates the
threshold scale factor max{3 + a,0}q = 1 considered earlier. From this model prob-
lem one can also extract quantitative decay rates, which are informative regarding
the decay rates one may expect for the massless Boltzmann equation with these
scattering kernels.

One may formally compare the above threshold behaviour with the Euler equa-
tions on FLRW where, for each linear equation of state, there is an expected thresh-
old value of expansion rate ¢, below which shock waves form in perturbations of

constant density fluids at rest, and above which such shock waves do not form [28].

1.9.2. Model problem for more general kernels. Motivated by the stability of the
Maxwell-Jiittner equilibrium for the massless Boltzmann equation on FLRW space-
time (M, gq) in the case of scattering kernels of the form (1.66), we consider the
following model problem for a > —4

|tp|2

2
i |a f = D0+ wigaf =0, flt=La.p) = filz.p), (167)

with 19 > 0 a fixed constant. We have written the last term using t29p since
this weight belongs to the kernel of the transport operator J; + %611 — %‘piapi in

(1.67). This model problem should be compared with the problem (1.48) previously
considered in the hard-ball case.
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When considering more general scattering kernels, the linearised operator £ in
the Boltzmann equation can also be decomposed as in (1.37) in terms of the mul-
tiplication operator v(¢,p) in (1.38). We now compute v(t,p) for the kernel (1.66).

Proposition 1.14. For scattering kernels of the form (1.66) with an integrable
function og(#), the collision frequency (1.38) is

|t2p]2
V(t7p) = 1o t(3+a)q’

where v is a fixed constant depending on a.

Proof. By the explicit form (1.31) of the Mgller velocity in FLRW,

34 .
v(t,p) = J dqf dw (1 - pq) Qa00(9)€—|t2qq|
16m Jos " Jeo pllq|

=3 QJ f p-q p > —lal
= ——|p|? dq dw o¢(0 <1—> (q—-q) e 14
6 P Jas ) 4 oo (i) 9

= V0|p‘%t73qv

e

in terms of a uniform positive constant vy depending on a. O

The model problem (1.67) then arises from neglecting nonlinear terms and the
operator K in the massless Boltzmann equation (1.19). This problem is distin-
guished from the more well known cases of (I) the massive special relativistic
Boltzmann equation and (II) the Newtonian Boltzmann equation by at least two
complicating factors. First, the massless case presents a degeneracy when a > 0 for
small values of [t29p| in the damping factor [t?p|3¢~(3+®)9. Second, the damping
is degenerating for large t with t~(3+2)9_ For the soft potentials a < 0, this degen-
eration is diluted by small values of [¢?9p| in an energy norm, which makes |t29p|?
large, and thereby increases the damping rate. Note one can show using techniques
from [79] the following decay rates for the L? norm of solutions f to (1.67).

Proposition 1.15 (Decay estimates for general model problem). Let q € [0, 1],
—4 <a <2, s>0,and f; a sufficiently regular initial data. If either —3 < a < 2
and (3 + )q <lor —4 <a< —3and qe€ [0,1], then the unique solution f of the
model problem (1.67) satisfies

_copdy o s
Vi1, 29 f (¢ Nz, < Ot | (2etlallpl fillez

where d = ﬁja\ (I1-(3+a)g) €[0,1), and C > 0 is a uniform constant. Other-
wise, for —3 < a <2 and (3+ a)q = 1 the unique solution f of (1.67) satisfies

2s
3q —C(log(t)) 2=+lely =0 (25+|al)|p|*
viz1, [ (O)z, Se le hllez,,
where C' > 0 is a possibly different uniform constant.

This behavior is very different from the massive cases (I) and (IT) when q = 0.
In those cases the soft potentials a < 0 are well known to substantially reduce the
damping rate from exponential to sub-exponential. Specifically in those other cases
one expects exponential time decay for a > 0 as in [34,85], and one only expects
rapid polynomial or super-polynomial decay for a < 0 as in [10,11,75,78,79]. Thus
we see a reduction in the time decay rates when we reduce the value of a in (I) and
(IT). In contrast in Proposition 1.15 above we have an improvement in the range
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of ¢ > 0 for which the fastest superpolynomial decay rates hold when reducing
the value of a. Specifically, for —4 < a < —3, in Proposition 1.15 we obtain the
superpolynomial decay rates for any value of ¢ € (0, 1].

1.10. Related works. Let us present here a nonexhaustive overview of related
previous works.

1.10.1. Collisional kinetic theory in general relativity. The formulation of the ki-
netic theory of gases in general relativity began with the early contributions of
Synge [81] in 1934, and Walker [87] in 1936. See also the work by Einstein [23]
in 1939. Concerning the collisional theory, the Boltzmann equation was derived in
special relativity by Lichnerowicz—Marrot [57] in 1940, and in general relativity by
Chernikov [13,14] in 1961. Around the same time Israel derived his well-known
collision kernel for the relativistic Boltzmann equation [44] in 1963. The collisional
theory was further developed in works by Lindquist [58] in 1966, Bel [8] in 1969,
Ehlers [22] in 1969, Ehlers—Sachs [70] in 1971, among other. Later physics ref-
erences include the works of Dijkstra—Van Leeuwen [18,19] in 1978, Naumov [64]
in 1982, Ray [67] in 1982, Hiscock—Salmonson [42] in 1991, and Kremer [46, 47]
around 2012. See also the introductions to relativistic kinetic theory by Sarbach—
Zannias [71] from 2013, and Acufia-Cérdenas—Gabarrete-Sarbach [1] from 2022.
For textbook references, we refer to van Weert-De Groot—van Leeuwen [17] from
1980, to Bernstein [9] from 1988, and to Cercignani-Kremer [12] from 2002.

1.10.2. Local well-posedness for the Finstein—Boltzmann system. Regarding rigor-
ous mathematical treatments of the full Einstein-Boltzmann system, note the work
of Bancel-Choquet-Bruhat [5] on local well-posedness from 1973; this result builds
upon [4,15]. Later, Rendall-Lee [55] revisited the problem of local well-posedness
for Einstein-Boltzmann in 2013. For textbook references about the Einstein-
Boltzmann system see the books by Rendall [68] from 2008, Choquet-Bruhat [16]
from 2009, and Ringstrom [69] from 2013.

1.10.3. Global existence of equilibria for the Boltzmann equation in special relativ-
ity. For the mathematical work on the asymptotic stability of Maxwell-Jiittner
equilibria for the Boltzmann equation without symmetry assumptions, there have
been several works on fixed backgrounds. Glassey—Strauss [34] proved the stability
of equilibria for the relativistic Boltzmann equation on T3 with hard interactions
in 1993. Glassey—Strauss [31] extended that result to the whole space R3 in 1995.
Later, the relativistic Boltzmann equation in R with soft interactions was ad-
dressed by Strain-Zhu [80] in 2012. The problem of deriving energy estimates with
momentum regularity in these settings was resolved by Guo—Strain [40] in 2012.

More recently, a definitive stability of the Maxwellian equilibrium for the rela-
tivistic Boltzmann equation on T2 without angular cut-off was obtained by Jang—
Strain [45] in 2022. In the non-relativistic case, nonlinear stability for the Boltz-
mann equation on T2 without angular cut-off was shown earlier in [37] by Gressman—
Strain in 2011. This stability problem in the non-relativistic case was later revisited
by Duan-Liu-Sakamoto—Strain [19] who obtained global existence in a low regu-
larity Chemin—Lerner function space. In the present article, the function space we
use is motivated by that function space. Global existence of Maxwellians for the
non-relativistic Boltzmann equation has been studied in many other works. See,
for example, [2,3,21,39,59,72,86] and the references therein.
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We also comment the result on the Hilbert expansion for the relativistic Boltz-
mann equation on R2 by Speck—Strain [74] in 2011.

1.10.4. Global existence results for the spatially homogeneous Boltzmann equation
in cosmology. The Boltzmann equation and the Einstein—Boltzmann system have
both been studied previously in cosmology under symmetry assumptions. For cer-
tain kernels, for large data, global existence for spatially homogeneous FLRW solu-
tions of the Einstein—Boltzmann system with a positive cosmological constant was
obtained by Noutchegueme—Takou [65] in 2006. Later, the asymptotic behaviour of
these solutions was studied by Takou [82] in 2009. On fixed Minkowski and FLRW
backgrounds, large data global existence for spatially homogeneous solutions of the
Boltzmann equation with certain hard interactions was studied by Lee-Rendall [56]
in 2013.

Also, small data global existence for the Boltzmann equation and the Einstein—
Boltzmann system have been considered. Global existence near vacuum for the
Einstein—Boltzmann system with Bianchi I symmetry was shown by Lee-Nungesser
[51] in 2017. Later, small data global existence for the Einstein-Boltzmann—scalar
field system with Bianchi I-VII symmetry for Israel particles was shown by Lee—
Lee-Nungesser [50] in 2023. There is additionally the work of Lee which considers
a spatially-homogeneous Newtonian cosmological setting [48] from 2016. We also
refer to the global existence of homogeneous solutions for the Einstein—Boltzmann
system with a positive cosmological constant by Lee—Nungesser [52] in the case of
certain soft interactions in 2024.

1.10.5. Works on the spatially homogeneous massless Boltzmann equation in cos-
mology. We discuss related works for massless Boltzmann in cosmology. Small
data global existence for the spatially homogeneous massless Boltzmann equation
on FLRW spacetimes was shown by Lee [49] for some collision kernels in a range of
soft and hard potentials in 2021. Note also the work [83] on spatially homogeneous
FLRW solutions with q = 1/2 for the Einstein—massless Vlasov system with spa-
tial topology R3 in spherical symmetry. For data posed at the initial singularity,
Lee-Nungesser—Tod [54] proved finite-time existence for the massless Boltzmann
equation on FLRW backgrounds for some soft scattering kernels in 2020. Together
also with Stalker [53], this result was extended to Bianchi I spacetimes in 2024.

1.10.6. Works on other equations on FLRW spacetimes. There have been several
works on other related equations on FLRW. It was shown recently by Taylor—Velozo
Ruiz [84] that a phase mixing effect occurs for the Vlasov equation on FLRW. See
Remark 1.8. See also [30] for the study of a related nonlinear, non-relativistic
model.

There have been several works [28,29, 73] concerned with the future stability of
homogeneous solutions for the Euler equations on FLRW spacetimes. In the recent
work [28] by Fajman—Maliborski-Ofner—Oliynyk—Wyatt it is suggested that shock
formation occurs for slowly expanding spacetimes. See also [27].

There have also been many works on the linear wave equation on FLRW. In the
decelerated regime, for the case where the spatial slices are flat copies of R3, the
combined effects of dispersion and expansion are relevant. See, for example, the
recent articles of Natario-Rossetti [63] and Haghshenas [41] and references within.
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1.11. Outline of the paper. In Section 2, the distribution function is decomposed
in its microscopic and macroscopic parts. Moreover, the system of macroscopic
equations is derived. In Section 3, the main estimates for the collision operator
are performed. In particular, the coercivity estimate for the linearised operator is
shown. In Section 4, the system of equations derived in Section 2 is used to estimate
the macroscopic part of the distribution. In Section 5, the energy estimates for the
full solution f are shown. The proof of Theorem 1.4 is completed in Section 6, and
the proof of Theorem 1.9 is given in Section 7. Appendix A contains the proof of
the H-theorem and the conservation of mass, energy, and momentum, discussed in
Section 1.3.2. In Appendix B, the Maxwell-Jiittner parameters are identified for
fixed values of the initial mass, energy, and momentum.

1.12. Acknowledgements. We thank the Simons Center for Geometry and Physics
(SCGP) at Stony Brook University for its hospitality and collaborative environ-
ment. This collaboration began at SCGP during the 3rd Simons Math Summer
Workshop on “Partial Differential Equations of Classical Physics”, 7-25th July 2025.

2. EQUATIONS FOR MACROSCOPIC QUANTITIES

In this section, equations are derived for macroscopic quantities of solutions of
the Boltzmann equation. In Section 2.1, we decompose the distribution f into its
macroscopic and microscopic parts. In Section 2.2, we introduce a set of suitable
time-normalised orthonormal basis functions, and we show its orthonormality in
Section 2.3. Finally in Section 2.4, we derive the macroscopic equations (2.11)—
(2.19). Later in Section 4, we will use (2.11)—(2.19) to estimate the part of the
distribution f that is contained in the null space of the linearised collision operator.
The calculations in this section hold for any q > 0.

2.1. Macro-micro decomposition of the distribution. In this section, we de-
compose f(t,z,p) into its macroscopic part P f and microscopic part {I — P} f as

f=Pf+{I-P}f, (2.1)

where P is the orthogonal projection from LIZ,(]R3) onto the null space of the lin-
earised operator £ defined in (1.21). The operator £ has a 5-dimensional null space
given by

nul(£) = span{t*175 (2p), £9(2p1) 3 (£27p), £91627p) T3 (127p) |,

where the linear span is taken over smooth functions of ¢ and x. For convenience
we work with an orthonormal basis of this space. Define the following functions

3%, (t29p) = £39/J (£29p),

Ny |
96,11 (2p) SN/ TE),  for 1<) <3, (2.2)

et 1
t39e5(t29p) = —=(*|p| — 3)t°/ T (29p).
V3
We denote this set of functions as {t3%¢,(t*p)}3_,.

