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Abstract. In this work we study the general relativistic massless Boltz-

mann equation on Friedmann–Lemâıtre–Robertson–Walker spacetimes with

spatial topology T3 in the linear and decelerated expanding regimes, where
the scale factor is tq with q P r0, 1s. The massless Boltzmann equation on

these backgrounds admits non-stationary Maxwell–Jüttner equilibria of the

form expp´|t2qp|q. For 0 ď q ď 1, we prove future global-in-time existence
and uniqueness of small perturbations of these equilibria in the case of hard

ball interaction without symmetry assumptions. For 0 ď q ă 1{3, we prove
that the perturbation — measured in a suitable L2

p based energy norm — de-

cays at the superpolynomial time-decay rate of t´3q expp´t1´3qq, whereas for
1{3 ă q ď 1 we obtain the polynomial time-decay rate of t´3q. In the border-

line case q “ 1{3, we show the time-decay of t´3q´c with a uniform constant

c ą 0. Finally, for 1
3

ă q ď 1, we prove future global-in-time existence and

uniqueness of small perturbations of the vacuum solution on T3.
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1. Introduction

In this article, we will study the long time dynamics of the general relativistic
massless Boltzmann equation on homogeneous and isotropic cosmological models
of the universe described by the Friedmann–Lemâıtre–Robertson–Walker (FLRW)
spacetimes

M “ I ˆ Σ, g “ ´dt b dt ` a2ptqgΣ,

where I Ă R is an open interval, pΣ, gΣq is a constant curvature manifold, and
a : I Ñ p0,`8q is called the scale factor. This article studies the future global non-
linear stability of Maxwell–Jüttner equilibria on decelerated and linearly expanding
FLRW spacetimes in which the constant curvature manifold is the 3-dimensional
flat torus T3. To the best of our knowledge, this is the first future global-in-time
stability result for the Boltzmann equation in the presence of spatial dependence
and a non-trivial gravitational field.

1.1. The Boltzmann equation in general relativity. Consider a 4-dimensional
Lorentzian manifold pM, gq, and let P Ă TM be the mass-shell of spacetime
defined by

P :“
␣

px, pq P TM : gxpp, pq “ ´m2c2 with p future-directed
(

,
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where c ą 0 is the speed of light, andm ě 0 is a fixed parameter describing the mass
of the particles under consideration. The general relativistic Boltzmann equation
on pM, gq concerns functions F : P Ñ r0,8q.

Consider a local coordinate system pt “ x0, x1, x2, x3q on M, and let pxµ, piq
be the corresponding conjugate coordinate system on P Ă TM, so that pxµ, piq
corresponds to the point pµBxµ |x P P Ă TM, where p0 is defined in terms of pxµ, piq
by the mass shell relation

gµνp
µpν “ ´m2c2. (1.1)

We use here the Einstein summation convention over repeated indices and adopt
the convention that Greek indices range over 0, 1, 2, 3, and Latin indices range
over 1, 2, 3. Spacetime points are typically denoted pt, xq P M, though in some
expressions, which will be clear from the context, x P M is used for brevity. By a
slight abuse, we will use the notation p both for points in Px, for fixed x P M, and
for p “ pp1, p2, p3q to denote elements of R3. Note that the latter parameterizes
the former, with p0 ą 0 defined by (1.1). We will also write pµ to denote the µ
component of pp0, p1, p2, p3q.

The Boltzmann equation on pM, gq then takes the form

p0BtF ` piBxiF ´ pµpνΓi
µνBpiF “ CpF, F q, (1.2)

where

Γα
µν “

gαβ

2

`

Bµgβν ` Bνgµβ ´ Bβgµν
˘

,

denote the Christoffel symbols of the metric g.
The collision operator CpF, F q in (1.2) is defined by

CpF,Gq
def
“

ż

Px

dµPx
pqq

ż

Px

dµPx
pq1q

ż

Px

dµPx
pp1qW

`

F pq1qGpp1q ´ F pqqGppq
˘

,

in terms of the volume form dµPx
in the fibers of the mass-shell Px given by

dµPx
ppq “

?
´det g

´p0
dp1dp2dp3.

We recall that indices are raised and lowered with respect to the metric g. Moreover,
the transition rate W “ W pp, q|p1, q1q is defined by

W pp, q|p1, q1q “
1

2
sσpϱ, θqδp4qppµ ` qµ ´ p1µ ´ q1µqp´det gq´ 1

2 , (1.3)

where σpϱ, θq is a scattering kernel measuring the interactions between particles.
The conservation of energy and momentum due to the elastic collisions among
particles is expressed by the fact that W is supported on p, q, p1, q1, satisfying

pµ ` qµ “ p1µ ` q1µ, (1.4)

where the notation pµ, qµ, and p1µ, q1µ, indicates that these are pre and post-
collisional momenta, respectively. Here the relative momentum function ϱ : Px ˆ

Px Ñ r0,`8q is defined by

ϱpp, qq
def
“

b

ppµ ´ qµqppµ ´ qµq “
a

´2ppκqκ ` m2c2q,

where ϱpp, qq is well-defined since p´ q is either a null or a spacelike vector. Define
also the function s : Px ˆ Px Ñ r0,`8q by

spp, qq
def
“ ´ppµ ` qµqppµ ` qµq “ 2

`

´pκqκ ` m2c2
˘

,
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where s ě 0 since p`q is either a null or a timelike vector. Note that s “ ϱ2`4m2c2.
We observe that ϱ and s are collision invariants in the sense that ϱpp, qq “ ϱpp1, q1q

for all p, q, p1, q1 satisfying (1.4), and similarly for s. We define also the scattering
angle function θ : Px ˆ Px ˆ Px ˆ Px Ñ R as

cospθpp, q, p1, q1qq
def
“ ppµ ´ qµqpp1

µ ´ q1
µq{ϱ2.

By the conservation of energy and momentum (1.4), it can be shown that θ and
cos θ are well-defined. We now remark that the transition rate (1.3) is coordinate
invariant, and so, also is the collision operator.

1.2. The Einstein–Boltzmann system and Maxwell–Jüttner FLRW. The
Boltzmann equation in general relativity (1.1)–(1.2) is a fundamental kinetic model
for the study of gravitational collisional systems. In the theory of general relativity,
these systems are modelled by the Einstein–Boltzmann system, which consists of
equations (1.1)–(1.2) coupled to the Einstein equations

Ricpgqµν ´
1

2
Rpgqgµν “

8πG

c4
Tµν (1.5)

where the energy-momentum tensor Tµν for the Boltzmann equation takes the form

TµνrF s “

ż

Px

F pt, x, pqpµpν

?
´det g

´p0
dp1dp2dp3.

The Einstein–Boltzmann system in the case of massless particles admits an explicit
FLRW solution with spatial topology T3, the scale factor aptq “ p2tq

1
2 , and with

F pt, x, pq “ expp´|2tp|q being a Maxwell–Jüttner equilibrium. More generally, for
any q ě 1

2 , the Einstein–massless Boltzmann–scalar field system admits an FLRW

solution with scale factor aptq „ tq for large t, and F pt, x, pq “ expp´|aptq2p|q a
Maxwell–Jüttner equilibrium.

Further, for any q P p0, 1s, there are other matter models for which the Einstein
equations (1.5) admit as solutions the FLRW spacetime with spatial topology T3,
and scale factor aptq “ tq. These are the geometric backgrounds we consider in
this article. We refer to the appendix of [84] for more information about how these
spacetimes arise as solutions to the Einstein equations coupled to suitable matter
models.

1.3. The massless Boltzmann equation on FLRW spacetimes. Let us now
focus on the massless Boltzmann equation (1.1)–(1.2) on the FLRW spacetimes
with T3 spatial topology of the form

M “ p0,`8qt ˆ T3
x, (1.6)

with the Lorentzian metric

gq “ ´dt b dt ` t2qpdx1 b dx1 ` dx2 b dx2 ` dx3 b dx3q, (1.7)

where q P p0, 1s, and the speed of light is normalised to unity c “ 1. These geometric
backgrounds for q ą 0 model an expanding universe with a big bang singularity at
t “ 0. For q P p0, 1q, these spacetimes are said to undergo decelerated expansion

in the sense that the scale factor aptq “ tq satisfies d2

dt2 aptq ă 0. The case q “ 1 is

linearly expanding in the sense that d2

dt2 aptq “ 0. We refer to the spacetime (1.6)–
(1.7) in the non-expanding case q “ 0, as the non-expanding FLRW spacetime. We
will also consider this latter spacetime.
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In this paper, we investigate the long-time dynamics of the massless Boltzmann
equation on the FLRW spacetime pM, gqq which takes the form

p0BtF ` piBxiF ´
2q

t
pip0BpiF “ CpF, F q, F pt “ 1, x, pq “ F1px, pq, (1.8)

where F1px, pq is a regular initial datum, and p0
def
“ |tqp| by the mass-shell relation

with |p|2 “ pp1q2 ` pp2q2 ` pp3q2. Here, we have used the explicit form of the
non-zero Christoffel symbols Γα

µν of gq given by

Γi
j0 “ Γi

0j “
q

t
δij , Γ0

ij “
q

t
t2qδij ,

where δij is the standard Kronecker delta which is 1 when the indices are equal,
and 0 otherwise. Note that for any smooth function hpt2qpq, the linear operator in
the left hand side of (1.8) satisfies

´

Bt `
pi

|tqp|
Bxi ´

2q

t
piBpi

¯

`

hpt2qpq
˘

“ 0. (1.9)

On the FLRW background (1.6)–(1.7), the collision operator CpF, F q is

CpF,Gq “ t9q
ż

R3

dq

q0

ż

R3

dq1

p10

ż

R3

dp1

p10
W pp, q |p1, q1qrF pp1qGpq1q ´ F ppqGpqqs, (1.10)

in terms of the explicit volume form dµPx
ppq “ t3qpp0q´1dp1dp2dp3 on the fibers of

the mass-shell P of FLRW. Here, the transition rate W pp, q|p1, q1q is given by (1.3).

1.3.1. Scattering kernel of the collision operator. The scattering collision kernel
σpϱ, θq we will consider in the transition rate W pp, q|p1, q1q is

σpϱ, θq
def
“ constant, (1.11)

with value normalised to be 1. This kernel corresponds to the case of short range
interactions [25, 66]. We refer to the kernel (1.11) as the hard-ball cross section
since it is the relativistic analogue of the hard-sphere kernel for the Newtonian
Boltzmann equation.1

More general commonly studied examples of collision kernels include σpϱ, θq of
the form

σpϱ, θq “ ϱaσ0pθq, ´4 ă a ď 2, (1.12)

for a suitable non-negative function σ0pθq. We expect our techniques to generalize
to these kernels with a suitable cutoff assumption on σ0pθq. One example that
appears frequently in the physics literature is the Israel kernel [44]:

σpϱ, θq “
σ0pθq

ϱp1 ` ϱ2q
. (1.13)

We refer to [69] for more information. Other collision kernels are discussed for
example in [76, Appendix B], and [17, 19]. See Section 1.9 for a further discussion
about kernels of the form (1.12).

1The Newtonian limit of the Boltzmann equation on R3
x in the massive case with (1.11) is the

usual hard-sphere Boltzmann equation as shown in [76].
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1.3.2. Conservation laws and the H-theorem. Key quantities for the solutions of the
massless Boltzmann equation on FLRW spacetime (1.8) are their mass, momentum,
and energy defined respectively as

t6q
ż

T3
x

ż

R3
p

Fdpdx, t6q
ż

T3
x

ż

R3
p

t2qpiFdpdx, t6q
ż

T3
x

ż

R3
p

|t2qp|Fdpdx, (1.14)

where i P t1, 2, 3u. Here the weight t6q comes from the volume form of phase space.
A basic property of the solutions to the massless Boltzmann equation (1.8) is the
conservation in time of these quantities,

d

dt

ˆ

t6q
ż

T3
x

ż

R3
p

¨

˝

1
t2qpi

|t2qp|

˛

‚F pt, x, pqdpdx

˙

“ 0.

See Corollary A.2 for the proof of these properties. These global conservation laws
arise from the conservation of energy and momentum of collisions among particles.

We also observe that Boltzmann’s H-theorem holds in this setting. Let HrF s be
the entropy of a distribution function F pt, x, pq at time t defined by

HrF s
def
“

ż

T3
x

ż

R3
p

´t6qF logF pt, x, pqdpdx. (1.15)

where ´F logF is the standard entropy density. Similarly as in (1.14), the term t6q

comes from the volume form of phase space. In this context, the H-theorem states
that the entropy of the system HrF ptqs is a non-decreasing function of time since
d
dtHrF ptqs ě 0. See Theorem A.3 for its proof.

1.3.3. Maxwell–Jüttner equilibria for massless Boltzmann on FLRW. In the mass-
less case when m “ 0, the Boltzmann equation on FLRW spacetime pM, gqq has
an explicit non-stationary Maxwell–Jüttner equilibrium

Jpt2qpq “
e´tqp0

8π
“

e´|t2qp|

8π
, (1.16)

where the normalising constant is chosen so that
ş

R3 Jppqdp “ 1 at t “ 1. For q ą 0
the Maxwell–Jüttner solution (1.16) is decaying as t Ñ `8 and thus referred to as
a “non-stationary equilibrium”. In the massive case m ą 0, there are no non-trivial
global Maxwell–Jüttner equilibria, see [12, Section 12.5] and [24, Theorem 5.1].

More generally, the massless Boltzmann equation on FLRW spacetime (1.8) ad-
mits an explicit 5-dimensional family of non-stationary Maxwell–Jüttner equilibria,

Ja,b,cpt2qpq “
1

8π
ea`b¨t2qp´c|t2qp| (1.17)

where a P R, b P R3, and c ą |b| are five constant parameters. Note that J0,0,1 “ J
is the normalised Maxwell–Jüttner equilibrium in (1.16).

The Maxwell–Jüttner equilibria Ja,b,c are characterised as suitable maximisers
of the entropy (1.15), subject to constant mass, momentum, and energy (1.14).

For q “ 0 it is well known that the Boltzmann equation is dissipative around
the stationary solution (1.16).2 For q ą 0, since (1.16) is decaying in time, this
dissipative effect weakens as q increases. This fact is captured in the weakening of
the decay rates of the perturbations in Theorem 1.4 as q increases.

2This fact is well-known in the case of massive particles. It is also true in the massless case as
it is shown in Theorem 1.4 in the hard-ball case.
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1.3.4. The vacuum solution for massless Boltzmann on FLRW. For all q ě 0, the
massless Boltzmann equation on FLRW spacetime pM, gqq admits the trivial sta-
tionary solution F ” 0, also known as the vacuum solution. This distribution
function is referred as vacuum since it models a system with no particles. Theorem
1.9 below concerns the stability of the vacuum for the massless Boltzmann equation
when q ą 1

3 .

1.4. The stability problem for the Maxwell–Jüttner equilibrium. In this
work, we study the problem of convergence to equilibrium for the solutions of
the massless Boltzmann equation on FLRW (1.8). We will begin with a standard
reformulation of the initial value problem around the Maxwell–Jüttner equilibrium
(1.16). In what follows, we will use the notation QpF,Gq “ 1

p0CpF,Gq.

1.4.1. Reformulation of the problem. Given a solution F pt, x, pq of (1.8), we define
fpt, x, pq by the relation

F pt, x, pq
def
“ Jpt2qpq `

a

Jpt2qpqfpt, x, pq. (1.18)

The unknown fpt, x, pq satisfies the equation

Btf `
pi

|tqp|
Bxif ´

2q

t
piBpif ` Lf “ Γpf, fq, (1.19)

with initial datum

fpt “ 1, x, pq “ f1px, pq
def
“ pF1px, pq ´ Jppqq{

a

Jppq. (1.20)

Here, the linearised operator L and the nonlinear operator Γ are given by

Lf def
“ ´J´1{2QpJ,

?
Jfq ´ J´1{2Qp

?
Jf, Jq, (1.21)

and

Γph1, h2q
def
“ J´1{2Qp

?
Jh1,

?
Jh2q. (1.22)

We will suppose in the following that the perturbation fpt, x, pq satisfies for all
t ě 1 that

t6q
ż

T3
x

ż

R3
p

J
1
2 pt2qpqfpt, x, pqdpdx “ t6q

ż

T3
x

ż

R3
p

t2qpiJ
1
2 pt2qpqfpt, x, pqdpdx

“ t6q
ż

T3
x

ż

R3
p

|t2qp|J
1
2 pt2qpqfpt, x, pqdpdx “ 0, (1.23)

where i P t1, 2, 3u. Due to the conservation of the mass, momentum, and energy, if
these relations are satisfied initially then the equation (1.19) implies that they will
continue to be satisfied for all t ě 1.

For the stability problem of the more general Maxwell–Jüttner equilibria (1.17),
one can reformulate the initial value problem similarly as in (1.19)–(1.20), and
assume a condition on the perturbation fpt, x, pq similar to (1.23). The results we
will obtain for the problem (1.19)–(1.20) can be extended to these other equilibria.

We could also relax the assumption (1.23) by identifying the Maxwell–Jüttner
equilibrium Ja,b,c one would converge at large-times from the values of the conserved
quantities (1.14) at tt “ 1u. See Appendix B. Then one can suitably modify the
assumption (1.23) by the difference with the corresponding equilibrium Ja,b,c.
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1.5. The collision operator on FLRW. By the conservation of energy and mo-
mentum (1.4), we can parameterize p1µ and q1µ by p, q P R3 and an angular variable
ω P S2. Due to the diagonal structure of the FLRW metric, we can follow the ar-
guments in the special relativistic case, for example in [77], to reduce the collision
integrals in (1.10). We present in this section the center of momentum and Glassey–
Strauss reductions of the collision operator.

1.5.1. Collisional invariants for massless particles on FLRW. Let us write the func-
tions spp, qq and ϱ2pp, qq using the explicit form of the FLRW metric gq in the case
of massless particles m “ 0,

ϱpp, qq “ tq
b

2
`

|p||q| ´ p ¨ q
˘

, spp, qq “ t2q2
`

|p||q| ´ p ¨ q
˘

. (1.24)

Note that s “ ϱ2 ě 0. We further show some elementary bounds for s “ ϱ2.

Lemma 1.1. For all pt “ x0, xq P M and all pp, qq P Px ˆ Px, there holds

tq
|p ˆ q|

|p|
1
2 |q|

1
2

ď ϱpp, qq ď tq|p ´ q|, t2q
|p ˆ q|2

|p||q|
ď spp, qq ď t2q|p ´ q|2. (1.25)

Proof. The estimates from above follow from

|p||q| ď
1

2

`

|p|2 ` |q|2
˘

“
1

2
|p ´ q|2 ` p ¨ q.