Proposition 2.1. The set {t*7¢,(t*p)}7_; forms an orthonormal basis with respect
to L?(R3) of the space nul(£L) for all ¢ > 1.
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The orthonormal property of {t3%¢,(¢29p)}?_, is shown next in Section 2.3. Then,
we write Pf as a linear combination of the basis vectors above as

3
Pf= (Af + Bl /2 + %Cf(|t2qp| - 3)) 39/ J (t2ap), (2.3)
j=1

where the coefficients are given by
A ta) =9 [ (e )T,
RS»
34 .
Bl(ta) =5 [ Sttt I (24)
RS
39
¢/ t) = = | e 1] = 3/ T
R3

2.2. Orthonormal time-normalised basis. As will be seen in Section 2.4, when
the transport operator 0; + ‘tﬁ—lplémi — %piﬁpi acts on the span of the null space
elements

3q

thpi
395/ J (t2ap), 39—/ J(t2ap),
(t2ap) 5 (t2ap) 7

over smooth functions of ¢t and z, the result lives in a 13-dimensional space. We
now extend the orthonormal velocity functions {t3%e,(¢t?9p)}2_, in (2.2). To this
end, for 1 <1, j < 3 we define the additional orthonormal velocity functions

« [3(p | |
t3qgj+5(t2qp) def - <|p]| N t2qp]) £39 J(t2qp)7 for 1<j<3,
p

t3eq(£29p) L tzqé <(p1)2 |_‘ (p3)2> 39/ (29p),
p
V5

< o 1\2 3\2 _ 2 212
3¢9 (t29p) & t2q7 <(p )"+ (p| )" —2(p7)
P

(1t7p] = 3)3/J (t29p) (2.5)

(2.6)

> 39/ J (t2ap),

3q 2q def \/g qulpj 3q 2 .
t €i+j+8(t p) = Tt Wt A\ J(t qp), for 1<i< 7 < 3.
We denote this set of L?(R?) orthonormal functions with (2.2) as {t*7e,(t*1p)};2 .
lLoj_ 1 2
We remark that the diagonal of the symmetric tensor % vanishes
()2 =3l )2 = 5l* | ®*)*—3Ip*
+ + =
| ] |
Thus the diagonal only contains two independent components that we represent
in the components of t3%eq(29p) and ¢3%¢19(t%9p). In this system of orthonormal
functions, (2.2) with (2.6), e; is the density mode, ¢;11 are the three momentum
modes, e5 is the energy mode, ¢;5 are the three heat-flux modes, eg and e are the
two independent diagonal components of the stress tensor modes, and ¢;4 ;45 are
the three off-diagonal stress tensor modes. These orthonormal functions in (2.2)
and (2.6) are motivated by the Grad 13-moment system introduced in [35] in 1949,
and also by the polynomial momentum basis used in [45,80] for the relativistic
Boltzmann equation in the case of massive particles.

0.
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Proposition 2.2. The set {t39¢,(t*9p)};2, forms an orthonormal family with re-
spect to L*(R3) for all ¢ > 1.

The orthonormal property of {t3%¢,(t*9p)}}3, is shown later in Section 2.3.

2.3. Orthonormal property of the bases. In this section, we prove Proposition
2.2, in other words, we show that {t3%e,(t*1p)};2, is an orthonormal basis with
respect to LQ(Rg). This follows from some elementary integral computations that
we write below.

It is well-known for the Gamma function I' that SSC pte Pdp = n!l for all n €
{0,1,2,...}. Hence

8T 2

Recall the definition of J(#29p) in (1.16). We use the integral (2.7) to calculate the
values of various integrals related to J(#?9p) as in the following for 1 < a < 3:

—lp| 2)1
f gy = (12 Vne{0,1,2,...). 2.7)
3

e~ 1Pl

t6qJ J(t*p)dp = J dp =1,
R3 R3 8w

ool
£% JN Ithle(t“p)dp:J Iplidp 3,

[p]
thJ [t29p|2. T (t29p )dp*f |p|2—e8 dp = 12, (2.8)
R3 v
—|p| 1 e~ 1Pl
59 | (£29p*)2 T (t*9p)d :J n2e =7J 2 dp = 4,
fRs p)dp Ra(;D) o =3 Ra\pl 5P
2q 12 ,—Ipl —|p|
p*) 9 (ph)*e 1f e
t0a J(#*p)dp = dp = - dp=1
JRS |t2q| P)dp fRs Pl 8 P J Pl =t

p
169 f (12| — 327 (Pp)dp = ¢ f (Ipl - 325 dp = 3.
R3 R3 8

From the integrals above, the functions {t*%e,(t*9p)}7_, have unit L2 norm. More-
over, one can easily show that the functions in {¢3%¢,(t?9p)}7_, are orthogonal. This
shows Proposition 2.1.

Together with (2.8) we also use the values of the following integrals for 1 < a < 3:

_e—lpl
f Ip|* —dp = 60,
R3 Y8

(pa>2 e_lpl 1J e_lp‘
2L (lpl -3 dp = = -3 dp =1,
[, ol =3 o = 5 [ Wi =)
)
|

2 o—Ipl 1 ool
P g~y Zagp= 1 j pl(lp] ~ 4) —dp =0,
p v

o—Ipl o—Ipl
| vl =330 =) 5o = [ (0P =70l + 12 =5
R3 Uus

We also compute for 1 < a < 3 that

)2 12 o—p] 1 =Ipl 1

p p)e e
t6qJ ( )Qf(](thp)dp = J ( )2 dp = 7‘[ dp = =,
rs [Pl rs |D|2 8w 3 Jgs 87 3
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- ") (") eIl
and also the values of the integrals {, % S

J (") (P")? e !
RS

dp for 1 < a, b < 3, given by

4

—Z b

Ip|? gr PT 5 or a#o
1

J (p")*(p*)? e ¥ 12
R3

Pz 8r PT 5

For the basis elements ( 3 (p—a — t2qpa) t3q\/j) considered in (2.6), we have
1

Ipl <a<3

a 2 o 2 —Ipl
p o p a) €
thJ ( — 9 ) J(t*p)dp = J < -p ) ——dp
rs \ [P rs \ [P 8m

") . P)*\ e 7
_k<@P+@ﬁ_2m>8w®_3

The computations above, and similar ones, show the functions {t3%e,(t?9p)};2 | have
unit L2 norm. One can easily show that the functions in {t*9e,(t*1p)};2, are also
Lg orthogonal. This proves Proposition 2.2.

2.4. Macroscopic Equations. In this section we derive the macroscopic equa-
tions for the coefficients A/, Bf, and Cf in (2.4), when f is a solution of the
Boltzmann equation. For given function f, define for £ € {1,2,...,13} the quanti-
ties

m, < {I=P}f, t3%(t*p)),

0, < <{I - P}f, t3“pee<t2“p)>7

Ip|
[0 = — (LT —P}f), 139, (t2p) ),
he < (T(f, £), 2% (t*p) ),
wE — 7V, -0+l + by,

where V, - is the standard R3 divergence of a vector field.

Proposition 2.3 (Macroscopic equations). If f solves the Boltzmann equation
(1.19), and A, B, and C are defined by (2.4), then the following local conservation
laws are satisfied

1
7390, (9A) + §t—qvw -B=—-t"V, -0y, (2.10)

£330, (1*9B;) + 2799 (A - \%c) — 7,041, (1<j<3),

1
t73990, (t39C) + —=t7V, - B = —t" 9V, - O3,

and also the macroscopic equations (for 1 < 1,5 < 3),

\/th (8].,4 — \/g(}jC) = *tiSq(?t (tSqmj+5) + Ujts,

t—qT\I/g (0181 — 03B3) = —t =390, (*Tmg) + ug, (2.11)
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1
t_q67\/5 (VI -B - 39262) = —t‘3q&t (t3“m10) + uqg,
1 ] )
ﬁfq (0B + aiB;) = —t7%90, (M myyjy0) + Wigjyo, for (1+# ),

where the fixed indices above are [, j € {1,2, 3}.

Proof of Proposition 2.3. Let us plug the decomposition (2.1) into (1.19), then we
obtain

2q 2
{os 2 |axt—tqplapi}Pf=—{ - 2o, b -y

= g (1= P = LU =PH) £ T(1 D). (2:12)

We also recall L(f) = L({I —P}f) by the definition of P in (2.3). We have ex-
pressed here the macroscopic part Pf in terms of the microscopic part {I — P}f
and the non-linear term I'(f, f).

We consider the expression (2.3) of P f with respect to the basis functions (2.2).
Also using (1.9), we obtain that the left-hand side of (2.12) can be written as

&, (t°1.4) \/J (129p) + 0 (£39C) ([t29p| — 3)+/ T (t2p) /xf

+ ¢ 2 0;j(A+C(|t*p| —3)/\f)|tq | J(t2p)
j=1
3 2
t2a
+ 3710, (t%B)) 5 PV (#p) + 2 £%90; Bl 5 \tq |«/ (t29p), (2.13)
j=1 1,j=1

where A = Af, B =B/, C =C/ and 0; = 0,,. We rewrite (2.13) as
7399, (t3qA) 593/ J(t2ap) + t399, (thc) t2qp| 3)t394/J (129p) /3
+Zt 0; Ap 9/ J (£29p) +Zt qac t2qp|—3)t3q«/J(t2qp)/\/§

3
+Zt 390, ( t3ql’>’) PR T(2ap) + ) 79, B—p‘j £39., /7 (t29p)
im1 ii=1
def

= Z1+ 25+ Zs. (2.14)
Here

def

2y S 730, (£PIA) P9/ J (129p) + 1790, (t3“C) (It29p| — 3)t39/J (t29p) /\/3

g B
23 T

+ tSqel(th )—V - B+ tdq85 (thp)
Thus

1
Z) = t3%, (t*p) (t3q8t (t%1A) + it*qvx -B)

1
+ 1395 (£ (t—f‘qa tac +t—qvx-5’). 2.15
e5(t°p) , (£%9C) Wi (2.15)
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The above is our main expression for (2.15) and it leads directly to (2.10); and

(2.10)s.
Next we consider Z3, but first we notice that

Lne, (o) + L es(Pop) = L ol /() = 20 508 g J(t27p)
2 23 6 2 |pl '

Thus we expand

2
— 3|p|| 39/ J(t29p)t—9V, - B

s & Z’ 790, B; —Qt“ J(t29p) —

P Pl
: o
= Z ¢ (@BZ + &BJ) . J(t2qp)
i,j=1 2 |pl
%<j
V2 _ 1,2
+ Z t790;8; —7@]) 7 il 393/ J(t2ap).
Jj=1
For the ortho-normal functions in (2.6) we have
29 (01)* = 5lpl? 5 () - e9(127p) t3qe10(t2qp)7
2 Ip 24/5 6+/5
2q 2\2 _ 1,12 3q 2q
L (p ) 3|p‘ 3 J(t2qp) t elo(t p)’
2 Pl 3v5
tﬁwti’»q J(t2ap) = _t3qe9(t2qp) tsqelo(thp)
2 Ip 24/5 6+/5

Thus we express Z3 in terms of the orthonormal functions as

—q 1B — 6383) + 1390 (£2%p) ( VB36282>

Z3 = 3¢y (2 (t a
3 9(t™p) 205 64/5
1< _ ;
+ ﬁ Z t3q2i+j+9(t2qp)t q (636 +618]>
=1
l<j

This is our main expression for Z3 and it leads directly to (2.11)2-(2.11)4.
Next we consider Z5 in (2.14) given by

Z, deth qu t3“\/qu+Zt qac |t2“p| 3)t%9/ T (129p) /V/3

1=1

+Zt 395, ( t3“B) pt3q J(t2ap).

i=1

From (2.6) we have
/ 7
%t%u(t?qp) = §t3q2j+5(t2qp) +2t%%¢; 4 (t*p),

and

1] = e T = () — VB 1 )

NEY”
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2
= —t3q2j+1(t2qp) - \/?t3q€j+5(t2qp) - 2\/§t3q2j+1(t2qp)

V3

. 4 .
= —VTt¥e;.5(t*p) — ﬁtdq%ﬂ(tqu).

T'hus
7 3
_ 3q, . 2 —q). _
Zy = \/;glt Ye,45(t2Ip)t 90, (A \/§c)

3
- _ 2
+j;t3qej+1(t2qp> <t 390, (t*9B;) + 2t790; (A— \/3(3)) . (2.16)

This equation (2.16) is our main expression for Zs.

We now consider the first term on the right side of (2.12). Multiplying by the
individual basis functions in {t3%e,(¢*9p)};2, in (2.6), then integrating and using
(1.9), we get

f dp t¥e,(12p) {at _ ?piapi} (1-P}f
R3
= f dp {6t - ?piapi} (t?’qeg(tqu){l - P}f)
R(}
— | dp3qt® ey (t*p){I - P}f

R3

<0t + th) {1 - P}f7t3‘1eg(t2qp)>.

Thus from (1.49) we have

dp £96,(27p) {at - pra} (I P}f = 7990, (P41 — P}£,%e0(7p))) .
R3

And we also have

f dp e, (2p) LV {1-P}f = 9V, . f
R3 [tap] R3

— 7Y, - <{1 - P}f,tgqpeg(tqu)>.
lp|

We recall now the definitions (2.9) of my, O, Iy, by, and u,. We observe that
m; =[; =bh; =0 for 1 < j <5. Indeed, the linearised term [, vanishes because of
the self-adjointness of £, and the nonlinear term b, can be shown to vanish using
the definition of T'(f, f) and p° + ¢° = p’® + ¢/°. This enables us to obtain the local
conservation laws in (2.10) directly from the microscopic equations.

Multiplying (2.12) in the form (2.14)—(2.15)—(2.16) by each basis function in
{t39¢,(t?9p)}12 | defined in (2.6) and integrating over Rg, we obtain the stated local
conservation laws and macroscopic equations for the coefficients A, B?, and C. [

dp (tgq“ﬁee(t?qp){l - P}f>

The equations (2.10) directly imply the following conservation laws for the coef-
ficients A, B, C:
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Corollary 2.4 (Conserved quantities). From the system of conservation laws
(2.10), we obtain for every j € {1,2,3} and all ¢ > 1 that

t3qJ A(t,z)dx = t?’qJ Bj(t,z)dx = t*% | C(t,z)dz = 0.
T3 T3

T3
Equivalently, for all £ > 1, we have

[A.B.C](t.0) = [A B.C](1,0) =0, (217)
where [A, B, C] denotes the vector with coefficients A, B¢, and C.