On the other hand, the estimates from below follow from

s “ 2t2q
|p|2|q|2 ´ pp ¨ qq2

|p||q| ` p ¨ q
“ 2t2q

|p ˆ q|2

|p||q| ` p ¨ q
, (1.26)

and the Cauchy–Schwarz inequality. □

The estimates in (1.25) are similar to those used for the massive case m “ 1 in
the non-expanding case q “ 0 in [34, Lemma 3.1].

1.5.2. Center of momentum reduction of the collision operator. Let us reduce the
collision operator QpF,Gq in the center-of-momentum representation. For this,
we will use the parametrisation of the post-collisional momenta in the center-of-
momentum expression written, for ω P S2, as

p1 “
p ` q

2
`

a

2p|p||q| ´ p ¨ qq

2

ˆ

ω ` pγ ´ 1qpp ` qq
pp ` qq ¨ ω

|p ` q|2

˙

, (1.27)

q1 “
p ` q

2
´

a

2p|p||q| ´ p ¨ qq

2

ˆ

ω ` pγ ´ 1qpp ` qq
pp ` qq ¨ ω

|p ` q|2

˙

, (1.28)

where

γ “ γpp, qq “
|p| ` |q|

a

2p|p||q| ´ p ¨ qq
.

With this parametrisation of the post-collisional momenta p1 and q1, we have

|p1| “
|p| ` |q|

2
`

pp ` qq ¨ ω

2
, |q1| “

|p| ` |q|

2
´

pp ` qq ¨ ω

2
.

Then, the conservation of energy and momentum (1.4) are satisfied in the form

|tqp| ` |tqq| “ |tqp1| ` |tqq1|, p ` q “ p1 ` q1. (1.29)
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Furthermore the scattering angle θ satisfies

cos θ “ ω ¨ kpp, qq,

where

kipp, qq “
1

|p| ` |q| `
a

2 p|p||q| ´ p ¨ qq

˜

2
`

|q|pi ´ |p|qi
˘

a

2 p|p||q| ´ p ¨ qq
`
`

pi ´ qi
˘

¸

.

It can be calculated that |k| “ 1.
Then, following the proof of [77, Theorem 2 and Corollary 3], the collision oper-

ator QpF,Gq can be reduced in its center-of-momentum representation to

QpF,Gq “ t3q
ż

R3

dq

ż

S2
dω vøσpϱ, θq

“

F pp1qGpq1q ´ F ppqGpqq
‰

. (1.30)

where vø “ vøpp, qq is the Møller velocity given by

vøpp, qq
def
“

ϱpp, qqspp, qq
1
2

4p0q0
“

1

2

|p||q| ´ p ¨ q

|p||q|
“

1

4

ˇ

ˇ

ˇ

ˇ

p

|p|
´

q

|q|

ˇ

ˇ

ˇ

ˇ

2

. (1.31)

We used here that for massless particles in FLRW, we have p0 “ tq|p|, q0 “ tq|q|,
and ϱ2 “ s “ 2t2q p|p||q| ´ p ¨ qq .

1.5.3. Glassey–Strauss reduction of the collision operator. On the other hand, we
can reduce the collision operator QpF,Gq in the Glassey–Strauss representation.
For this, we will use the parametrisation of the post-collisional momenta in the
Glassey–Strauss expression, for ω P S2, as

p1 “ p `
2ω ¨ p|p|q ´ |q|pqp|p| ` |q|q

p|p| ` |q|q2 ´ pω ¨ rp ` qsq2
ω,

q1 “ q ´
2ω ¨ p|p|q ´ |q|pqp|p| ` |q|q

p|p| ` |q|q2 ´ pω ¨ rp ` qsq2
ω.

(1.32)

Then, following the proof of [77, Theorem 4], the collision operator QpF,Gq can
be reduced in the Glassey–Strauss representation as

QpF,Gq “ t3q
ż

R3

dq

ż

S2
dω vøσpϱ, θqBpp, q, ωq

“

F pp1qGpq1q ´ F ppqGpqq
‰

, (1.33)

where

Bpp, q, ωq “
4p|p| ` |q|q2 |ω ¨ p|p|q ´ |q|pq|

rp|p| ` |q|q2 ´ pω ¨ pp ` qqq2s
2 .

Recall the definition of the Møller velocity vø in (1.31).
By using the parametrisation (1.32) of the post-collisional momenta, following

directly the argument in [33], one can calculate the following Jacobian change of
variables.

Lemma 1.2. Let pp1, q1q be the post-collisional momenta parametrised as in (1.32).
For the collision map pp, qq ÞÑ pp1, q1q, the Jacobian change of variables is

Bpp1, q1q

Bpp, qq
“ ´

p01q01

p0q0
“ ´

|p1||q1|

|p||q|
. (1.34)

We use the parametrisation (1.32) to perform the standard pre-post collision
change of variables pp, qq ÞÑ pp1, q1q using the Jacobian (1.34).
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1.5.4. Decomposition of the linearised operator. In the following, we will study the
solutions F pt, x, pq of the massless Boltzmann equation on the FLRW spacetime

BtF `
pi

|tqp|
BxiF ´

2q

t
piBpiF “ QpF, F q, F pt “ 1, x, pq “ F1px, pq, (1.35)

in the case of hard-ball cross section σ “ 1. Typically the center of momentum
reduction of the collision operator will be used so that

QpF,Gq “
t3q

2

ż

R3

dq

ż

S2
dω

ˆ

1 ´
p ¨ q

|p||q|

˙

`

F pp1qGpq1q ´ F ppqGpqq
˘

, (1.36)

where p1 “ p1pp, q, ωq and q1 “ q1pp, q, ωq are defined by (1.27)–(1.28).
We recall now the reformulation for the problem (1.35)–(1.36) around the Maxwell–

Jüttner equilibrium as in (1.19). We now decompose the linearised operator Lf
defined in (1.21) as

Lh “ νpt, pqh ´ Kphq, (1.37)

in terms of the multiplication operator

νpt, pq
def
“ t3q

ż

R3

dq

ż

S2
dω vø σpϱ, θq Jpt2qqq, (1.38)

and the momentum integral operator K defined by

Kh
def
“ t3q

ż

R3

dq

ż

S2
dω vø σpϱ, θq

a

Jpt2qqq

!

a

Jpt2qq1q hpp1q `
a

Jpt2qp1q hpq1q

)

´ t3q
ż

R3

dq

ż

S2
dω vø σpϱ, θq

a

Jpt2qqqJpt2qpq hpqq (1.39)

“ K2h ´ K1h,

where the last line defines the integral operators K2 and K1. We now compute the
function νpt, pq, also known as collision frequency, for the hard-ball kernel.

Proposition 1.3. With the hard-ball cross section (1.11), the collision frequency
is νpt, pq “ ν0t

´3q, where ν0 ą 0 is a fixed constant.

Proof. By the explicit form (1.31) of the Møller velocity, we compute in the hard-
ball cross-section case that

νpt, pq “
t3q

16π

ż

R3

dq

ż

S2
dω

ˆ

1 ´
p ¨ q

|p||q|

˙

e´|t2qq| (1.40)

“
t´3q

16π

ż

R3

dq

ż

S2
dω

ˆ

1 ´
p ¨ q

|p||q|

˙

e´|q| “ ν0t
´3q,

where ν0 is constant since the value of the integral does not depend upon p
|p|
. □

1.6. Notations and function spaces. Let us set the notations and function
spaces we will use in the paper.

1.6.1. Notations. Through the paper, we will write A À B if there is a uniform
constant C ą 0 such that A ď CB. If A À B and B À A, then we write A « B.
We denote by Br “ Bp0, rq the standard ball centered at zero and radius r ą 0.
We let Re pzq and Im pzq denote the real and complex parts of a complex number
z, respectively. In the Fourier variables k P Z3, we also define the Japanese bracket

xky
def
“

`

1 ` |k|2
˘

1
2 .
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The momentum of a particle is denoted by a 4-vector pµ. We raise and lower indices
of the momenta with the FLRW metric, i.e. pµ “ gµνp

ν . The components of the
inverse of the metric g are denoted with indices upstairs as gµν . Throughout the
paper, Greek indices range over 0, 1, 2, 3, and lower case Latin indices range over
1, 2, 3.

We parameterize the momentum of a massless particle in FLRW spacetime
pM, gqq by p “ pp1, p2, p3q P R3 with particle energy p0 “ tq|p| where |p|2 “ p¨p. We

write here and onwards the Euclidean dot product as p ¨ q “
ř3

i“1 p
iqi. Abusively,

we write pµ to denote both the 4-momentum pµ “ pp0, piq, and the component pµ.

1.6.2. Weights and Lebesgue space norms. Form ě 0, we define the weight function

w2
mpt2qpq

def
“ 1 ` |t2qp|m. (1.41)

For r, s ě 1, we define the norms

›

›h
›

›

Lr
p

“
›

›h
›

›

LrpR3
pq

def
“

˜

ż

R3
p

|hppq|
r
dp

¸1{r

,

›

›h
›

›

Ls
T

“
›

›h
›

›

Lspr1,T sq

def
“

˜

ż T

1

|hptq|
s
dt

¸1{s

,

}h}Ls
k

def
“

˜

ż

Z3
k

ˇ

ˇ

ˇ
ĥpkq

ˇ

ˇ

ˇ

s

dΣpkq

¸1{s

,

where ĥpkq is the Fourier transform of hpxq, that is, ĥpkq “
ş

T3 e
´ik¨xhpxqdx with

k P Z3. We used above the notation dΣpkq for the discrete measure in Z3 such that
ż

Z3

hpkq dΣpkq “
ÿ

kPZ3

hpkq.

In the following, we will use x¨, ¨y to denote the standard L2pR3
pq inner product.

1.6.3. Weighted and mixed Lebesgue spaces. For 1 ď u, r ă `8, we consider the
L1
kL

u
TL

r
p mixed Lebesgue space norms

}f}L1
kL

u
TLr

p

def
“

ż

Z3
k

ˆ
ż T

1

ˆ
ż

R3

ˇ

ˇ

ˇ
f̂pt, k, pq

ˇ

ˇ

ˇ

r

dp

˙
u
r

dt

˙
1
u

dΣpkq,

the weighted mixed norms

}wmf}L1
kL

u
TLr

p

def
“

ż

Z3
k

ˆ
ż T

1

ˆ
ż

R3

wmpt2qpqr
ˇ

ˇ

ˇ
f̂pt, k, pq

ˇ

ˇ

ˇ

r

dp

˙
u
r

dt

˙
1
u

dΣpkq,

and, for l ě 0, the weighted norms

}wmf}L1
k,lL

u
TLr

p

def
“

ż

Z3
k

xkyl
ˆ
ż T

1

ˆ
ż

R3

wmpt2qpqr
ˇ

ˇ

ˇ
f̂pt, k, pq

ˇ

ˇ

ˇ

r

dp

˙
u
r

dt

˙
1
u

dΣpkq.

We use the standard modification when u or r are equal to `8. Above, f̂pt, k, pq

denotes the Fourier transform of fpt, x, pq with respect to x P T3.
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1.6.4. Chemin–Lerner function space. In the main results we consider the low reg-
ularity function space L1

kL
8
T L2

p. For 1 ď T ă `8, define the space of functions

L1
kL

8
T L2

p with the norm

}f}L1
kL

8
T L2

p

def
“

ż

Z3

ess sup
1ďtďT

}f̂pt, k, ¨q}L2
p
dΣpkq.

For q P r0, 1s, our analysis will rely on estimates of the norm }t3qf}L1
kL

8
T L2

p
for

solutions of (1.19)–(1.20). The function space L1
kL

8
T L2

p was first considered for the
study of collisional kinetic equations in [20]. In the rest of the paper when we write
sup1ďtďT we are referring to ess sup1ďtďT .

1.6.5. Initial data norms. The initial data norms we will use are

}f}L1
kL

r
p
p1q “ }f1}L1

kL
r
p

def
“

ż

Z3
k

ˆ
ż

R3

ˇ

ˇ

ˇ
f̂1pk, pq

ˇ

ˇ

ˇ

r

dp

˙
1
r

dΣpkq,

and

}wmf}L1
k,lL

r
p
p1q

def
“

ż

Z3
k

xkyl
ˆ
ż

R3

wmppqr
ˇ

ˇ

ˇ
f̂1pk, pq

ˇ

ˇ

ˇ

r

dp

˙
1
r

dΣpkq.

When l “ 0 the weighted initial data norm satisfies }wmf}L1
k,0L

r
p
p1q “ }wmf}L1

kL
r
p
p1q.

1.7. The main results. We now present the main results of the article.

1.7.1. Global stability of the Maxwell–Jüttner equilibrium. We now state our main
result concerning the future global stability of the Maxwell–Jüttner equilibrium
(1.16).

Theorem 1.4 (Future global stability of the Maxwell–Jüttner equilibrium). Let
q P r0, 1s. The Maxwell–Jüttner equilibrium is nonlinearly stable as a solution to
the massless Boltzmann equation on FLRW spacetime (1.8) in the case of hard-ball
interaction (1.11).

More precisely, let l ě 0 and let f1px, pq be an initial datum satisfying (1.23).

There is ϵ0 ą 0 such that if F1px, pq “ Jppq ` J
1
2 ppqf1 ě 0 and }xkylf1}L1

kL
2
p

ď ϵ0,

then there is a unique global mild solution fpt, x, pq to (1.19)–(1.20) for the massless
Boltzmann equation with hard-ball interaction (1.11) on FLRW spacetime pM, gqq

such that F pt, x, pq “ Jpt2qpq ` J
1
2 pt2qpqfpt, x, pq ě 0 and

@T ě 1, }t3qxkylf}L1
kL

8
T L2

p
`
›

›t3q{2xkylf
›

›

L1
kL

2
TL2

p
À
›

›xkylf1
›

›

L1
kL

2
p
. (1.42)

Let also m ě 0, and 0 ă ϑ ă 1. There is ϵ1 ą 0 such that if }wmf1}L1
kL

2
p

ď ϵ1,

then the unique global mild solution fpt, x, pq satisfies the uniform decay estimate

@ t ě 1, }|t2qp|m{2fptq}L1
kL

2
p

À t´3qpTqptqq´1
›

›wmf1
›

›

L1
kL

2
p
, (1.43)

where

Tqptq
def
“

$

’

’

’

&

’

’

’

%

exppλtq, if q “ 0,

exppϑ ν0

1´3q t
1´3qq, if 0 ă q ă 1

3 ,

tϑν0 , if q “ 1
3 ,

1, if 1
3 ă q ď 1,

(1.44)

with λ ą 0 a small constant, and ν0 ą 0 the uniform constant in Proposition 1.3.



GLOBAL STABILITY OF THE MASSLESS BOLTZMANN EQUATION ON FLRW 13

Remark 1.5 (Functional space). Alternatively, we could have obtained global
stability in other function spaces such as L8

T HN
x L2

p X L2
TH

N
x L2

p for N ą 3
2 without

using the Fourier transform, or other L8 based functional spaces. In the former
case we expect the following uniform estimate

}t3qf}L8
T HN

x L2
p

`
›

›t3q{2f
›

›

L2
THN

x L2
p

À
›

›f1
›

›

HN
x L2

p
, @T ě 1,

where the implicit constant is independent of T ě 1.

Remark 1.6 (Asymptotic vs orbital stability). By the explicit form of the Jüttner
equilibrium, for any m ě 0, one can show that }|t2qp|mJpt2qpq}L1

kL
2
p

„ t´3q for

large times. In contrast, Theorem 1.4 establishes that for the norm of the per-
turbation

a

Jpt2qpqfpt, x, pq we have }|t2qp|m
a

Jpt2qpqf}L1
kL

2
p

À t´3qpTqptqq´1 for

large times. From (1.44), t´3qpTqptqq´1 “ t´3q for 1{3 ă q ď 1, and pTqptqq´1ptq
decays faster in time for 0 ď q ď 1{3. In this sense, Theorem 1.4 can be viewed as
orbital stability for 1{3 ă q ď 1, and asymptotic stability for 0 ď q ď 1{3.

Remark 1.7 (Dissipation threshold at q “ 1{3). The t3q decay rate in Theorem
1.4 should be viewed as a result of cosmological expansion. The additional decay
factor in (1.44) for q ď 1{3 should be viewed as a result of dissipation due to particle
collisions. Thus q “ 1{3 is a threshold below which the Boltzmann equation is
dissipative, and above which is not.

We expect different values of q arise as thresholds for different choices of collision
kernels. See Section 1.9 below for more information.

Remark 1.8 (Cosmological expansion weakens familiar kinetic effects). Note that
the decay due to dissipation in Theorem 1.4 is stronger for small q, and thus cos-
mological expansion weakens this dissipative effect. A related weakening due to
cosmological expansion of another familiar kinetic effect — namely phase mixing
for the Vlasov equation — has also been shown to hold on FLRW spacetimes [84].

1.7.2. Global stability of the vacuum solution. We will now state our main result
concerning the future global stability of the vacuum solution for the massless Boltz-
mann equation on FLRW. Given a solution F pt, x, pq of the massless Boltzmann
equation (1.8), we define fpt, x, pq by the relation

F pt, x, pq “ Jpt2qpqfpt, x, pq, F pt “ 1, x, pq “ F1px, pq “ Jppqf1px, pq.

The unknown f satisfies the equation

Btf `
pi

|tqp|
Bxif ´

2q

t
piBpif “ Γpf, fq, (1.45)

with initial datum

fpt “ 1, x, pq “ f1px, pq
def
“ F1px, pq{Jppq. (1.46)

Above in (1.45), the nonlinear term Γpf, fq is defined as in (1.22). We now state
our main result in the near vacuum case.

Theorem 1.9 (Future global stability of the vacuum solution). Let q P p 1
3 , 1s. The

vacuum is nonlinearly stable as a solution to the massless Boltzmann equation on
FLRW spacetime (1.8) in the case of hard-ball interaction (1.11).

More precisely, let f1px, pq be an initial datum. There is ϵ0 ą 0 such that

if F1px, pq “ J
1
2 ppqf1 ě 0 and }f1}L1

kL
2
p

ď ϵ0, then there is a unique global

mild solution fpt, x, pq to (1.45)–(1.46) for the massless Boltzmann equation with
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hard-ball interaction (1.11) on FLRW spacetime pM, gqq such that F pt, x, pq “

J
1
2 pt2qpqfpt, x, pq ě 0 and

@T ě 1,
›

›t3qf
›

›

L1
kL

8
T L2

p
À
›

›f1
›

›

L1
kL

2
p
. (1.47)

Remark 1.10 (The restriction q ą 1
3 ). The restriction q ą 1

3 in Theorem 1.9 arises
from the expansion rate used to estimate the nonlinear term in terms of the energy
norm }t3qf}L1

kL
8
T L2

p
, and is thus a priori unrelated to the appearance of q “ 1

3 as a

threshold in Theorem 1.4.