Remark 2.5. Note that we have assumed in our main results that condition (2.17)
holds initially at ¢ = 1.

For later use, we rewrite the local conservation laws in (2.10) as
1 3
atA+ itiqvx -B + %A = _tiqv$ . @17
_ 2 3q _ .
atBj + 2t qaj A — %C + ?Bj = —t qu . ®j+1, for 1< 7 < 3, (218)

1 3q _
0)C+ ——=t7V, - B+ —C=—-t"9V, - Os.
t 2\/5 n 5

We next subtract 2\/§ times (2.11); from (2.10)3 to obtain instead

2
t7%90, (t%9B;) +t79-=0,C = —t 7290, (> mj113) +ujp1s (1< <3), (2.19)

NE

def 3 def — 3
mjy13 = _2\/;mj+57 Ujy13 = —t IV, -0y — 2\/;%‘-&-5-

We will use this system (2.11), (2.18) and (2.19) in Section 4 to obtain the crucial
time-normalised coercivity estimate.

where

3. ESTIMATES FOR THE COLLISION OPERATOR

In this section, estimates for the linear and nonlinear parts of the collision oper-
ator are obtained. In Section 3.1, we will estimate the integral operator C defined
in (1.39). In Section 3.2, we show the main coercivity estimate for the linearised
operator L. In Section 3.3, we prove weighted trilinear estimates for the nonlinear
term T'(f, f). Finally, we show in Section 3.4 estimates for averaged quantities in
the momentum variables against the basis functions in (2.6). The estimates in this
section hold for any q > 0.

3.1. Estimates for the integral momentum operator K. In this section, we
show that the operator K can be decomposed into a compact and a small part.
This is the main step to prove the coercivity for the linearised operator L.

Proposition 3.1 (Compact-small decomposition of ). Let m = 0 and w,, (t*9p)
as in (1.41). For any small n > 0, we can decompose K from (1.39) as

K=K.+Ks,
where we have that for all t > 1,

39w Ksha, ho| < nlfwpmba | 2 wmha| 2.



32 R. M. STRAIN, M. TAYLOR, AND R. VELOZO RUIZ

for any suitably regular hy and he. Furthermore, for some R = R(n) > 0 chosen
sufficiently large, and for any 0 < ¢ < 1 there is a large constant C' = C,, ¢ > 0 such
that for all ¢t > 1,

39wy Keh, ho)| < Ot Laphn | L2 [1<rha| L2, (3.1)

where 1<p is the indicator function of the ball Br. In addition . is a compact
operator on L2.

Corollary 3.2. Let m > 0 and w,, (t*Ip) as in (1.41). For any R > 0 large enough,
there is some Cr > 0 such that for all suitably regular f, and for all t > 1,

P9 C0R,5. ) % w2y~ Crl1en [ @2)

Corollary 3.2 follows directly from Proposition 3.1. The estimate (3.2) is similar
to [45, Section 2.6, Lemma 2.9] for the relativistic Boltzmann equation on T3 in
the massive case.

Proof of Proposition 3.1. We write the linear operators K7 and Ko from (1.39) in
terms of a kernel as

Kih = t?’qj dq k;(t*p,t*q) h(q),  for je {1,2}. (3.3)
RS
Here, from (1.31) and (1.39) for k; = ky(t?9p, t?9¢) we have
2
oy e (1 P-q > —e(pllahz _ L[ P q’ et Ipl+la/2 (3.4)

2 Ipl|q| 4 'IM lq|

and ko (t29p,t29q) is defined in (3.10) below. We first prove the estimates for ;.
Given R > 1, we set a positive and smooth cut-off function ¢r = ¢r(t*Ip,t29q)
such that

or =1, if p|+t>g| <R/2, |pr|<1
supp(¢r) < {(p7 q) | t29)p| 4 t*q| < R}.

We use this cut-off function with several different R values in the rest of the proof.
First we estimate k1 (t29p,t29¢) in (1.39) and (3.3). For large R; > 0 we split

kL (t29p, %) = dr, k1 (29p, 29q) + (1 — dr, ) ka (12, £279)
= (29, 2%9) + ki (£29p, 29),
and then we similarly decompose
K1 = Kie + Kis. (3.6)

Recall now, for m > 0, the weight w,, (t>9p) in (1.41). From (3.4) and (3.5) there
is a uniform constant such that

(3.5)

2 (799 (P, £200)| 5 ¢ e,
Thus we estimate Ky using the Cauchy—Schwarz inequality as
|<w$nlcls(h1)7 h2>| < t3a f , dq J , dp wZ@(t“p) |]<;18(t25lp7 tQCIq)‘ |h1(q)h2(p)|
R R

2
< 13 (qu ‘hl(Q)|2J dp w, (t*9p) |k (¢*7p tzqq)}>
R
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2
x U dp Ihz(p)lzf dq w}, (t*p) |k13(t2qp,t2“Q)|)
R3 R3
< B Ry [yl (3.7)

By choosing R; > 0 sufficiently large, this gives the desired estimate for /Cy;.
For K1, from (3.4) and (3.5), there is a large constant such that

2 (£29p) |k1o(£29p, 129¢)| < ot (Ipl+1al)/2 Lizappi<r Lizajgl<r-
Now in addition, for some 0 < ¢ < 1, we consider the sets
AZlpl + gl = 9%, B A= {|p| + |g| <t (T, (3.8)
and then split
kie(t29p,%9q) = kic(t29p, 1) 1a + k1c(t%9p, 1%99) 1
= k1o (9, £7%) + k1en (2, t*q),
and we similarly decompose
Kic = Kica + Kicn.
Then we have
w2, krea(29p, 129g) < =t AP 1 g Lpaag<n.
Thus for K1.4 with kernel k.4 (t?9p,t29g), using Cauchy—Schwarz as in (3.7),
w2, Kreahs, hadl <t 41 ghy | 2 | L<phol e
On B instead, we use that
max{[pl, g} < [p| + [q] < ¢~

Hence, for ki.p(t*9p,t2q) we have

t—(A+0a

w;, () f da kiep(t%9p,t%9q) < 1\p|st pPdp S Lpj<pt =272

The same estimate holds for §, dp w?, (t*1p)k1.p(t*p,t*9¢). Thus for Kicp with
kernel ki.p(t29p,t2%q), similarly to (3.7), we obtain

Kwp Krephi, hayl < 672972 1< pha |12 [ 1<rho] 2-

This establishes the desired estimate for Ky.. Then ki, is a compact operator
because k1.(t29p,t*9q) € L*(R3 x R2).

We now consider Kz as in (1.39) and in (3.3). We first explain how to obtain
the form (3.3) for the kernel. Due to the diagonal structure of the FLRW metric,
we can directly follow the special relativistic calculation in [75, Appendix, starting
on page 588] to obtain, for some fixed constant ¢; > 0, that we have

153/

ko (29, t2q) = ————
(7P, %) = olpl[qlt>

Uy (t*1p, t*9g) exp (—Ua(t*p, 179)) ,

where

+24
def
(e, ) 2 L2l — g = Iy~
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and
1 2 p|+1q| 2 |p| + |g|
Uy (29p, 129g) L& — + —
1(#7p, 7) = -+ Uz 2 U3

2 1 + 2 |p| +
:2< +Ip\ |(12|+Tlp\ |613|>'

29 \|p—q|l |p—q*> 39 |p—¢q
Notice from (1.24) that we have

2
2 2(pllal—p-a) _|p q (3.9)
olpllq|t> Ipllql ol lql
Using additionally (3.9), we decompose
ko (t29p, %9q) = ko1 (t29p, t29q) + koo (t27p, 129q) + kas(t*p, t*q),
where
2
G
20, 424, — P ~t2|p—q|/2
k21(t pat Q) 2Cl th‘p_ q| € )
29 (ol + lal) | B — &
koo (£29p, 1%7q) = 2¢; (t24] |p|)2 . e~ lalf2, (3.10)
p—q
2
29 (pl + la) | & - %]
[l lal|  _y2ap,
kzg(tzCIp, t2qq) = 4c; (2 — q|)3 et Mp—al/2.

To simplify no tation, we suppress the dependence on t29 in the rest of this proof.
In particular, we write ko(p, q) = k2(t?9p, t29q) and similarly for ko, koo and kos.
The following inequality shows that ko(p, ¢) as in (3.10) is integrable. We write

P q p—gq ( 11 )
= L= 2l =—-=).
lp| gl Ip| ol lql
Thus, by the triangle inequality
P q|_lp—d

11
== | < +lal | = — —|-
Ip| gl Ip ol al

As a result,

p q
|2 -
ol lql

After using symmetry, we conclude that

<Ip—ql+llgl = Ipll <2|p—4ql.

<2lp—ql (3.11)

P q
nmxﬂﬂﬁﬂﬂ“,—|ﬂ

From (3.10) and (3.11) there is a uniform constant such that

e—t2"Ip—ql/2 b0 e—t2"Ip—ql/2
ol 23(0,9) S 575 -

t29lp — g (%9]p — q])

Then (3.12) shows that ka(p,q) as in (3.10) is integrable in R3 uniformly in time
for any fixed p € R3. For the weight w2 (t*Ip) in (1.41) with m > 0 we use
Ip| < |p — gl + [q] to see that

w?, (t%9p) < w2, (%) + w2, (% (p — q)).

ka1(p, @) + ka2(p, q) <
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We thus conclude that
2 (42 . 2 (42 2 (42 et lp—al/d

wi, (129p) (ko1 (p, @) + k22(p, q)) S min {w},, (t*Ip), wi, (¢ qQ)}ma
67t2q |p—ql/4
(t*9lp — q[)*
These will be our main estimates for the kernels kq;(p, ¢) above.

To proceed, we will employ a splitting to cut out the singularity, analogous
to [75, Equation (3.1)] and also to [79]. Fix a small € € (0,1). We choose a smooth
nonnegative cut-off function x(r) satisfying

0 if t2p—gq| =2e
— 2q _ _ = )
X = x(t*p—q|) { 1 29y g <e.

Now with (3.10) and (3.13) for j € {1,2, 3} we define
ky X(0,q) = (1= X) koj(p,q), kY (0.@) = xhoj (@) = kjsa(p,q),  (3.14)

and will use the analogous splitting

Koj = Ky X+ KY;, je{l,2,3}

(3.12)
wy, (£29p) ka3 (p, q) < min {wy, (£29p), wy, (%)}

(3.13)

We also denote IC%Cj = ICajs1 with kernel kojs1(p, q).
Next we consider Cojs1. To prove the desired estimate for the terms Cojg1, it
suffices to prove for j € {1, 2,3} the following uniform bounds

j dq kayor(p,q) < £, j dp w2, (D) kj (pr @) < w2, (129)¢ %%, (3.15)
R3 R3

We will only prove (3.15) for the dg integral because, after using (3.12) with m > 0,
the other proof is identical. From (3.12) with m = 0 we have

2e
f dq kojs1(p,q) < t_ﬁqf dp e_p/4pb(j) < t70agbl)+L
R3 0

Here b(1) = b(2) = 1 and b(3) = 0 as in (3.12). In particular the estimate (3.15)
holds. Then proceeding as in (3.7) we have

Wi Kajs1(ha), ha)| < 7% wmha |z [wmh s

This is the desired estimate for K3; = Kajs1.

We next consider IC;;X with kernel k;;x(p, q) as in (3.14). For this term using
(3.5) with a different Ry > 0 for j € {1, 2,3} we decompose

ky; X(p.q) = Sroks; “(p. @) + (1 — dro)ks; “(9. @) = kaje(p, q) + kajsa(p. q)-

We will first estimate ICgj. with kernel kgj.. From (3.10), (3.12) and (3.13), there
is a uniform constant such that

w?”n,(thp)ijc(pv q) < g2t IP—al/2 Ljs2api<r, Ljt2aq)<Ro-
Now, similarly to (3.8), for any 0 < ¢ < 1 we consider the regions
AL p—q| =t +Qay, B AC = {|p— q| <t~ (1+Oay,
and then split
koje = kajcla + kojclp & kajea + k2jeB,



36 R. M. STRAIN, M. TAYLOR, AND R. VELOZO RUIZ

and we use the analogous decomposition
Koje = Kajea + Kajen, for je€{1,2,3}.
On the set A we have
w2, (1) kajen < € et AT 1 0 p Tz,
Thus for ICojca with kernel kojca, as in (3.7) we have
w2, Kajeah, ha)| < 39~ A1 ghy |12 1< a2

On B instead, we estimate the contribution of ky;.p by

t—(1+f)‘1
J . dg w%(tqu)kgjcB(thp, t29q) < 1|p‘<RJ pldp < 1|p‘<Rt7‘5qt7‘3<q.
R 0

Thus for Ky, with kernel kg5, similarly to (3.7), we obtain
[(wp Kajenhi, ho)| < 675975 1cgha | 12 | 1<rha| L2

This establishes the desired estimate for Ko;.p and again Koj.p is a compact op-
3] J
erator because kajep € L*(R? x R3).
It remains to estimate Kgjso with kernel kojs2. However from (3.5) we have
t29p|+[t29g| > Ry/2, thus either |[t29p| or [t?9¢] is strictly larger than Rs/4. Suppose
[t%p q : p q y larg pp

1 1 1
that either [t?9¢| < R or [t?9p| < R$. If for instance [t?9¢| < R$, then

1
_ [t29p + [t*9q] _ t*9p — g +2[t*q| _ t*7|p — g + 2R3
[t29p| + [t24g] [t29p| + [t29g] T Ry

1
The same estimate holds if [¢t?9p| < RZ. We plug the bounds above into (3.12), for
e > 0 fixed and Ry > 0 large, to obtain

e~ Ip—al/8

)

w?, (29p) (ka1s2 + kazs2) < min {wy, (t*p), w2, (*%)} =
2 E

3.16
e—t2p—al/8 (8.16)

Wi, (1) kss2 < min {wy, (£29p), wy, (*9¢) } ——

R3e?
1 1

This is our main estimate when either |¢t?9¢| < R or [t*9p| < R3.