Remark 1.11 (No previous near vacuum works on T3). In the Newtonian Boltz-
mann theory, the standard approach near vacuum in the style of [43] uses the
dispersion of the transport operator Bt ` piBxi in the whole space R3

x to estimate
the non-linear term. As far as we know, there are no global existence results near
the vacuum solution, outside of homogeneity, on the torus T3

x for the Newtonian
Boltzmann equation due to the lack of dispersion. (Note however recent develop-
ments on Landau damping for Vlasov–Poisson on T3 [7, 36,62].)

1.8. Ideas and strategy of the proof. In this section, we overview the main steps
of the proof of Theorem 1.4. In Section 1.8.1, we consider a linear model problem
that motivates the time-decay rates we will show for the Boltzmann equation on
FLRW depending on the value of q. Later, we will sketch the proof of our main
results in Subsection 1.8.2.

1.8.1. A linear model problem. In this section, we will consider the model problem

Btf `
pi

|tqp|
Bxif ´

2q

t
piBpif ` ν0t

´3qf “ 0, fpt “ 1, x, pq “ f1px, pq. (1.48)

This equation arises from neglecting nonlinear terms and the operator K in the
massless Boltzmann equation (recall Proposition 1.3 for the collision frequency in
the hard ball case).

This is the simplest linear equation displaying the behaviour shown in Theorem
1.4, and in particular does not admit the difficulties pertaining to the kernel of L as
in the full linearised problem. We will now study the decay properties of }fptq}L2

x,p

for the solutions of (1.48).
Below it will be useful to note that for a function hptq, and ℓ P R, we have

ˆ

d

dt
`

ℓq

t

˙

hptq “ t´ℓq d

dt

`

tℓqhptq
˘

. (1.49)

Proposition 1.12 (Decay estimates for the model problem). Let q ě 0 and some
f1 P L2pT3 ˆR3q. Let f be the unique solution of the model problem (1.48). Then,
the L2

x,p-norm of f satisfies

@ t ě 1, }fptq}L2
x,p

ď t´3qpT ˝
q ptqq´1

›

›f1
›

›

L2
x,p

,

where

T ˝
q ptq

def
“

$

’

’

’

&

’

’

’

%

expptq, if q “ 0,

expp ν0

1´3q t
1´3qq, if 0 ă q ă 1

3 ,

tν0 , if q “ 1
3 ,

1, if 1
3 ă q.
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Proof. Multiplying (1.48) by f , and integrating over phase space, we get

1

2
Bt}fptq}2L2

x,p
`

3q

t
}fptq}2L2

x,p
` ν0t

´3q}fptq}2L2
x,p

“ 0.

We therefore obtain using (1.49) that

1

2
t´6q d

dt

´

t6q}fptq}2L2
x,p

¯

` ν0t
´3q}fptq}2L2

x,p
“ 0. (1.50)

The decay of the L2-norm when q “ 0 follows by integrating (1.50). Suppose now
that q ‰ 0, 1

3 . We observe that t6q}fptq}2L2
x,p

satisfies the ODE,

d

dt

´

t6q}fptq}2L2
x,p

¯

`
2ν0
t3q

´

t6q}fptq}2L2
x,p

¯

“ 0, (1.51)

which is explicitly solved by }fptq}2L2
x,p

“ t´6q expp 2ν0

1´3q t
1´3qq}f1}2L2

x,p
. Finally, the

decay estimate when q “ 1
3 is obtained by integrating again (1.51) from which we

conclude that }fptq}2L2
x,p

“ t´2´2ν0}f1}2L2
x,p

. □

1.8.2. Strategy of the proof. In this section we outline the proofs of Theorem 1.4 and
Theorem 1.9. The broad strategy of proof of Theorem 1.4 is familiar from previous
works in the nonrelativistic and special relativistic settings [20,34]. However previ-
ous approaches would not be sufficient to close our estimates globally in time due
to the t2q rescaling from the cosmological expansion in the FLRW metric. More
precisely in Section 2 we derive the macroscopic equations using a time-rescaled
orthonormal momentum basis. This new approach is essential to obtaining the
precise large time estimates for the solution with cosmological expansion. We also
expect it to be useful in future developments. Furthermore we determine the pre-
cise effects of cosmological expansion on the large time behavior of solutions, and
we develop new methodologies to overcome difficulties due to the masslessness of
the particles. The proof of Theorem 1.9 relies solely on time decay that is caused
by cosmological expansion.

The energy method. The proof of Theorem 1.4 is based on Guo’s energy method
[38] to control the perturbation f of the Maxwell–Jüttner equilibrium. We also use
the low regularity Wiener algebra method using the Fourier transform from [20]. We
will use the energy norm }t3qf}L1

kL
8
T L2

p
and the dissipation norm }t3q{2f}L1

kL
2
TL2

p
.

The main energy estimate concerning these norms states that for all T ě 1,

}t3qf}L1
kL

8
T L2

p
`
›

›t3q{2f
›

›

L1
kL

2
TL2

p
À
›

›f1
›

›

L1
kL

2
p
, (1.52)

which is established under the assumption that the initial perturbation is sufficiently
small. From (1.52) global existence of the perturbation f can be shown by a
standard continuity argument. We outline below the main arguments to derive
(1.52).

The basic energy estimate. Recall that the perturbation f satisfies equation
(1.19) by the massless Boltzmann equation. Applying the Fourier transform in x
to equation (1.19),

ˆ

Bt ` i
p

|tqp|
¨ k ´

2q

t
piBpi

˙

f̂pt, k, pq ` Lf̂pt, k, pq “ pΓpf̂, f̂qpt, k, pq, (1.53)

where pΓpf̂, f̂q corresponds to the nonlinearity of the system on the Fourier side
(defined as in (4.8)). Then, an energy estimate can be obtained by taking the
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product of (1.53) with the complex conjugate
¯̂
f and taking the real part

1

2
t6q}f̂}2L2

p
pt, kq `

ż t

1

τ6qRe
´A

Lf̂ , f̂
E¯

dτ

“
1

2
}f̂1pk, ¨q}2L2

p
`

ż t

1

τ6qRe
´A

Γ̂pf̂, f̂q, f̂
E¯

dτ. (1.54)

This energy estimate calls for a coercivity estimate for the linearised operator L
(defined by (1.21)).

Coercivity of the linearised operator. Observe that the linearised operator L has
a 5-dimensional null space given by

nulpLq “ span
!

t3q
a

Jpt2qpq, t3qpt2qpiq
a

Jpt2qpq, t3q|t2qp|
a

Jpt2qpq

)

,

over smooth functions of t and x. The elements in nulpLq arise from the conservation
laws of mass, energy, and momentum discussed in (1.14). For q ą 0, a new difficulty
compared to previous works is that now the basis above is time-dependent.

Due to the non-trivial kernel, one can only hope to prove a coercivity estimate
for L modulo nulpLq. We will prove in Proposition 3.4 that there exists a uniform
constant δ0 ą 0 such that for all h P L2

p and all t ě 1,

t3qxLh, hy ě δ0}tI ´ Puh}2L2
p
. (1.55)

where I is the identity operator on L2
ppR3q, and P the orthogonal projection from

L2
ppR3q onto nulpLq.
Recall the decomposition of the linearised operator Lh “ νh ´ Kh in terms of

the integral operator K defined in (1.39), and the multiplication operator νpt, pq “

ν0t
´3q computed in Proposition 1.3. The coercivity estimate (1.55) follows by

using an explicit decomposition of K into a small piece and a compact piece, using
suitable cut-off functions in the integral form of the operator. Indeed, we show in
Proposition 3.1 that for any small η ą 0 we can explicitly decompose K in terms of
a compact operator Kc by

K “ Kc ` Ks, where }Ks}L2
pÑL2

p
ď η, (1.56)

where } ¨ }L2
pÑL2

p
is the operator norm from L2

p to L2
p.

Recall the decomposition K “ K1´K2 in (1.39). Following the special relativistic
calculation in [75, Appendix] or [17], the operator K2 can be written as

K2h “ t3q
ż

R3

dq k2pt2qp, t2qqq hpqq, (1.57)

in terms of the explicit kernel k2pt2qp, t2qpq given by

k2pt2qp, t2qqq “ 2c1

ˆ

1 `
|p| ` |q|

|p ´ q|
` 2

|p| ` |q|

t2q|p ´ q|2

˙
ˇ

ˇ

ˇ

ˇ

p

|p|
´

q

|q|

ˇ

ˇ

ˇ

ˇ

2
e´t2q|p´q|{2

t2q|p ´ q|
,

for some c1 ą 0. A general integral operator of the form (1.57) with kernel in
L2pR3

p ˆR3
qq is compact, however k2 R L2pR3

p ˆR3
qq because of the decay at infinity

and the singularity at tp “ qu. With this in mind, we decompose K2 “ K2c ` K2s

in terms of operators defined by the following kernels,

k2cpp, qq “ ϕR,ϵk2pt2qp, t2qqq, k2spt2qp, t2qqq “ p1 ´ ϕR,ϵqk2pt2qp, t2qqq,
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where ϕR,ϵ is a cut-off supported in the domain tt2q|p|`t2q|q| ď RuXtt2q|p´q| ě 2ϵu
for constants R ą ϵ ą 0. The operator K2c is then compact since k2c P L2pR3

pˆR3
qq,

and the operator norm of K2s is small for R sufficiently large and ϵ sufficiently small.
On the other hand, in this case of hard-ball interactions, the operator K1 is compact
since its kernel belongs to L2pR3

p ˆR3
qq (however K1 is also decomposed as (3.6) so

that Kc additionally satisfies the estimate (3.1)).
The coercivity estimate (1.55) can then be proved by contradiction using the

decomposition (1.56) (see Proposition 3.4). However, the coercivity estimate (1.55)
only controls the perturbation f projected out of nulpLq. To close the energy
estimate for the perturbation f , we will need further estimates for the projection
Pf into nulpLq.

The macroscopic estimates. In the following, we will decompose the perturbation
as f “ Pf ` tI´Puf, into its macroscopic part Pf and microscopic part tI´Puf .
We write Pf as a linear combination of basis vectors

Pf “

˜

Af `

3
ÿ

i“1

Bf
i t

2qpi{2 `
1

?
3
Cf p

ˇ

ˇt2qp
ˇ

ˇ ´ 3q

¸

t3q
a

Jpt2qpq,

in terms of the coefficients Af pt, xq, Bf pt, xq, and Cf pt, xq, given by the explicit
momentum averages of f stated in (2.4). Plugging the decomposition f “ Pf `

tI ´ Puf into (1.19), we obtain
"

Bt `
pi

|tqp|
Bxi ´

2q

t
piBpi

*

Pf “ ´

"

Bt ´
2q

t
piBpi

*

tI ´ Puf

´
pi

|tqp|
BxiptI ´ Pufq ´ LptI ´ Pufq ` Γpf, fq.

When the operator Bt `
pi

|tqp|
Bxi ´

2q
t p

iBpi on the right hand side acts on nulpLq, the

result lives in a 13-dimensional space. Then, by considering a basis tt3qejpt2qpqu13j“1

of this space, we will obtain a system of local conservation laws (2.10) and macro-
scopic equations (2.11) for the coefficients Af , Bf , and Cf . In particular, by the
local conservation laws and (1.23), the coefficients have zero spatial average for all
t ě 1.

The system of macroscopic equations for pApt, kq, pBpt, kq, and pCpt, kq, is esti-
mated on the Fourier side. Recall that the spatial average of the coefficients van-

ish, pApt, 0q “ pBpt, 0q “ pCpt, 0q for all t ě 1. We first estimate pC which satisfies the
following schematic equations

2
?
3
t´qikj pC ` t´3qBt

´

t3q pBj

¯

“ RHS1, 1 ď j ď 3, (1.58)

t´3qBt

´

t3q pC
¯

`
1

2
?
3
t´qik ¨ pB “ RHS2, (1.59)

where the right hand sides RHS1, and RHS2, are defined in terms of L2
p-projections

using the orthonormal functions tt3qejpt2qpqu13j“1 considered earlier, as for exam-

ple xtI ´ Puf̂, t3qeℓpt
2qpqy, and also nonlinear terms. Multiplying (1.58) by the

term´t4qikj pCpt, kq, summing on j, and integrating in time, one obtains

2
?
3

ż T

1

t3q|pCpt, kq|2dt “
i

|k|2

´´

pB ¨ k
¯

t4q pCpt, kq

¯

ˇ

ˇ

ˇ

ˇ

T

t“1
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´
i

|k|2

ż T

1

´

pB ¨ k
¯

t3qBt

´

tq pCpt, kq

¯

dt ` RHS3,

for some right hand side RHS3. The first term on the right hand side can be bounded

by T 6q}f̂pT, kq}2L2
p
and }f̂1pkq}2L2

p
, whereas the second term can be bounded using

(1.59) to estimate the term involving pC. As a result, one can show

ż T

1

t3q|pCpt, kq|2dt À T 6q}f̂pT, kq}2L2
p

`
›

›f̂1pkq
›

›

2

L2
p

`

ż T

1

t3q
ˇ

ˇ

ˇ

pBpt, kq

ˇ

ˇ

ˇ

2

dt

`

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt ` NLE, (1.60)

where NLE denotes non-linear errors. The second integral on the right hand side
of (1.60) comes from estimating RHS3. In a similar fashion, one can later estimate
pA ´

?
3 pC, and finally pB, exploiting an upper triangular structure in the system.

The main estimate for the macroscopic coefficients is then
›

›t3q{2rA,B, Cs
›

›

L1
kL

2
T

À }t3q{2tI ´ Puf}L1
kL

2
TL2

p
` }t3qf}L1

kL
8
T L2

p
` }f1}L1

kL
2
p

` }t3qf}L1
kL

8
T L2

p

›

›t3q{2f
›

›

L1
kL

2
TL2

p
,

(1.61)

where }rA,B, Cs}
def
“ }A} ` }B} ` }C}. The estimate (1.61) controls the dissipation

norm of the macroscopic part since
›

›t3q{2Pf
›

›

L1
kL

2
TL2

p
À
›

›t3q{2rA,B, Cs
›

›

L1
kL

2
T

. (1.62)

Estimate of the nonlinear term. To close the energy estimate, one needs to
estimate the cubic nonlinear term on the right hand side of (1.54). We will prove
an L2

p-trilinear estimate in Lemma 3.6 according to which

|xΓpf, hq, ηy| À
›

›f
›

›

L2
ppR3q

›

›h
›

›

L2
ppR3q

›

›η
›

›

L2
ppR3q

,

for all f , h, η P L2
p. By using this trilinear estimate on the Fourier side, one can

conclude for all f , h, and η P L2
p that the following uniform estimate holds

ˇ

ˇ

ˇ

A

pΓpf̂, ĥqpkq, η̂pkq

E
ˇ

ˇ

ˇ
À
›

›η̂pkq
›

›

L2
p

ż

Z3

}f̂pk ´ lq}L2
p

›

›ĥplq
›

›

L2
p
dΣplq. (1.63)

This estimate can be used to estimate the nonlinear term in (1.54).
Global existence and uniform energy estimates. We can then perform the main

energy estimate for the perturbation f . By using the coercivity estimate (1.55) on
top of the basic energy estimate (1.54),

t3q}f̂}L2
p
pt, kq `

ˆ
ż t

1

τ3q}tI ´ Puf̂}2L2
p
pτ, kqdτ

˙

1
2

À }f̂1}L2
p
pkq `

ˆ
ż t

1

τ6q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂q, f̂
E
ˇ

ˇ

ˇ
dτ

˙

1
2

.

Then, by using the identity xΓpf, fq, hy “ xΓpf, fq, tI ´ Puhy on the Fourier side,
together with the estimate (1.63) for the nonlinear term, one obtains
›

›t3qf
›

›

L1
kL

8
T L2

p
`
›

›t3q{2tI ´ Puf
›

›

L1
kL

2
TL2

p

À }f1}L1
kL

2
p

` }t3qf}L1
kL

8
T L2

p

›

›t3q{2f
›

›

L1
kL

2
TL2

p
,
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for all T ě 1. See Proposition 5.1. Finally, applying the estimate (1.61)–(1.62) for
the macroscopic part Pf , one can show that for all T ě 1,

}t3qf}L1
kL

8
T L2

p
`
›

›t3q{2f
›

›

L1
kL

2
TL2

p
À
›

›f1
›

›

L1
kL

2
p

`
›

›t3qf
›

›

L1
kL

8
T L2

p

›

›t3q{2f
›

›

L1
kL

2
TL2

p
. (1.64)

The last term on the right hand side can be absorbed for a small initial perturbation,
and (1.52) concluded. Global existence for the massless Boltzmann equation follows
from this estimate and a standard continuity argument.

Improved energy estimates. A posteriori we show improved time-decay rates for
the perturbation f when 0 ď q ď 1

3 . These estimates rely on the computation

of the collision frequency νpt, pq “ ν0t
´3q in Proposition 1.3, and a perturbative

treatment of the integral operator K based on the compact-small decomposition

(1.56). Indeed, we consider the equation satisfied by t3qTqptqf̂ (with Tqptq defined
as in (1.44)) and then perform a similar energy estimate to (1.64). We will show in
Proposition 6.19 that

@t ě 1, }t3qTqptqf}L1
kL

8
T L2

p
`
›

›t3q{2Tqptqf
›

›

L1
kL

2
TL2

p
À
›

›f1
›

›

L1
kL

2
p
.

A posteriori we show weighted energy estimates for wmf̂ in terms of the weights
w2

mpt2qpq “ 1 ` |t2qp|m, and propagate spatial regularity by performing energy

estimates for xkylf̂pt, k, pq on the Fourier side. See Proposition 6.6 and Proposition
6.8, respectively.

The proof of Theorem 1.9. The near vacuum result is also based on the energy
method. For this problem, the main energy estimate states that for all T ě 1,

›

›t3qf
›

›

L1
kL

8
T L2

p
À
›

›f1
›

›

L1
kL

2
p
. (1.65)

The linearised operator around vacuum is trivial, and the estimate (1.65) is there-
fore established using the time decay arising from expansion only. In particular,
previous difficulties regarding the kernel and coercivity of the linearised operator
are not present anymore.