1 1
Now, alternatively we suppose that both [t29p| > RZ and [t?9¢| > R3. Notice
that we can instead express (3.10) using (3.9) as

2cq t2ds

2q
k?l b,q) = e_t \p—q\/Q,
#.9) = T2l — ] g
2 1 1 1 24
kaz(p,q) = 261 —— ( + ) — et Ipdl/2) 3.17
22(24) Y(t2a)p—g))® \Ipl gl ) 22 (3.17)
t2q8 1 1 1 2q
kos(p,q) = 4c1———— ( + ) — et IPdl/2,
».a) 1(152‘1|p—q|)3 Ip| gl ) t*a

By using (1.26) and (3.13) in the expressions (3.17) above, for ¢ > 0 fixed and
Ry > 0 large, for j € {1,2,3} we obtain

w2, (p)kajea(p, g) < min {u?, (129p), w2, (1P9g) )Ry e~ le ™ IPmalS - (318)
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Again proceeding as in (3.7), using (3.16) and (3.18), we have

[CwnKajsa(tn), ha)| < 729 Ry e fwmba | g [wmhal 13
First choose £ > 0 small, then choose Ry > 0 large to complete the proof. ([

3.2. Coercivity of the linearised operator. Let us study the basic functional
analytic properties of the linearised operator L.

Proposition 3.3. The linear operator £ from (1.21) is self-adjoint, that is, (L f, h) =
{f,Lh) for all f, h e Lg. Moreover £ is non-negative, in other words (Lh,h) > 0
for all h € L2. Moreover Lh = 0 if and only if 2 = Ph for P from (2.3).

The properties above are standard, and their proofs follow directly from [32].
We now derive the main coercivity estimate for the linearised problem.

Proposition 3.4 (Coercivity estimate). There exists a uniform constant dg > 0
such that for all h e Lf), and for all ¢t > 1,

t39(Lh, h) = do|{I — P}hH%%. (3.19)

Proof of Proposition 3.4. Suppose that the coercive estimate is false. Then there is
a time ¢ > 1 and a sequence of functions A" (p) satisfying that Ph™ = 0, vo[[h"| 2 =
1, and
1
t39LR™ WY = vo||h™ |32 — IR B < —.
b n
We recall that vy > 0 is the uniform constant obtained earlier in Proposition 1.3.
Since vo[h"| 2 = 1, then {h"} is weakly compact in Ly with limit point h%. By
weak lower-semi continuity vol|/h°| rz < L. Furthermore,
t39LA™ Ay = 1 — 3R, h™).

From Proposition 3.1, we can split K = K. + K, where t39(]C,h™, h™) can be chosen

arbitrarily small and K. is a compact operator. More precisely, for any small n > 0
we can choose [C; as in Proposition 3.1 so that we have

IR | < A" s = n.

Then the remaining part . has an integrable kernel which makes it a compact
operator. Thus in particular

lingo<lCch”, Ry = (IC.h°, A0,
Now fix € > 0. Then choose n = 7. Then
I W < 7, IR0 < 7.

Then for the resulting K. from Proposition 3.1 (which depends upon 1 > 0) we can
choose N € N large enough so that

139 [(JCeh™, By — (JCehO, W] < g Vn > N.
Thus
£39 |(Ch™ By — (KhY, hOY| < g + i + i —¢, Vn=N.
Combining these statements, we conclude that

lim 30Ch" By = £9Ch", h°).
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In particular, we have that t39(Ch?, h®) = 1, or equivalently
£39(Lh° B0 = v | W02 — 1.

Since £ > 0, we conclude that v||h%|2, = 1. Thus £h° = 0 which implies h® =
P

PA°. On the other hand, A" = {I — P}h™ so that weak convergence implies h° =
{I— P}hY. Thus h° = 0, which is a contradiction to vo|h%||2, = 1. O

Remark 3.5. The proof of Proposition 3.4 shows by contradiction the existence
of a constant 6y > 0 such that (3.19) is satisfied. Alternatively, one could attempt
to provide a quantitative proof of the existence of o > 0 as in previous works in
the non-expanding case [6,60,61].

The proof above follows the strategy of [45, Lemma 6.9] for the relativistic Boltz-
mann equation on T2 in the massive case. See also the analysis in [34].

3.3. Trilinear estimate for the nonlinear term. We now prove L%—trilinear
estimates for the non-linear term I'(f, f) in (1.22).

Lemma 3.6. Let m > 0 and recall the weight w2, = 1 + [t29p|™. Then, for all f,
h, and 7, the following uniform estimate holds,

|<w12nr(fa h),m| < mefHle;(Ra)HwWh”Lg(RS)menHLg(Ri‘i)'

Proof of Lemma 3.6. From (1.22), we have
(Wi, T(f,h),n) = t?’qf dp w2, (t*p) J dqf dw vy A/J(t29¢) f(p'
R3 R3 S2
= [ dp b () [ da [ e, VTR
R3 R
def

T,

We will estimate separately I'y and T's.
First, we have the following uniform estimate

[ <151 ([, 5050)' <

Thus, we estimate I's using the Cauchy—Schwarz inequality as

ol < 09 [ dp wd () ) @) [ | dan/T(59) o)
R3

S HﬁhHLg(Rs) mefHLg(Rs) me””Lg(Rs)'

[N

This is the desired estimate for I's.
Next using (1.29), we have the uniform estimate

W, (thp) < W, (thpl) + W, (t2qq/) < Wm (tqu/)wm (tzqq/)~

Next we estimate I'; using again the Cauchy—Schwarz inequality as

Ty < ¢% sz dp w, () [n(p)| JW dq vy A/ J(29q) |wm () h(q") f (P')|

< w51
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where

2 ([ ([ oo VTG o 22 o (P56
R3 R3

[MES

1
2

s 2
<3 (J dp f dq vy |wm (29 Vh(q )wm (9p") £ (p')| >
R3 R3
We use the change of variables (p', ¢’) — (p, q) with Jacobian (1.34) to obtain
-3
List qmefHLg(Ra)”wthLg(RS)'

Note that, as explained in [77], one can equivalently write Z; in the Glassey-Strauss
representation of (1.33) and then use the change of variables (p',¢') — (p,¢q) in
(1.34). Afterwards we can switch back to the center of momentum representation
shown in this proof. This justifies the use of (1.34). O

3.4. Estimates for averaged quantities. Now we prove estimates for averaged
quantities in the momentum variables against the basis functions in (2.6).

Lemma 3.7. For any suitably regular f, and any element of {t39¢,(t29p)};2, in
(2.6), we have the following uniform estimates

[T =P}, %% (1%p))] < |THT =P . (3.20)
and
[(L(H{T = P}f), t3%,(t*p) | < ¢ HJ%{I — P}fHLg. (3.21)
Proof of Lemma 3.7. For any element of (2.6), since t > 1, we can always split
£5e,(£29p) = 19%e,(129p) J(12p) " T T (£2p) < 996y (29) T (¢7p) " H T (p)*. (3.22)

Then we can include the factor J(p)i with {I —P}f and the rest of the upper

bound above is exponentially decaying and suitably time-normalised. Then for

I =P} £, t39¢4(t29p)), using the Cauchy—Schwarz inequality, we obtain (3.20).
For the estimate of (3.21), we use the self-adjoint property of £ as

LT =PLHf) 79e(t7p)) = ({T = PLf, L(Eer(t7p))).
Then from (1.21), (1.40), and (1.39), we have for vy > 0 that
L(#3%e,(t29p)) = t39L(ep(t*Ip)) = voee(t?Ip) — 39K (e0(t2p)).

Further K = Ky — K3 from (1.39) has the form

Br(er) = 90 [ da [ der v NI IE) i),
R3 s2
and we split Ko = Ko7 + Koo where

t39Co1 (ef) = thJ qu dw vy \/J(thq)\/J(thq’) eo(t2p),
R3 2

139 oo (eg) = tﬁqf qu dw vy A/ T(t299)\/ T (t29p") ¢(t*9¢).
R3 2
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For simplicity we denote each term above as Ky (e¢) = Ky (e¢(t29+)). By using the
structure of the basis vectors (2.6) and the conservation laws (1.29), we have that
each term /Cy is of the form

P9y (eg) = 09T (£29p) 4 f dq vy by (t29p, 129q) J(t29¢) 7,
R3

where each byy = by (t29p,129¢) can be written as

b = JQ dw ez(thq)J(thq)%J(ﬂqp)%7
s

bo1e = J dw eo(t29p")J (t29p' %\/quj £29¢) 17 (#29 )%,
52

booy = J dw ep(t29¢)J(129¢') "2 A/ T (1299) T (t29¢)F J(t29p) 5.
52

Then each by is uniformly bounded by using, for example, (1.29).
In particular each term 39/C;(e¢) for j € {1,2} is of the form
129K (er) = my (127p).J (£27p) .

Here m;;(¢?9p) is a smooth uniformly bounded function. We also denote for simplic-
ity mo(t29p) = voe,(t29p)J (t29p)~T. Then t31L(e;) = Y17_om;(t29p)J(t29p). By
using again (3.22), we have

(1= Py, m;(229p) S (229p) % )| < 2] T I = PV, £ .

P

Thus, collecting the previous calculations, we obtain the estimate (3.21). O

See also [45, Lemma 6.6] for a similar estimate in the massive case when q = 0.
We also prove estimates for the nonlinear term when averaged against a basis
function.

Lemma 3.8. For any suitably regular functions f, h, and any element of {t3%¢,(t29p)}}2

n (2.6), we have the following uniform estimates
KO(f,R), 29ee(p)| < 15 f 31Tl
Proof of Lemma 3.8. From (1.22) and (2.6), we must estimate

(D(f, h), t59ey(29p)) = tﬁqf dp fRz dqj du vy /T (29)e(29p) f (') h(d)
— {69 JRa dpJRs dqf dw vo /T (t23g)ec(*7p) f (p)1(q).-

After using the pre-post collision change of variables (p, ¢) — (p’, ¢’) with Jacobian
(1.34) on the first term, we have

(T, h), t¥e,(29p)) = 9 J ) dpJ _ dg mp (2, 1%9)J (£2p) . (19) £ (p)(q).
R R
where now with (1.29) we have

e (2, 29g) = v, J(t?qqﬁJ(t?qpﬁf de e(29) T (£9p')
S?

— v J(t29g) T J(t29p) Tey(29p) T (£29p) 2 | dw .
S2
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Then mr(t29p,t29q) is suitably time-normalised and uniformly bounded. Lemma
3.8 follows by using the Cauchy—Schwarz inequality. ([l

See also the proof of [45, Lemma 6.7] in the case of massive particles when q = 0.

4. MACROSCOPIC ESTIMATES

In this section we will estimate the solutions of the macroscopic equations from
(2.11), (2.18) and (2.19). In the course of these estimates, we will use that the
zero mode is zero according to Corollary 2.4. The estimates in this section hold for
any 0 < q < 1. We refer also to the macroscopic estimates obtained in [26] and
in [20, Section 5.1] for the nonrelativistic Boltzmann equation

Theorem 4.1 (Estimates for macroscopic quantities). Consider T > 1, and a
suitably regular solution f of (1.19) on [1,7] x T3 x ]Rf,. Then the macroscopic
quatities defined by (2.4) satisfy the following uniform estimate

[£292[A,B.CY 1y o < IV X~ PH g rars + 189l rprs + [ filipes (42)

(et a) s

where |[A, B,C]| <" | A +[B] + ||, and the definition of h(t, k) is provided below
in (4.7), (4.8) and (4.9) with (2.6).

Proof. First, we take the Fourier transform in (2.11) and (2.19) to obtain

~ 2 A~ =N R
t7390, (t?’qb’j) + =t 9ik,C = —t7%90, (£9My43) + 13, (1<5<3), (4.2)

V3

t—q\/zz'kj (A= /3C) = =730, (#f;45) + iy, (4.3)

0t (LB 1B = 34, (305 n

t 2\/5 (k‘llgl k‘383) t Ot (t mg) + Ug, (44)
—a t (p. B_ B,) — 434 305 m
t 6\/5 (k B 3]{7282) t90; (t m10) + U0, (4.5)

1 oAs _ ~ N .

%tiq (ijBl + Zk‘lBj) =—t 3°'&t (t3qm1+j+9) + U549, (1 # 7). (4.6)

In particular using the orthonormal basis functions in (2.6) we define
f = (=PI 9e(t7p) )

8, <{I P/, t3q|§ee<t2qp>>, (.7)

0 = (LU= P}, e, (#p) )
be & (DU ) t99etp) )
i ©f ik éz + ig + 6@,

where in the second to last term, from (1.22), we have

BERp) =00 | o | oo VIEQUG) @R @)
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[ da [ dw s VI F) b))
R3 s2
with
[F ) = hq f b Lp)h(l.g) d2(0),
)+ h f k= Lp)h(l. ) dZ(0).
We will also use the notation
13 R 13
@ = Y [, O] =] [0
=1 =1
In the rest of these estimates we write Mg, ég, ig, 6@, or ity to denote an arbitrary

term with index ¢ when the value of the index is unimportant.
We take the Fourier transform of (2.18) to obtain the local conservation laws

—>

13 R R 13 .
= 1kl 6] = D] [be|- (4.9)
=1 /=1

~ 1 ~ 3q ~ ~
0A+ 5tk - B+ —qA — 79k - O, (4.10)
~ 3 ~
0B + 2t ik, <A \/>C> qlS’ -tk 041, (1<j5<3), (411)
~ 1 ~ ~
0C+—t*q‘k~l’>’+—C=—t*q‘k~®. 4.12
’ Wi i ; i 5 (4.12)
We will use (4.2)-(4.6) and (4.10)-(4.12) with (4.7) to prove our desired estimates.

First we will estimate CA(t, k). We multiply (4.2) by 7t4qikjg(t, k) and sum on j
to obtain

2 ~2 = N 2 ~
ﬁt3q|k|2 ‘C(t, k)‘ = it9C(t, k)2, (thB Y kjt3qmj+13>
j=1

_ 3
—it*C(t, k) Y kil s,
j=1

We rearrange the time derivative as

2 . ~ 2 d N 5. =
%t‘sﬂk\z )C(t, k)‘ =iz <<t3qB~k + 3 kjﬁqmjm) t"‘C(t,kz))

j=1
3
<B k+ Z k; mj+13> 1990, (19€C(t, k) ) — it9C(t, k) Z T
After dividing by |k|? > 1 and integrating in time we have
2JT t39IC(t, k) [*dt = A (Br+ 23: ki | 49C(, k)
Vel o P = VAR

i T
—WL (B k+ Z k; mJ+13> 349, (th(t k)) dt— e f #H49¢ (¢, k) 2 kil 13dt.

We will estimate each of the terms on the right.

T
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From (4.7) and (3.20) we have
@t k)| + ‘(:)(t k) ] = B3 (4.13)
Thus, for |k| > 1 and T > 1 we have
T 2 Z T4k y410(TICT) < TT = PYAT )] BT, 1)
STYIT K7 < TF(TR)|Z, (4.14)
and similarly
= 2
|k|2 Z kjm;jp13(1)C(1)] < k’)HLg (4.15)

The term W ((é k) t4qat k:)) also satisfies the estimates in (4.14) and (4.15)
at the respective points t =T and t = 1. Thus

|kl‘2 ((B k+ Z k; mJ+13) #9¢(t, k))

T

j=1

; ; 2
S TOYFT R + [ AR,
t=1
Next, from (4.12) we have

> 1 A~ 2 ~ ~

Hence

‘t?’qat <t“€)‘ < %9k| ()E’ + ‘@D +2qttat ‘CA‘
Thus for q <

< 1 and for any small > 0 we have

1 T . 3 R -
K [2 J <B kot Z kjmj+13> 390, (th(Lk)) dt
1
T

(4.16)

Jj=1

R T ~ 2 T ~ 2
< Cnf {1 - P} f(2, k:)Hith + C,,J t3a ‘B(t, k:)’ dt + nJ t3a ’C(t, k)‘ dt.
1 » 1 1

Now from (3.21) we obtain

I < 72T =P}t k)] -

(4.17)
With (4

and (4.17) and the previous estimates for any small 7 > 0 we obtain

7)
if 498 (L, k) i Kty 13dt| < JTt“q (t*q ‘(:)(t k)‘ +[1 + \6\) )CA(t k)‘dt
k‘ = JHg+13 = . ) ’

T =R 2 T ~ 2
< ”J 3 ’C(t,k)‘ dt+C,7f £79[b|"dt
1 1

g 2 2
+ C"L {1 — P} f(t, k)HLgdt.

We collect these estimates for C (t, k), choosing n > 0 sufficiently small, to obtain
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T . A . ) T - 9
J 910, k) Pdt < TN FTR)E, + AR, +f £99|B(t, )| dt
1 1

T
+f 39 {1 — P} f (¢, k) \|L2dt+f 9[p*de.  (4.18)
1 1

This is our primary estimate for Cl (t, k). B _
Next we estimate A — 4/3C. Multiply (4.3) by —t494k; (.AT - \/§CA> (t,k) and sum
on j to obtain

~ ~ 2 —= = 3
\/Zt?’qu ‘A(t, k) —v/3C (¢, k)‘ — 19 (A - \/§c) (t, k)2, <t3q 3 kjaj+5>

j=1

w

— it (.A fC) Z )15

We rearrainge the time derivative to conclude that

\/Ztgqlk2 At k)~ VBE K| =i ((t 9 Z K, mJ+5> o (A- \fc)>
(S o (A V) i (A ) S

Next divide by |k|? = 1 and then integrate in time to achieve

T

— # <<t3q 23: kjﬁj+5> ¢4 (j— \/§EA) (t,k)> 3
Y ( 3k, ) 0, (19 (- vaE) (09
e S

We will estimate each of the terms on the right.
Then as in (4.14) and (4.15) we have

1
CH ((th Dk m]+5> £ (A xfc) (t, k))
Next subtract v/3 times (4.12) from (4.10) to obtain
o (A~ v3C) + 2 (A~ v3E) =~k (6, - V305)
In particular

o (1 (A~ v30)) + 27% (A-V3E) = —ik - (61 ~36;).

T

< TSR + | F2 0.

t=1
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Thus we have
‘tsqat (tq (ZZ \/55) (t, k))‘ < 39]k| ‘é) +2qtta-t \ﬁf \/55} .

We conclude, again using q < 1, for any small n > 0 that

# JT <i kﬁj+5> %90, (t“ <j, \/§EA) (t, k)) dt

T . T . 2
<C,,L t3°'H{I—P}f(t,k:)”i%dtntnjl ¢34 ’A—ﬁC’ (t, k)dt

Also using (4.7) and (4.17) and the prior estimates for any small > 0 we obtain

3

kH 1 (A= aC) (1, 2 T

< [ (o [te b0+ i i) [ A~ vc] .o

T . ) T o T R 2
<C"J1 t?’qH{I—P}f(hk)HL%dt—kC’nL tSq‘b‘ dt+nJ1 3 ]A—ﬁc’ (t, k)dt

We collect the estimates above choosing 7 > 0 sufficiently small to obtain
’ 3 n 2 2 64 £ 2 ¢ 2
J 1) (A= 3C) (1. )| db < T T + |Fih) [}
1

o[ el nlas [ oo a @
1

This is our primary estimate for A- \/§CA .
Now we take a linear combination of (4.18) and (4.19) to obtain

T s lF T 2 6q)| f 2 ; 2 T s lp 2
| e e s d < T pIE; + A0 +£ £ Bt )| ar

1

T
+J £39{1 = PYf (¢, k) \|L2dt+f 59 ‘H‘th. (4.20)
1 1

This will be our primary estimate for m(t, k).

Lastly we will estimate B. To this end we multiply (4.6) by —ikjtqgl and sum
over | # j, to obtain

- i (iksB1 + ikiBy ) ik; B = (ky)* (1B(t W) = (B))?) + kyB; (k- B~ ksB;)
=1
1#j

= (k;)2|B(t, k) + k;B; ((k : é) . ijéj) . (4.21)

Next, by taking suitable linear combinations of (4.4) and (4.5) we observe that for
any 1 < j < 3 we have

t_q% (k B 3/%'@') = 7290, (£79) + Uy, (4.22)
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where m,; is some linear combination of mg and mj( that depends upon j, and 1
is a similar linear combination of iy and ;o that depends upon j. Next multiply

(4.22) by —ik;19B; to obtain
kiB; _ (k;)?|B;
6v/5 6v/5

Note that [k7B(t,k)|? = Y7_, (k;)?|B;|2. We plug this into (4.21), use (4.6), and
sum on j to obtain

(k- B—2k;8)) + 17295k B0y (t%9R;) — kBT

3 3 _
k2Bt k) + KBt k) = —v5 D) D) (ikjél + z’kl@j) ik, B,

Jj=1

~
S

%

3 _ 3 _
+6V5it 2 Y kB0, (7)) — 6v5itT > kBl
j=1 j=1
3 3 — 3 3 —
= —t720/5 Y N ikiBidy (5 j10) + VBT DD ik Biily o

j=11l=1 j=11l=1
l#j5 I#j

+ 6v/5it QqZkBat 951, ) —6\thq2k§

Jj=1 Jj=1
We have shown that

3 3
BBt k)| + KT B(t, k)| = ¢~ Z kB, (t*9my) — ¢ Z ki By,

=1 =1

where my; is a linear combination of the m;; ;49 and the m,;, and Uy is a similar
linear combination of the 1419 and the .
After multiplying by #39 and dividing by |k|?> we thus have

~ |kT B(t k)|? A
t3q|B(t,k)\ tqu |/€|2 Z lelat t3a mil \k|2 Z leluil

3

¢4a
<|k|2 Z ki lm;tl> |k‘2 Zt k’lm:plat (t B ) |k|2 Z k‘lBlu_u

Similar to the previous cases, after integrating in time over [1,7T], we obtain

T T2 2 4
3 5 o, |K"B(t, k)| T
J £3a <|B(t,k)| +7|k|2 Ik:|2 Zkl& )iy (T)

1

3
|k|2 Z klel mil (1)— |/€|2 Z klj t qmuét (thl) dt_W Z k‘lJ t q[)’luildt

We will estimate each of the terms on the right side.
As in (4.14) and (4.15), for |k| = 1, we have

T4q 3 — ~ 1 3 _ ) ) A
T 2 [BBT) R+ o S [RB ()] < TUIAT DI + i 0]
=1 =1
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Next from (4.11) we have

390, (tqéj) + 2639k, (A - WCA) Apag = 2968, (1<j<3),

Hence for any 1 < 3 we have

j<
‘tf‘qat (tqéj)( < 39k| (’é) + ’[747]’) + 2qtta! ’E).
13

Thus again using (4.13) for any q < 1 and for any small 7 > 0 we have

\k|2 Z k;lJ 39y0, (t"@l) dt

T T .
sc,,fl t3qH{I—P}f(uk;)Hi%dtJrnL 34 ‘l?(t7k)’2dt+n£ t3°"[A,C](t,k)‘2dt.

Then using (4.7), (4.13), and (4.17) for any small 7 > 0 we have
= T ~ ~ A~
a4 4q (4—a
|k|2 E klf t* Bty dt| < L t (t ‘@(t,k)) + m + ‘bD )B(t, k)‘ dt

T ~ 2 T 2
<nL £49|B(t, ) dt+c,7L 29 o ar

T P 2
+ C"L PI{I - P}f(t, B[22t

We collect all of these estimates for é(t, k) to conclude for any small > 0 that
T . . ) T 2
| eI e < TR + AW, +0 [ e AC R
1 P » 1
r 2 2 T a2
+ Cnf I = PYf(t, k)| dt + C,,J t°9)b|"dt.  (4.23)
1 » 1

This is our primary estimate for B(t, k).

To conclude the proof we multiply (4.20) by a suitably small constant n; > 0 and
then we add this to (4.23) choosing > 0 in (4.23) small enough that n —n; > 0.
Combining (4.20) with (4.23) we obtain

T —_— A A~
| B n de < i + 1AG

1z
1

+f BIHI—PYf(t, k) \|L2dt+J t5q‘ ‘ dt.
1
Next we take the square root in the above inequality and use

%(A+B)<\/A2+BQ<A+B, (4.24)

further take supy,<7 for the term 159 (¢, k) |zz, and then integrate the resulting
inequality with respect to d¥(k) over Z2 to obtain the proof of the theorem. ([

Remark 4.2. In the proof of Theorem 4.1 above, we have used q < 1 to control
the term ¢49~1 on the right hand side of (4.16).
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5. MAIN ENERGY ESTIMATE FOR f

In this section we prove Proposition 5.1, that is, our main energy estimate for
the distribution function f. This relies on the coercivity estimate for the linearised
operator £ in Proposition 3.4, and the trilinear estimate for the nonlinearity in
Lemma 3.6.

Proposition 5.1 (Estimates for the distribution function). Consider T > 1, and
a suitably regular solution f of (1.19) on [1,T] x T3 x R3. Then the function f
satisfies the following uniform estimate

3 3q/2
12 s e + [ VAL - P lpiars
< HleLiLg + HtgquLiL;)?L% Htsq/QfHL}cLzTL? (5.1)
The estimate above follows by suitably adapting the energy estimate in [20,
Section 3] for the nonrelativistic Boltzmann equation on T3.
Proof. We take the Fourier transform of (1.19) to obtain
. D 29 ; 7 ; SeFF
<at vick k-2 a) Ft.kp) + LR D) = B D), (52)
where I'(f, h)(k, p) is defined in (4.8). Take the product of (5.2) with the complex

conjugate of f(t,k,p), denoted f, and then take the real part of the resulting
equation to obtain

E <d - qulapi) 7tk )P+ 9% (FLF) = e (FE(F ) -

Here Re (z) is the real part of a complex number z. Integrating the above with
respect to p we have

: (jt " 6;') £33t k) + e ((2f, ) = 9e ((P(F.F). )

From (1.49) this becomes

1d

5o (917135 0 0) ) + e ((2f. ) = e (P D). F)). (5.3)

Then integrating in time on the interval [1,¢], we have

S0 + [ e ((f.5)) ar = S1A k1 (5.4)

[ rme ((R(F.). £))

By the coercivity estimate of £ in Proposition 3.4, there is dg > 0 such that

Soll{T = PHfI35 (¢ k) < £%9%e ((£F, ) (&, k).
Thus it follows from (5.4) that

1 . t . 1. .
StOF1%3 8 k) + 0 j L= PH s (r, k)dr < 511l (k)

[ remme (00600 5)) ar
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Take the square root on both sides, use (4.24), and then we further have

2

ENFla ) + Vo ([ 0PIy i) < 51l )

NG ( j e e (0., f>)\dT)é

We have derived, for all 0 < t < T and any k € Z3, that

L
V2

1
2

t
ek + ([ PR o kyar )

{flm w ([l igpdar) } (5.5

with Cy = max{2,1/2/do} > 0. By the following well-known identity,

it follows directly that

(P Hf) = (P HAT-PYf ).