Recall that the perturbation f satisfies (1.45). Performing the basic energy
estimate, for all t ě 1,

1

2
t6q}f̂}2L2

p
pt, kq “

1

2
}f̂1pk, ¨q}2L2

p
`

ż t

1

τ6qRe
´A

Γ̂pf̂, f̂q, f̂
E¯

dτ.

The estimate (1.65) is then shown by estimating the time integral of the nonlinear
term on the right hand side. Using the trilinear estimate (1.63) on the Fourier side,
it can be shown that for all τ ě 1,

τ6q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂qpτ, kq, f̂pτ, kq

E
ˇ

ˇ

ˇ

À τ´3q
›

›t3qf̂pkq
›

›

L8
T L2

p

ż

Z3

›

›t3qf̂pk ´ lq
›

›

L8
T L2

p

›

›t3qf̂plq
›

›

L8
T L2

p
dΣplq.

Assuming q ą 1
3 , so that τ´3q is integrable, one can show that,

@T ě 1,
›

›t3qf
›

›

L1
kL

8
T L2

p
À
›

›f1
›

›

L1
kL

2
p

`
›

›t3qf
›

›

2

L1
kL

8
T L2

p
.

The last term on the right hand side can be absorbed for a small initial perturbation,
and (1.65) concluded. Global existence follows from this estimate and a standard
continuity argument.
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1.9. Discussion of more general collision kernels. In this section, we discuss
scattering kernels of the form

σpϱ, θq “ ϱaσ0pθq, ´4 ă a ď 2, (1.66)

for an integrable non-negative function σ0pθq. We first formulate a conjecture on the
dissipation threshold for these more general kernels. We then discuss the behaviour
of the associated model problem.

1.9.1. Dissipation threshold for more general kernels. We expect the Maxwell–
Jüttner equilibrium to be future nonlinearly stable for all kernels of the form (1.66).
Recall (see Remark 1.7) that, for a “ 0, expansion rate q “ 1{3 is a threshold be-
low which there is dissipation, and above which there is not. We expect a different
threshold value of q to arise for the more general kernels in (1.66).

Conjecture 1.13 (Dissipation threshold at p3 ` aqq “ 1 for ´3 ă a ď 2.). Con-
sider q P r0, 1s, and the massless Boltzmann equation with scattering kernel (1.66)
on FLRW (1.8), (1.10). The Maxwell–Jüttner equilibrium Jpt2qpq is future non-
linearly stable. Moreover, for any maxt3 ` a, 0uq ď 1 the norm }t3qfptq}L1

kL
2
p

decays uniformly as t Ñ `8 — with quantitative rates, depending on q in (1.7)
and on a in (1.66) — and in general the norm }t3qfptq}L1

kL
2
p
does not decay for

maxt3 ` a, 0uq ą 1, where the perturbation f is defined by (1.18). Notably for
´4 ă a ď ´3 the norm }t3qfptq}L1

kL
2
p
decays uniformly as t Ñ `8 with quantita-

tive rates for any q P r0, 1s.

In particular, for a P p´4,´1s we expect that t3{2}fptq}L1
kL

2
p
decays for solutions

of the massless Boltzmann equation with scattering kernel (1.66) on FLRW with
scale factor q “ 1

2 (which satisfies the Einstein–massless Boltzmann system, as
discussed in Section 1.2). Moreover, in the case of Israel particles, in which σpϱ, θq

is defined by (1.13), we expect q “ 1
2 to be the dissipation threshold.

In the next section, we will consider a linear model problem that motivates the
threshold scale factor maxt3`a, 0uq “ 1 considered earlier. From this model prob-
lem one can also extract quantitative decay rates, which are informative regarding
the decay rates one may expect for the massless Boltzmann equation with these
scattering kernels.

One may formally compare the above threshold behaviour with the Euler equa-
tions on FLRW where, for each linear equation of state, there is an expected thresh-
old value of expansion rate q, below which shock waves form in perturbations of
constant density fluids at rest, and above which such shock waves do not form [28].

1.9.2. Model problem for more general kernels. Motivated by the stability of the
Maxwell–Jüttner equilibrium for the massless Boltzmann equation on FLRW space-
time pM, gqq in the case of scattering kernels of the form (1.66), we consider the
following model problem for a ą ´4

Btf `
pi

|tqp|
Bxif ´

2q

t
piBpif ` ν0

|t2qp|
a
2

tp3`aqq
f “ 0, fpt “ 1, x, pq “ f1px, pq, (1.67)

with ν0 ą 0 a fixed constant. We have written the last term using t2qp since

this weight belongs to the kernel of the transport operator Bt `
pi

|tqp|
Bxi ´

2q
t p

iBpi in

(1.67). This model problem should be compared with the problem (1.48) previously
considered in the hard-ball case.
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When considering more general scattering kernels, the linearised operator L in
the Boltzmann equation can also be decomposed as in (1.37) in terms of the mul-
tiplication operator νpt, pq in (1.38). We now compute νpt, pq for the kernel (1.66).

Proposition 1.14. For scattering kernels of the form (1.66) with an integrable
function σ0pθq, the collision frequency (1.38) is

νpt, pq “ ν0
|t2qp|

a
2

tp3`aqq
,

where ν0 is a fixed constant depending on a.

Proof. By the explicit form (1.31) of the Møller velocity in FLRW,

νpt, pq “
t3q

16π

ż

R3

dq

ż

S2
dω

ˆ

1 ´
p ¨ q

|p||q|

˙

ϱaσ0pθqe´|t2qq|

“
t´3q

16π
|p|

a
2

ż

R3

dq

ż

S2
dω σ0pθq

ˆ

1 ´
p ¨ q

|p||q|

˙ ˆ

|q| ´
p

|p|
¨ q

˙
a
2

e´|q|

“ ν0|p|
a
2 t´3q,

in terms of a uniform positive constant ν0 depending on a. □

The model problem (1.67) then arises from neglecting nonlinear terms and the
operator K in the massless Boltzmann equation (1.19). This problem is distin-
guished from the more well known cases of (I) the massive special relativistic
Boltzmann equation and (II) the Newtonian Boltzmann equation by at least two
complicating factors. First, the massless case presents a degeneracy when a ą 0 for
small values of |t2qp| in the damping factor |t2qp|

a
2 t´p3`aqq. Second, the damping

is degenerating for large t with t´p3`aqq. For the soft potentials a ă 0, this degen-
eration is diluted by small values of |t2qp| in an energy norm, which makes |t2qp|

a
2

large, and thereby increases the damping rate. Note one can show using techniques
from [79] the following decay rates for the L2 norm of solutions f to (1.67).

Proposition 1.15 (Decay estimates for general model problem). Let q P r0, 1s,
´4 ă a ď 2, s ą 0, and f1 a sufficiently regular initial data. If either ´3 ă a ď 2
and p3 ` aqq ă 1 or ´4 ă a ď ´3 and q P r0, 1s, then the unique solution f of the
model problem (1.67) satisfies

@ t ě 1, }t3qfptq}L2
x,p

À e´Ctd}e
ν0
s p2s`|a|q|p|

s

f1}L2
x,p

,

where d “ 2s
2s`|a|

p1 ´ p3 ` aqqq P r0, 1q, and C ą 0 is a uniform constant. Other-

wise, for ´3 ă a ď 2 and p3 ` aqq “ 1 the unique solution f of (1.67) satisfies

@ t ě 1, }t3qfptq}L2
x,p

À e´Cplogptqq
2s

2s`|a|

}e
ν0
s p2s`|a|q|p|

s

f1}L2
x,p

,

where C ą 0 is a possibly different uniform constant.

This behavior is very different from the massive cases (I) and (II) when q “ 0.
In those cases the soft potentials a ă 0 are well known to substantially reduce the
damping rate from exponential to sub-exponential. Specifically in those other cases
one expects exponential time decay for a ě 0 as in [34, 85], and one only expects
rapid polynomial or super-polynomial decay for a ă 0 as in [10,11,75,78,79]. Thus
we see a reduction in the time decay rates when we reduce the value of a in (I) and
(II). In contrast in Proposition 1.15 above we have an improvement in the range
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of q ą 0 for which the fastest superpolynomial decay rates hold when reducing
the value of a. Specifically, for ´4 ă a ď ´3, in Proposition 1.15 we obtain the
superpolynomial decay rates for any value of q P p0, 1s.

1.10. Related works. Let us present here a nonexhaustive overview of related
previous works.

1.10.1. Collisional kinetic theory in general relativity. The formulation of the ki-
netic theory of gases in general relativity began with the early contributions of
Synge [81] in 1934, and Walker [87] in 1936. See also the work by Einstein [23]
in 1939. Concerning the collisional theory, the Boltzmann equation was derived in
special relativity by Lichnerowicz–Marrot [57] in 1940, and in general relativity by
Chernikov [13, 14] in 1961. Around the same time Israel derived his well-known
collision kernel for the relativistic Boltzmann equation [44] in 1963. The collisional
theory was further developed in works by Lindquist [58] in 1966, Bel [8] in 1969,
Ehlers [22] in 1969, Ehlers–Sachs [70] in 1971, among other. Later physics ref-
erences include the works of Dijkstra–Van Leeuwen [18, 19] in 1978, Naumov [64]
in 1982, Ray [67] in 1982, Hiscock–Salmonson [42] in 1991, and Kremer [46, 47]
around 2012. See also the introductions to relativistic kinetic theory by Sarbach–
Zannias [71] from 2013, and Acuña-Cárdenas–Gabarrete–Sarbach [1] from 2022.
For textbook references, we refer to van Weert–De Groot–van Leeuwen [17] from
1980, to Bernstein [9] from 1988, and to Cercignani–Kremer [12] from 2002.