Then, taking supy<,<7 on both sides of (5.5) and integrating the resulting inequality
with respect to dX(k) over Z3, we have

1
2

L sup (t3q\|f(t,k)|\L§)d2(k;)+L3 (LTT?M{I—P}f(T, k)|%%d7'> d(k)

3 0<t<T

<Gy {|f1||% an <jT 9|0, P 1= PY )| dT> 5 dm)} .69

We can estimate the last term on the right-hand side of (5.6) as

J. (f e {I—P}f>\dt) a5

SLB <L ST~ P} f(k !LZJSHf(kl)|L%Hf(Z)L§dZ(l)dt> ds(k). (5.7)

Then (5.7) is a direct consequence of Lemma 5.2 that is stated and proven below.
We now estimate the upper bound in (5.7). Applying the Cauchy—Schwarz in-

equality to S1 )dt, we obtain

DY Ul t9{T P} f(t, k) \LZJS|f(t,k—1>|Lg\f(ul)\LgdZ(l)dt) dx(k)

z
T R ) 2
f 460434 (J f(t,k—l)|L§|f(t,l)|L2dE(l)> dt)
1 Z? P

1/4
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1/4
x (L I - PYf(t, k) HH > dx:(k),

and then use Young’s inequality with small constant 1 > 0 to observe that
1

DSnLg (L thH{I—P}ftkHLz ) d¥(k) (5.8)

k

1

T 2 \2
v . Jtﬁqtsq (L; f(t,k—l)IILg}f(t,l)}Lng(l)> dt | ds(k).

We now recall the following version of Minkowski’s inequality
I bty < -l 59)

For the second term on the right-hand side of (5.8), we use (5.9) to obtain

- 2\ 2
f 69430 (f |f(t,kZ)L%Hf(t,l)HdeE(l)) dt
1 73 »
T 2
< <f t6q|f<t,k1>||%2t3q\f<t,z>\’;dt> as(1)
Zf’ 1 p P

~ T R )
LS Ls 2, (P = Dl (f tgql)f<t7z>nLgdt> AR ()az(k).

Then Fubini’s theorem and translation invariance imply that
~ T ~ 2 %
[ s (o7 =isy) ( | g, dt) dx (1) (k)
ZS ZB O<7—<T 1 P

-l ’

T 2
ax() (f e l>|izdt> |, = sw (+0Fk=lsz)

= %9 Fl 2 £ 221V Fl i 12 12

Applying the estimates above to the second term on the right side of (5.8) and
further using (5.6) and (5.7) leads to the desired estimate (5.1) in the statement of
the proposition. O

|

[N

We now state and prove the following lemma.

Lemma 5.2. For all f, h, and 7, the following uniform estimate holds,
(R0 < [0, [ 17E =D b0, @50, 60

Notice that (5.10) directly implies (5.7).

Proof. By the definition (4.8) of I'(-,-) and Fubini’s theorem, we obtain

(PR = | (PFE=0h0) 0=, (61



GLOBAL STABILITY OF THE MASSLESS BOLTZMANN EQUATION ON FLRW 51

This calculation is performed in detail in [20, Lemma 3.2]. In our case, we have

et [ an [ da [ o oo/ T {L£65) « 100 = [F) @) i )
e J}RB dp JRS dq dw Vg t2q‘])

ija{f( —1L,p)h(l,q) - f( k—1,p)h(l, q)}f;(p,k)dz(z)

Ld <r > (1

<p >‘ as(l). (5.12)

We conclude

(et aw)| <

Then, by Lemma 3.6 we have
(D= 0,0, 1) )| < 17 = Dl [ 3[R
With (5.13) above, the desired estimate (5.10) follows from (5.12). O

(5.13)

6. GLOBAL STABILITY OF THE MAXWELL—JUTTNER EQUILIBRIUM

In this section, we will prove Theorem 1.4. In Section 6.1, we first show the
local well-posedness result Theorem 1.4 is based on. In Section 6.2, we show global
existence and the uniform decay estimate (6.4) in Theorem 1.4. In Section 6.3, we
prove the faster decay estimates in the case when q € (0,1/3]. In Section 6.4, we
prove exponential decay in the nonexpanding case ¢ = 0. In Section 6.5, we prove
time-decay for weighted energy norms. Finally, in Section 6.6, we prove propagation
of spatial regularity.

6.1. Local existence and uniqueness around the equilibrium. We prove here
local existence and uniqueness of solutions for the massless Boltzmann equation on
FLRW spacetime (1.19) around the Maxwell-Jiittner equilibrium.

Theorem 6.1 (Local existence and uniqueness around the equilibrium). Let q €
[0,1]. Under the assumptions of Theorem 1.4, there is a small ¢ > 0, a Ty =
To(eo) > 0 and some Cy = Cy(Tp) > 0 such that if

| f1llpy e < eo, (6.1)

then the massless Boltzmann equation on FLRW spacetime around the equilibrium,
(1.19), admits a unique local-in-time solution

f(tvxap)a 0<t<T0<OOa :T]ET?’, pERg,
which satisfies the uniform estimate

”tgqf”LkL%OOLg + Htgq/szLkLzToLg < Col fillpyrz- (6.2)
If additionally F(z,p) = J(p) + J2(p)f1(z,p) = 0, then the solution satisfies

F(t,z,p) = J(t*p) + A/ J(t29p) f(t, z, )
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To prove Theorem 6.1, we start from the following linear inhomogeneous problem
P

Oth + ]

2 .
Byih — fplapih 4 73y0h — D(h, W) = K(W),

h(t = 1,$,p) = hl(xvp)a

where W = W(¢, 2, p) is a given function. The solvability of (6.3) is guaranteed by
the following lemma.

(6.3)

Lemma 6.2. Let hy € L}CLZ be an initial datum. We suppose that for some ¢y > 0,
To > 0 and T € (0,Tp] the given function W satisfies

||t3qWHL;L$Lg + Htsq/QWHL;L%Lg < ¢€o- (6.4)

Then, for g > 0 in (6.4) small enough, there exists Tp > 0 and C; = C1(Tp) > 0
such that for any T € (0, Tp] the initial value problem (6.3) admits a unique weak
solution h(t,x,p) for 0 <t < T, x € T3 and p € R? satisfying

[%9R] L1 e 22 + V3R] 2 12 12 < Co (th leies + \/THWHL;L;L;J) -

Regarding the local-in-time existence and uniqueness of solutions to the linear
equation (6.3), the proof of Lemma 6.2 is completely standard and omitted.

Proof of Theorem 6.1. We will first build a sequence of approximate solutions de-
noted by (f™(t,z,p))X_, for the problem (1.19) with initial data (1.20). For
n=0,1,2,..., we use the following iterative scheme

atfnJrl + |tI;p|azifn+1 _ quzapifnﬂrl + t73qyofn+1 _ F(fn+1, fn) + K(fn),

f0<t,x,p) = fl(xap)a fn+1(t = 1a$7p) = fl(m?p)' (65)

Then, by using Lemma 6.2, and the a priori estimates in Section 3, it is a standard
procedure to apply an induction argument to show that there are ¢y > 0 and
Ty > 0 such that if (6.1) holds then the approximation sequence (f™(t,x,p))r, is
well-defined in the Banach space Ly LF L2 n LLL7. L2 for any 1 < T < Tp.

We will prove that for a short time, 7" > 1, the iterated solutions to (6.5) satisfy
the following uniform estimate

sup (1699 "y gz + 102 F | yaa 22 ) < ACH Ll e, (6.6)
n=0 ’ ’ ’

where C7 > 0 is a uniform constant.

Fix an integer m > 1 and suppose that for some small 7'—1 > 0, that (6.6) holds
for all n € {0,1,2,3,...,m} for some constant C; > 0 that is uniform in m. Then
it is sufficient to prove that (6.6) holds for n = m + 1 by induction. We mention
that (6.6) holds for n = 0 with f = f; as defined in (6.5).

Then, for the iterative problem (6.5), following the proof of Proposition 5.1,

L A Py A PP

<Gl filleies + Coll® f" L2 ||t3“/2f"||L}cL2TLg

1

4Oy L?,; (LT 764 KIC(f”), f"+1>(7, k:)‘ dT> ’ ds(k).
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Above Cy > 0 and the constant C; > 0 in (6.6) is given by

o, ¢ 2max {2,+/2/vo} > 0.
For the last term, from Proposition 3.1, we have
64 ‘<]C(fn)7 fn+1>‘ < 734 an”L% (,ﬂHfrH»l HL%) (7_)
We conclude that

T n ) - b ~
L 7% KIC(f"), f"“> (r, k)\ dr < (T = D" 0] g [0S )] g -

Thus for any small § > 0 we have

Ls (LT 764 KIC(f”), f"+1>(T7 k)) dT) ’ ax(k)

1 1
< O = DAy g 1 2y e
< Cs(T — 1)an||L,iL%°L?, * 5Ht3qanHLLL°T°L%'
Thus for § > 0 small enough, and some C3 > 0, we have
97 gy + 12 g < 200 Al
+ Cal[t* f " L2 Ht?’q/anHL;L?TLg +C5(T 1)”anLiL°TOL%'

Then by the induction assumption, (6.6) for n = m, we have

3q pntl 3q/2 pn+1
”t o HL}QL%L% + Ht W fr HL}CL%L;‘; S 201||f1HL11cL§
+201Cs 20" g2 | fill ooz + 2C1C5(T = 1) full a2
Thus, we obtain
3 +1 3q/2 pn+1
[t fm HLiL?LI% + [t vy HLiL%LI% < C4Hf1HLiL§’
where
Oy = 2CT + 201(]3(T — 1)
1-2CCs| f1]pyre
Then for T —1 > 0 and | f1 HL}CL% sufficiently small, we observe that Cy < 4C.

This proves (6.6) by induction. By a similar standard procedure we can also show
that (f™(t,z,p))*_, is a Cauchy sequence in this space. Then the limit function
f(t,x,p) is a weak solution of (1.19) satisfying the estimate (6.2).

We now prove the uniqueness of the local-in-time solution. Suppose alternatively
that we have two solutions f and h to (1.19), both satisfying the local-in-time
estimate (6.2) for 1 < ¢ < Tj with initial data f; and hq, respectively. Then the
difference of the two solutions f — h satisfies

<6t+ |£;|axi _thpiapi) (f =)+ L(f—h)=T(f, ) = T(h,h)
=L, f =h)+T(f = h,h).

We can again apply the same estimates as in the proof of Proposition 5.1 to obtain
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|£9(f —h VI - PHf —h

)HLiLCﬁDLg +| )”LiL%}OLIQJ

3 3q/2 3q/2
S Ifr = hallzyez + 1879 = Py g 12 (”t @/ fHL}CmTOLg + [ hL,ch%;OLg) :
Since f and h satisfy (6.2) with ¢y > 0 sufficiently small we obtain
3 3q/2
Ht 1(f - h)||L}€L°TOLg + Ht W {I-P}(f - h>”LiL%L% Slf- hl”’JiL%’

The uniqueness of the local-in-time solution follows directly.

We now explain how to apply the proof of positivity, as in [85], to the massless
Boltzmann equation on FLRW in (1.8). For this, we use the alternative approxi-
mating formula

i
2q .
atFn+1 + ;:maxiFn+l _ quzapiFn-&-l + R(Fn)Fn+1 _ Q+<Fn’Fn)’ (6.7)

for n € {0,1,2,...} with the initial conditions
F*Y,_, = Fi(z,p) = J(p) + VT (0) fi(2,p) > 0.
We also take
FO>t,z,p) € J(t*p) =0, t=>1. (6.8)
In (6.7) we have used the standard decomposition of @ = @+ — @— into gain and
loss terms where from (1.30) we have

Qu(FLF) = | dg | do v Bl
R S

Q_(F, Fy) = t?’qf dq J dw vy F1(p)Fa(q) = R(F2)F1(p),
R3 S2
where

ROP)™ Q- (1P = | dy | dov, Paa).
R3 2

We will also use the notation @} &of Q+(F™, F™).
The characteristics of (1.8) and (1.35) for s > 1 are given by

dxi pi . X
7 :s_qﬁ, X (s=1z,p) =27,
dpJ

2q . )
= _1pJ P =1 = ).
dS s ’ (S ?p) p

For 0 < q < 1 we define
1T — 1
Sy(t) & T Sq(1) =0. (6.9)
For q = 1 we define
Si(t) log(t),  Si(1) =0. (6.10)
These characteristics are solved as
Xj(t,x,p) =) +Sq(t)g

pl’ (6.11)
PI(t,p) = t2p’.

We will use (6.11) to express solutions to (6.7) as an ordinary differential equation.
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We first consider the linear model of (1.35) with a source term H as
P
[tip|
Then with (6.11) solutions to (6.12) satisfy

2 .
oF+ L o, F— quzapip — H(t,z,p), F(t=12p) =F(zp). (612

(Pt X (t2,p), P(,p))) = (6 X(2,9), P(t,p).

Integrating over [1,¢] we obtain
¢

F(t,X(t),P(t)) = F1(X(1),P(1)) +£ dr H(r, X(7), P(T)).

Equivalently,

F (t, o+ S0, f?qp) _ Fi(a,p)

¢
+J dr H (T,x +Sq(7)p,7_2qp> .
1 Ip|

Next, setting ¢ = t729p and y = x + Sy (t) & = = + S4(t) L, we equivalently have
9l 3 g

F(t71/7(I) = Fl <t7y_8q(t)é7t2qQ)

t
+ [ar (o (ur) = Suto) 00
1
Thus, for t = 7 > 1, we define the backward characteristics of (6.11) by
~ . . pj
Xt 2,p) = 27 + (Sq(1) — S4(t)) —,
( ) (Sq(7) — Sq(t)) " (6.13)
Pi(t,7,p) = (t/7)*p’.
Now, by using (6.13), we define the operator U(¢,7) for t = 7 > 1 by
(U(t,7)G)(s,2,p) < G(s, X (t,7,2,p), P(t,7,p)), s> 1.

Then we can write the solution to (6.12) as

F(t,z,p) = (U(t,1)F1)(x,p) —&-J; dr (U, 7)H)(7,x,p).

Next we will apply this calculation to (6.7).
We use the source H = Q4 (F", F™) = Q" in (6.12) to write (6.7) as

L(FE X0, ) + RIPIE™ (0 X (1), P() = Q1L (1, X (1), P(0)
Further with (6.11) we define

(1, 5,2, p) f dr R(F™)(r, X (1), P(r)), ®"(t) = B"(t,1,,p).

S

Then we can write (6.7) as

d

= (e@"@F"H(t,X(t),P(t))) — P OQ (X (1), P(t)).
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We integrate over [1,¢] to obtain

Pt (na S0 B ) = I o)
p

t
+ J dr e_‘bn(t’T"”’p)Qi <7’,x + S, (7)m77—2qp) )
1 p

Above for t > 7 > 1, we have used that
(I)n(T) - (I)n(t) = q)n(T’ 17 xaP) - (I)n(ta 1,$7p) = —(I)n(t,T,I7p).
Further with (6.13) we define

t
& (t, 5,2, p) % f dr R(F™)(r, X (t,7,2,p), Plt,7,p)),  B"(t) = B"(t, 1,2, p).

Then using the backward characteristics as in (6.13) we can write (6.7) as

F" i (ta,p) = e (Ut 1) Fy) (2, p)

+ f dr e " E(U, T)Q) (7,2, p).  (6.14)
1

Now we use (6.14) to give the proof of the positivity of a solution to (6.7).

Indeed given F™ > 0, then clearly Q% = Q(F™,F™) = 0. Then (6.14) and
Fy(z,p) = 0 immediately implies that F"*1(¢,2,p) > 0. From (6.8) we have that
FO(t,z,p) = 0. Thus, by induction F"*1(t,z,p) > 0, for all n > 0 if Fy > 0.

Next we will show that in the limit as n — oo that

F 4 (t,a,p) — F(t,x,p) = J(t*p) + /J (t2p) f(t,2,p) > 0, (6.15)
and that this is the same local-in-time solution we previously obtained. We prove
convergence in the space L; L%, L?. However, due to the embedding

LiLE L2 < L*([1,To] x T3 L2)

we also have convergence in L%((0,Tp) x T%; L2). Thus we have the almost every-
where non-negativity in the limit (6.15). To prove the convergence, for

F'H 4 (t,m,p) = J(829p) + A/ J(t29p) [ (¢, 2, p),

we can rewrite (6.7) as
p’ 29 ; -3 n+1
O+ =——0pi — —p'Opi + 1771
<t+|tqp|m tpp+ V0>f
=Ty (f" f") =T (f"" 1 ") + (™). (6.16)
Here, K is defined in (1.39) and then instead of (1.22) we use

Ty (b he) = t3qf dqj dw vy A/ J(t29q)h1 (p")h2(q'),
R3 S2

O (hashe) &6 [ g [ v VT ha(a)
R3 S2

Similar to (6.5), the iteration scheme (6.16) satisfies the uniform estimate in (6.6)
and it is a Cauchy sequence with the same proofs. Thus the limit function of (6.16)
is a weak solution of (1.19) satisfying (6.2). Since we have uniqueness, then the
two solutions coincide. The proof of Theorem 6.1 is complete. g
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6.2. Global existence near the equilibrium. We will now prove the global-in-
time uniform decay estimate (1.42) from Theorem 1.4 with [ = 0.

Theorem 6.3. Let q € [0,1]. Under the assumptions of Theorem 1.4, there is a
unique global solution f of (1.19). Moreover, the following estimate holds,

VT =1, HtsquLiL%oL?u + Htsq/szLiL"‘TLg S Hfl HL;LZ' (6.17)

Proof. To this end, we first estimate the last term on the right side of (4.1). From
(5.11), we have

(PGP0 = [ (D=1, F0)Ee0(E9)) d20).
Then from Lemma 3.8 we have the bound
(i D) s (1700l i0za20)

Then exactly as in (5.9) and the estimates below it, we obtain that

T
J. e
73 ( 1
S Ht3qf”LiL°TOLg Htgq/QfHLiL?TLg'

In fact, a lower time weight is possible in the above estimate. We place this estimate
into (4.1) to obtain

Htsq/z[v‘lvlgyC]HLLL% 5 \|t3qf||L,§L1°9Lg + [[£P92{1 - Piflrirzrz + | filrrre  (6.18)

o T P L T

(¢ f><tvk>,t3qee<t2“p>>\2‘“) a0

We multiply a small constant to the estimate of [t*V2[A,B,C]|,,,. in (6.18) and
ETT
then add that to (5.1) to achieve that

HtSquLiL%CL% + Ht3q/2fHLiL2TL1% S HleL}ch T HtsquL}cLI@Lg Htsq/Q-fHL}cL%Lg'

Thus, if we start with a sufficiently small ”fl then HtgquLlem will remain
kT “p

iy
small for a short period of time, and we obtain (6.17). Then, the above estimate
(6.17) can be propagated for long times. This provides our global uniform decay
estimate for any 0 < q < 1. Then, we obtain the global-in-time existence and

uniqueness of the solution using a standard continuity argument. (Il
6.3. Faster time-decay rates for 0 < q < % Let us now prove the faster decay
estimate (1.43) in Theorem 1.4 with the weights (1.44); and (1.44)2 when m = 0.

Proposition 6.4. Let 0 < q < % and fix 0 < ¥ < 1. Under the assumptions of
Theorem 1.4, there holds

L OO g + PO s < il (619
Proof. First, we use (1.21) and Proposition 1.3 to write (5.3) as
1d Yo

S (EF12 6 0)) + 052 (113 (8. 0) + (L= D)2z (#91F125 2 )
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- e (507 710)) e (1)

Now we recall the time weight (1.44) for the case of 0 < q < 1 as

vot! =39 . 1
To(t) = exp(ﬁ%73q>, if0<gq<g,
| v, if q= 1.

Then similar to (1.51) we have

1d

2 (BT 135 (6.0)) + (L= 0) 5 (BT (02113 (0. h)

P

— 1997 (¢) {iﬁe(Ff f)—%(<lcf’f>)}'

Next integrating from [1,¢] as in (5.4) we have

1 ; ’ A

ST f1Z (8 k) + (1 = D)wo J g (7)1 f (. k) 727
1

= STOIABIE + [ 7@ (Re (00 .5)) - e ((F.5)))

Then following the arguments in (4.24) and (5.5) then instead of (5.6) we obtain
for some uniform constant C7 > 0 that

[0 F gy + 1PV T |12 1o < Collfaly

+01L3 (L 799, (r KICf f>‘d7> 45 (k)
+01L3 (LT T (7 KF i h f>‘dr> a5 (k).

We next estimate the terms involving <1Cf, f> and <f‘(f, f), f>
We first estimate <f‘ f, f f> exactly as in (5.7). Then similarly to (5.8) we

apply Cauchy—Schwarz’s inequality to 51 )dt and use Young’s inequality with small
constant 7 > 0 to obtain

Nl=

Jﬁ (L 99T (1 |ftk||L2J3||f(t,k:—l)Lg“f(t,l)HLgdZ(l)dt) s (k)

5\ 1/4
T < A~
<Li (Jl 99597 ()2 (JZ ||f(t,k—l)|Lg\f(t,l)\L%dE(l)> dt)

1/4
x (f 59T,(6)?] £ (¢, k) |L2dt> (k)
1

3
< nLi (L I ()] £ (¢, k) det) d%(k) (6.20)
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1
4n z3

T 2 \?
L {0939 T, (1) <L3 |f(t,kl)|Lg|f(t,l)|L%d2(l)> dt | dx(k).

For the second term on the right-hand side of (6.20), we use (5.9) to obtain

- 2 \3
L #6930 T (¢)2 (Lg Hf(t,k—l)HL% |f(t,l)|L%dE(l)) dt

<f (J 199 £ (¢, kfl)HLQt?’qT ) \|L2dt> dx (1)
73 1

3 0<7<T

JJ sup 3q||f(7-,k;—l)\|Lg) (f BT (¢ ”ftlHdet) A8 (1)d (k).
73 J73 1

Then Fubini’s theorem and translation invariance imply that

f f sup 3q||f(r,k—l)\|L§) (J 39T (¢ |ftl|L2dt> dx()dx (k)
73 JZ3 1

30<T<T
= HtgquLiL‘;S’LI% Ht3q/27-q(t)fHLiL2TLg~

Then the estimate above with (6.20) proves the following uniform estimate

[ ([ e e o) as

1
< 77Ht3q/27:1(t)fHL}cL2TL% + %HtSquLiLOTOLg Htgq/zﬁ(t)fHL;L%}Lg-

This will be our main estimate for <f‘(f, f), f>

Then first choosing 7 > 0 sufficiently small and second choosing Ht?’qleLiL%oLg

sufficiently small so that [t39f| rirzrz remains sufficiently small, we obtain for
some different uniform constant C; > 0 that

T O itz + Ty < Oy

+01L3 (LT 799, (7 KICf f>‘dr> ds(k). (6.21)

We next estimate the term including <IC f, f> As in Proposition 3.1 we split

K =K. + Ks. For the s part, from Proposition 3.1, for any small n > 0 we have
the estimate

L3 (L T (r K/C /, f>)dr> (k)

T
<0 (J quﬂ(7)2|f(7ak)||2Lng> as() = e T (07 |y 1515

[SE

1
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Then, for the K. part, we use (3.1) with ¢ = % to obtain
FICehr, h)l < 1 rhi] 3 1 rhal 3

Then we have

L3 (LT 79T, ()2 K;ccf, f>’d7> ’ d¥ (k)

T 2
<O"L3 (J T3qq7;(7)2|f(r,k)||i%dr> dx (k).

1

Next we suppose that 7" > 0 is a large time and we notice that the constant C, > 0
above is independent of T'. Then fix a small § > 0 and choose a time 77 < T such
that we have

CUT_q <(5, vr = T7.
On the other hand region we bound
TTPT () < To(Th) €Cs, Vi<t <Th.

Collecting these estimates we obtain for any small § > 0 that

T o 3
J (J 7'6°'7}[(T)2‘<ch,f>’dr> ds(k)
73 1
<P TaOF g1 1g + Ol Fl 115 s

The large constant Cs > 0 is uniform for T > T;. We collect these estimates to
obtain

1
T 2
J (f P97, (r)? (K F)) dT) ds(k)
zs \J1
< WHtgq/Qﬁl(t)fHLiﬁTLg + 5’}t3q/27zi(t)f“LiL2TLg + O5Htgq/2fHLiL2TLg'
We plug this estimate into (6.21) choosing n,d > 0 sufficiently small to obtain
Htgqﬂ'(t)f”LiL?L% + Ht3q/27;(t)fHL}€L%Lg < C2Hf1HL}vLI2) + CZHtSq/QfHL}CL%Lg'

Here C5 > 0 is some large uniform constant. Lastly we apply the inequality (6.17)
to the above to obtain the uniform decay estimate (6.19). This proves the faster
decay rates represented by the weight (1.44); when m = 0. The case of the weight
(1.44)3 when m = 0 is proven by the same method. O

6.4. Exponential large time decay for q = 0. We now prove the large time
decay estimates (1.43) in the non-expanding case when q = 0.

Proposition 6.5. Let ¢ = 0. Under the assumptions of Theorem 1.4, there is a
small uniform constant A > 0 such that

VT > 1, He“fHLiL%L% + HerHL}cL%Lf, S fillzyzs- (6.22)
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Proof. For a small constant A > 0 we consider iz(t,k,p) = e’\tf(t,k,p) with hy =
e* fi. Then we can re-write (5.2) as

(atﬂ'tq ‘ =2y, >ﬁ+£h=e—”f(hﬁ)+m.
Then following the proof of (5.1) we obtain
”h”L;L;OLg + {1 - P}hHLiL%L% S HleL}CL,% t HhHLLL%’Li HhHL;HTLg T )‘HhHL;LQTLg'

Furthermore, directly following the proof of (4.1) and (6.18), for a sufficiently small
constant A > 0 when q = 0 we have

[eM[A, B,C] HLle Ihlpyrzrz + IfT—=PYhlprpz rz + [halpr e
+ HhHL;LeTOLg HhHLiL%L%'

Collecting these estimates for || f1] 1 rz and A > 0 sufficiently small we obtain the
decay estimate (6.22). This proves the exponential time decay when q = 0. |

6.5. Time-decay of weighted norms. Let us prove the decay estimates for
weighted norms (1.43) using the weight w,, (t?9p) defined in (1.41).

Proposition 6.6. Let q € [0,1] and m > 0. Under the assumptions of Theorem
1.4, there holds

Ve 1, (1P () ey S 0 w2 (1)- (6.23)

Proof. We multiply (5.2) by w,, (#*9p)? in (1.41) and use the invariance in (1.9) to
obtain

(at + ZL k— thPiapi) (wm(thp)2f(t’ kap))

|9p|
+ W (29p)2LF (8, p) = win ()T (f, f) (8, K, D).
Then following the proof of Proposition 5.1 we obtain instead of (5.1) that

1

2
[£5%wm ]y 0 + Lg ( L O () ({ef. 1)) k)ch) dx(k)
S lwmflpprz(1) + HtsqwmeL;LoTOL; ”t3q/2wmeLiL%Lg'
We apply now Corollary 3.2 to obtain
[#5wm fl 1y e + 162w s 1 10
S Jwmflpprz(1) + HtngmeL}cL$L§Ht?)q/QMmeLiL%Lg + {|t3q/2f}‘LiL%L§'

Next we use (6.17) to obtain ||t3q/2fHL1L2 1o S| Al S lwnflzrz2(1). Then
BT D kD kP
if we further start with a sufficiently small ”wmeL}ch(l) norm, then the norm

Ht3qwmeL}cL$L§ will remain small for a short period of time, so that we obtain
Ht?’qufHLiLg?Lg T Hth/mefHLiLQTLg S lwm fllzy22(1). (6.24)

Then we obtain from (6.24) the rapid decay rates stated in (6.23). O
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Remark 6.7. The weights w,,(t?9p) can be directly added to the proofs of the
faster time decay rates in the previous subsections to obtain the estimates in (1.43).

6.6. Propagation of spatial regularity. We next prove the propagation of spa-
tial regularity for solutions to (1.19)—(1.20). We study the Boltzmann equation
in Fourier space as in (5.2). And for I > 0, we multiply (5.2) by (k)!, and prove
analogous global uniform bounds to propagate this frequency weight and thereby
show the propagation of spatial regularity.

Proposition 6.8. Let q € [0,1]. Under the assumptions of Theorem 1.4, there
holds

VT > 1, Ht?’quL}c,ZLOTOLI% + Htsq/szL}c’leTL% S filey, ez (6.25)
The following proof follows closely the argument in [20].

Proof. Following the proofs of Lemma 5.2 and Theorem 4.1, one can prove that

T 3
LB (L |<F(f, RS h> |dt) d¥(k) < Collflley ,zrzlglley rzre

+Collflley zzrzlgley ,zzz + bl r2r2,

and also using the argument from (6.18) we have

|92 A, B, C]HLL[LZT < [PP{1 - Pflry 22 + Htgqf”LiJL%Lg

+ HleL}wa, + “tgqf”LiJL%Lg Ht?)q/QfHL;’ZL?TLg'

Next, taking the L% inner product of (5.2) with the complex conjugate of <k>2lf
and then taking the real part, we obtain, similarly to (5.3), that

55 (1991713, ) + e ((£F. 07 F))

2 dt
— 999 ((D(f, ), 0 F))
Then following exactly the proof of Proposition 5.1, for any small 7 > 0, we have

“t3quLk’lL¥Lg + [P — Pifley rare

T 3
Sl + | ( | et a-py f>|dt> a5 (k)

S filley oz + Cn”t:gquLiylL%Lg Ht?’q/QfHL;JBTLg + 7921 — Pflry z2ze-

For [ fillz: 12 sufficiently small, after a short time \|t3qf||Li Lz 12 remains small.
Collecting’the estimates above, we obtain for n > 0 suﬁicyiently small that the
estimate (6.25) holds. This establishes the propagation of spatial regularity for any
[ >0 and for || f1 ”Lllc,lL?) sufficiently small. O

7. GLOBAL STABILITY OF THE VACUUM SOLUTION

In this section, we will prove Theorem 1.9. In Section 7.1, we first show the
local well-posedness result Theorem 1.9 is based on. In Section 7.2, we show global
existence and the uniform decay estimate (1.47) in Theorem 1.9.
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7.1. Local existence and uniqueness around the vacuum. We state here
local existence and uniqueness of solutions for the massless Boltzmann equation on
FLRW spacetime (1.19) around vacuum.

Theorem 7.1 (Local existence and uniqueness near vacuum). Let q € [0, 1]. Under
the assumptions of Theorem 1.9, there is a small ¢ > 0, a Ty = To(eg) > 0 and
some Cy = Co(Tp) > 0 such that if

[ fillzize < eo,

then the massless Boltzmann equation on FLRW spacetime around vacuum, (1.45),
admits a unique local-in-time solution

f(t,l',p), O<t<T0<OO, JSETB, pEng
which satisfies the uniform estimate
Ht?’quL;LOTOOLg < Colf1llpyrz-
If additionally F(z,p) = J2(p)fi(z,p) = 0, then the solution satisfies
F(t,z,p) = /J(t2p) f(t,x,p) =

The previous theorem is obtained by the same arguments performed in the proof
of Theorem 6.1 concerning local existence and uniqueness of solutions for the mass-
less Boltzmann around the Maxwell-Jiittner equilibrium.

7.2. Global existence near the vacuum solution. We will now prove the
global-in-time uniform decay estimate (1.47) from Theorem 1.9.

Theorem 7.2. Let q € (%, 1]. Under the assumptions of Theorem 1.9, there is a
unique global solution f of (1.45). Moreover, the following estimate holds,

VT > 1, HtgquL}cL%Lg S Hf1||L,1cL§

Proof. Now take the Fourier transform of (1.45) to obtain

(0 i k= 3 ) Ft k) = £ Pt o) ()

Next take the product of (7.1) with the complex conjugate of f(t, k,p), denoted f,
and then take the real part of the resulting equation to obtain

;(2_2;'1 >|f(tkp) e (F0(1, 1))

Next integrate the above with respect to p to obtain

3 (G ) 1y ) = 9 ((R7.0).5))

From (1.49) this becomes

5o (1271, 1. 0)) = 12938e (R ). 7))

We integrate in time over [1,¢] to obtain

S 00) < SRl + [ 2me (807, £)) am
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Take the square root on both sides and use (4.24) to obtain

£ 3t K) < {faLz w ([ e (o ) ar) }.

We take supy<,<7 on both sides and then integrate the result with respect to dX(k)
over Z3 to obtain

[ g s <25 1l o +L (JlT (R, f),f>(r,k;)‘dr)2d2(k)

We now estimate the non-linear term in the upper bound.
From (5.10) we have

KRG DB F0)] < 17w, [ 17601zl )

We thus conclude that
(B k). ()

S TN W g [ IO = Dl [PV g 20

as(l).

I

Then for q > % we have the following uniform estimate

(f?WKmﬁbfynmwﬂ

\Wf|mp(ngw—mwpwwnmpawf

This holds because if q > § then we have

T
f 77397 <
1

Now we apply the Cauchy—Schwarz inequality with a small constant > 0 to obtain

\&3(ﬁ%T&W<f(ﬁf%f>@zkﬂdr>2¢DXk)<(7h“fLiL%q

2
<l by g2 + Collt* 1y ppre
‘We conclude for some constant Cy > 0 that we have
2
69 s gz < Co {1ty + 1691y s -
1

Thus for g > 3 and for Hf1HL1L2 chosen sufficiently small, then Ht3qf”L1L°°L2 will
k—p kT ~p

1
2

|T' 7% — 1| < 2
3q—1 3g—1

\

remain small for a short time. Thus we obtain the following uniform estimate
3q
191 1y 112 < 2C00 A1y 1

This provides the global uniform decay estimate for any q € (%, 1]. Finally, global-
in-time existence and uniqueness of the solution follows by a standard continuity
argument. (I
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Remark 7.3. Let q € [0, 1], and recall the weight Sy(¢) defined in (6.9)—(6.10).
Then, we have the following invariant quantity for the massless Boltzmann equation,

m+sAﬂ(§-q§02 x+5“”<£Y_§O

@+ 8y(7) (f; - |Z> '2. (7.2)

Then, in the whole space R?, the invariant (7.2) can be used to quantify the dis-
persion and prove a global-in-time a priori estimate for near vacuum initial data in
the style of [43] and many subsequent works. In this direction, we refer to [32].

2

Ip'| +q'|

= |pllz|* + |q]

APPENDIX A. CONSERVATION LAWS AND H-THEOREM

In this appendix we show the conservation in time of mass, energy, and momen-
tum, and also the H-theorem. We first define the symmetrised collision operator

t3a
Q*(F,G) = 7J f vw(F(p’)G(q’) +F(¢)G(P) - F(p)G(a) —F(q)G(p))dwdq
R3 Js2
Note that the collision term satisfies Q(F, F) = Q*(F, F).

Lemma A.1. For any sufficiently regular functions ¢(p), F(p), and G(p) decaying
at infinity, we have

2| QF(F,G)pdp
R

©(p)
= 1™ JRS JRB L2 ve0 (F(p")G(¢') + F(¢)G(")) _ﬁ(qg,) dwdqdp
—p(q'
©(p)
— ¢3a JR:; fRs L . v, (F(p)G(q) + F(q)G(p)) _ﬂ?},; dwdgdp.
—p(q’

Proof. The first equation follows by definition. The second follows by using the
change of variables (p, ¢,w) — (p,q, —w). For this, we note that g1/s = 0? = g(p —
q,p — q), that under this change of variables (p’,¢’) — (¢’,p’), and the symmetry
o(p,q) = o(q,p). Next, in the first equation we use the change of variables (p, q) —
(®',q), so

2 *F7 d_t?)qfff QUQ) /G/+F IG/
R%Q( )dp o e ) tqp”tqq| Fp)G(d) + F(g)G ()

- F(p',4d))Gq®,qd)) — Fla' d)Gp@, q’)))w(p(p’, q'))dwdq'dp’,

where we used the Jacobian determinant computed in the previous lemma. More-
over, we note that o and 6 are collision-invariants. We invert the equations to get
explicitly p = p(p/,¢') and ¢ = ¢(p’,¢'). Now, we rename (p',¢’) to (p,q) to get

2| Q"(F.G)e(p)dp =t JRB L@ Lz gole.0 F(p)G(q) + F(q)G(p)

RS \t“pl\t“ql
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- P0)G(d) = F(¢)GW) ) p(d )dwdadp.

For the last equation, we use the change of variables (p,q,w) — (p,q,—w). Note
that under this change (p/,q") — (¢, p). O

Corollary A.2. There holds {Q(F, F)dp = §p'Q(F,F)dp = (|p|Q(F,F)dp = 0
for ¢ € {1,2,3}. In particular, the mass, momentum, and energy are conserved
quantities for solutions of the massless Boltzmann equation on FLRW spacetime.

Proof. Adding the 4 expressions in the previous lemma, we have

ey =7 [ [ [ LD (nph)pi) - P (@)

\tqpl\tqql
(ep) + ¢(q) — e(p') — ©(¢')) dwdqdp.

]RB
Therefore, if p(p’) + cp(q ) = ¢(p) + ¢(q), then §Q(F, F)p(p)dp = 0. In particular,
one can take ¢(p) = 1, p(p) = p*, and <p( ) = |p|. O

Theorem A.3 (H-theorem for massless Boltzmann on FLRW). For any regular
solution of the massless Boltzmann equation on FLRW spacetime, we have

d(f J (—t6qF10gF)(t,x,p)dpd$) = 0.
dt \ Jrs Jrs

Proof. Adding the 4 expressions in the lemma above, and letting ¢ = 1 + log F',

a1+l = [ [ EID (rh) ) - ro)F ()

o [tp[[t7g]
-(logF( ) +log F(q) — log F(p') — log F(q")) dwdgqdp
t3qf J‘ J‘ g o(o,0 , ,
F(q')(1 — ) log()dwdqdp,
r3 Jr3 Js2 |tqp||th‘ ®)F(d')( p) log(t) qap

where in the last line we wrote u = F(p)F(q)F(p')"'F(¢)~!. And since (1 —
) log < 0 for all > 0, we conclude that §Q(F, F)log Fdp < 0. Finally, we get

d
— (th J F'log Fdxdp)
dt T3 xR3

= 6qt%I! J Flog Fdxdp + t% J 0:F(1 + log F)dxdp
T3 xRS T

3 xR3
= 6qt09! f (Flog F)dxdp
TS ><]R3
_tﬁqf [z P pl(') F = Q(F, F)|(1 + log F)dadp
T3 g3 L[]

— ¢64 f Q(F, F)log Fdxdp < 0.
T3 xR3

This completes the proof. [l
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APPENDIX B. DETERMINATION OF THE MAXWELL-JUTTNER PARAMETERS

In this section, the Maxwell-Jiittner parameters are identified for fixed values of
the initial mass, energy, and momentum.

Theorem B.1 (Determination of Maxwell-Jiittner parameters from conserved
quantities). Given a sufficiently regular initial distribution Fy: T3 x RS — [0, +00),
there are parameters a € R, ¢ € [0, +0), and b € R? such that ¢ > |b|, for which
Jape(p) = (8m) teatbr=elpl gatisfies

O_J f - abcdpdx_f J - abc)dpdx
TS ]R3 R3

:LJQWE—AMWM

The proof of Theorem B.1 follows from the propositions obtained below.

Proposition B.2 (Mass, momentum and energy of the Maxwell-Jiittner equilib-
ria). Let a, c € R, and b € R? such that ¢ > |b|. The mass, momentum, and energy
of the Maxwell-Jiittner equilibrium J, 4 . are

6a Jobe 299 )dpdxr = L7

ﬁrg ng e(t7p)dpdz (c? —[b]*)?
) de®cl’

£6d t29pt Ty b (t29p)dpds = —————,

3¢? + [b]?)

tﬁqf ‘[ t29p| Jop.o(t29p)dpda = ea(i.

g Jpy I Pl GRTHE

Proof. First, we compute the mass of J, p .(¢t?9p) by making the change of variables
g = t29p to get

6
thJ J Ja,b,c(tqu)dpdx _ 1P f eb.(ﬁqp)fc\ﬁqmdp
T3 JRS 8 R3

a a
€ g— e“c
_ ela C\qldq =— ,
R3 (C —
q

8 [6]2)?
where the last integral was computed using spherical coordinates. The momentum
and energy of J, p .(t?9p) are computed in a similar way. |

Then, we need to solve for a, ¢ € R, and b € R? in the following system of
equations
ec , 4esch’ (3% + |b?)
A= ———— B'=——"" C=e'———-—=. B.1
@ — PP @ — P “e—prr Y
Proposition B.3. Let A, C € (0, +0), and B € [0, +00)3 such that C > |B|. The
nonlinear system of equations (B.1) has a unique solution a € R, ¢ € (0, +), and
b € R? such that ¢ > |b|. In fact, we have

u 864 A% ; 36AB"
et = b

(C+ A)A(C + A2 —9|B]2)’ T 4(C+ A2 9B

24A(C + A) 3
- A =y/C2 - 2B
4(C+ A2 — 9B’ i
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Proof. By the condition C' > |B| there holds A > |B|?> > 0. Moreover, we get
from the equations (B.1) that

144e%c?
4C+A)? -9 B = —5——= >0.
Finally, the result can be shown by direct computations. O
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