1.10.2. Local well-posedness for the Einstein–Boltzmann system. Regarding rigor-
ous mathematical treatments of the full Einstein–Boltzmann system, note the work
of Bancel–Choquet-Bruhat [5] on local well-posedness from 1973; this result builds
upon [4, 15]. Later, Rendall–Lee [55] revisited the problem of local well-posedness
for Einstein–Boltzmann in 2013. For textbook references about the Einstein–
Boltzmann system see the books by Rendall [68] from 2008, Choquet-Bruhat [16]
from 2009, and Ringström [69] from 2013.

1.10.3. Global existence of equilibria for the Boltzmann equation in special relativ-
ity. For the mathematical work on the asymptotic stability of Maxwell–Jüttner
equilibria for the Boltzmann equation without symmetry assumptions, there have
been several works on fixed backgrounds. Glassey–Strauss [34] proved the stability
of equilibria for the relativistic Boltzmann equation on T3

x with hard interactions
in 1993. Glassey–Strauss [31] extended that result to the whole space R3

x in 1995.
Later, the relativistic Boltzmann equation in R3

x with soft interactions was ad-
dressed by Strain–Zhu [80] in 2012. The problem of deriving energy estimates with
momentum regularity in these settings was resolved by Guo–Strain [40] in 2012.

More recently, a definitive stability of the Maxwellian equilibrium for the rela-
tivistic Boltzmann equation on T3

x without angular cut-off was obtained by Jang–
Strain [45] in 2022. In the non-relativistic case, nonlinear stability for the Boltz-
mann equation on T3

x without angular cut-off was shown earlier in [37] by Gressman–
Strain in 2011. This stability problem in the non-relativistic case was later revisited
by Duan–Liu–Sakamoto–Strain [19] who obtained global existence in a low regu-
larity Chemin–Lerner function space. In the present article, the function space we
use is motivated by that function space. Global existence of Maxwellians for the
non-relativistic Boltzmann equation has been studied in many other works. See,
for example, [2, 3, 21,39,59,72,86] and the references therein.
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We also comment the result on the Hilbert expansion for the relativistic Boltz-
mann equation on R3

x by Speck–Strain [74] in 2011.

1.10.4. Global existence results for the spatially homogeneous Boltzmann equation
in cosmology. The Boltzmann equation and the Einstein–Boltzmann system have
both been studied previously in cosmology under symmetry assumptions. For cer-
tain kernels, for large data, global existence for spatially homogeneous FLRW solu-
tions of the Einstein–Boltzmann system with a positive cosmological constant was
obtained by Noutchegueme–Takou [65] in 2006. Later, the asymptotic behaviour of
these solutions was studied by Takou [82] in 2009. On fixed Minkowski and FLRW
backgrounds, large data global existence for spatially homogeneous solutions of the
Boltzmann equation with certain hard interactions was studied by Lee–Rendall [56]
in 2013.

Also, small data global existence for the Boltzmann equation and the Einstein–
Boltzmann system have been considered. Global existence near vacuum for the
Einstein–Boltzmann system with Bianchi I symmetry was shown by Lee–Nungesser
[51] in 2017. Later, small data global existence for the Einstein–Boltzmann–scalar
field system with Bianchi I-VII symmetry for Israel particles was shown by Lee–
Lee–Nungesser [50] in 2023. There is additionally the work of Lee which considers
a spatially-homogeneous Newtonian cosmological setting [48] from 2016. We also
refer to the global existence of homogeneous solutions for the Einstein–Boltzmann
system with a positive cosmological constant by Lee–Nungesser [52] in the case of
certain soft interactions in 2024.

1.10.5. Works on the spatially homogeneous massless Boltzmann equation in cos-
mology. We discuss related works for massless Boltzmann in cosmology. Small
data global existence for the spatially homogeneous massless Boltzmann equation
on FLRW spacetimes was shown by Lee [49] for some collision kernels in a range of
soft and hard potentials in 2021. Note also the work [83] on spatially homogeneous
FLRW solutions with q “ 1{2 for the Einstein–massless Vlasov system with spa-
tial topology R3

x in spherical symmetry. For data posed at the initial singularity,
Lee–Nungesser–Tod [54] proved finite-time existence for the massless Boltzmann
equation on FLRW backgrounds for some soft scattering kernels in 2020. Together
also with Stalker [53], this result was extended to Bianchi I spacetimes in 2024.

1.10.6. Works on other equations on FLRW spacetimes. There have been several
works on other related equations on FLRW. It was shown recently by Taylor–Velozo
Ruiz [84] that a phase mixing effect occurs for the Vlasov equation on FLRW. See
Remark 1.8. See also [30] for the study of a related nonlinear, non-relativistic
model.

There have been several works [28, 29, 73] concerned with the future stability of
homogeneous solutions for the Euler equations on FLRW spacetimes. In the recent
work [28] by Fajman–Maliborski–Ofner–Oliynyk–Wyatt it is suggested that shock
formation occurs for slowly expanding spacetimes. See also [27].

There have also been many works on the linear wave equation on FLRW. In the
decelerated regime, for the case where the spatial slices are flat copies of R3, the
combined effects of dispersion and expansion are relevant. See, for example, the
recent articles of Natário–Rossetti [63] and Haghshenas [41] and references within.
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1.11. Outline of the paper. In Section 2, the distribution function is decomposed
in its microscopic and macroscopic parts. Moreover, the system of macroscopic
equations is derived. In Section 3, the main estimates for the collision operator
are performed. In particular, the coercivity estimate for the linearised operator is
shown. In Section 4, the system of equations derived in Section 2 is used to estimate
the macroscopic part of the distribution. In Section 5, the energy estimates for the
full solution f are shown. The proof of Theorem 1.4 is completed in Section 6, and
the proof of Theorem 1.9 is given in Section 7. Appendix A contains the proof of
the H-theorem and the conservation of mass, energy, and momentum, discussed in
Section 1.3.2. In Appendix B, the Maxwell–Jüttner parameters are identified for
fixed values of the initial mass, energy, and momentum.

1.12. Acknowledgements. We thank the Simons Center for Geometry and Physics
(SCGP) at Stony Brook University for its hospitality and collaborative environ-
ment. This collaboration began at SCGP during the 3rd Simons Math Summer
Workshop on “Partial Differential Equations of Classical Physics”, 7-25th July 2025.

2. Equations for macroscopic quantities

In this section, equations are derived for macroscopic quantities of solutions of
the Boltzmann equation. In Section 2.1, we decompose the distribution f into its
macroscopic and microscopic parts. In Section 2.2, we introduce a set of suitable
time-normalised orthonormal basis functions, and we show its orthonormality in
Section 2.3. Finally in Section 2.4, we derive the macroscopic equations (2.11)–
(2.19). Later in Section 4, we will use (2.11)–(2.19) to estimate the part of the
distribution f that is contained in the null space of the linearised collision operator.
The calculations in this section hold for any q ě 0.

2.1. Macro-micro decomposition of the distribution. In this section, we de-
compose fpt, x, pq into its macroscopic part Pf and microscopic part tI ´ Puf as

f “ Pf ` tI ´ Puf, (2.1)

where P is the orthogonal projection from L2
ppR3q onto the null space of the lin-

earised operator L defined in (1.21). The operator L has a 5-dimensional null space
given by

nulpLq “ span
!

t3qJ
1
2 pt2qpq, t3qpt2qpiqJ

1
2 pt2qpq, t3q|t2qp|J

1
2 pt2qpq

)

,

where the linear span is taken over smooth functions of t and x. For convenience
we work with an orthonormal basis of this space. Define the following functions

t3qe1pt2qpq
def
“ t3q

a

Jpt2qpq,

t3qej`1pt2qpq
def
“

1

2
t2qpjt3q

a

Jpt2qpq, for 1 ď j ď 3, (2.2)

t3qe5pt2qpq
def
“

1
?
3

pt2q|p| ´ 3qt3q
a

Jpt2qpq.

We denote this set of functions as tt3qeℓpt
2qpqu5ℓ“1.

Proposition 2.1. The set tt3qeℓpt
2qpqu5ℓ“1 forms an orthonormal basis with respect

to L2pR3
pq of the space nulpLq for all t ě 1.
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The orthonormal property of tt3qeℓpt
2qpqu5ℓ“1 is shown next in Section 2.3. Then,

we write Pf as a linear combination of the basis vectors above as

Pf “

˜

Af `

3
ÿ

j“1

Bf
j t

2qpj{2 `
1

?
3
Cf p

ˇ

ˇt2qp
ˇ

ˇ ´ 3q

¸

t3q
a

Jpt2qpq, (2.3)

where the coefficients are given by

Af pt, xq “ t3q
ż

R3

fpt, x, pq
a

Jpt2qpqdp,

Bf
i pt, xq “

t3q

2

ż

R3

fpt, x, pqt2qpi
a

Jpt2qpqdp,

Cf pt, xq “
t3q
?
3

ż

R3

fpt, x, pqp|t2qp| ´ 3q
a

Jpt2qpqdp.

(2.4)

2.2. Orthonormal time-normalised basis. As will be seen in Section 2.4, when

the transport operator Bt `
pi

|tqp|
Bxi ´

2q
t p

iBpi acts on the span of the null space

elements

t3q
a

Jpt2qpq, t3q
t2qpi

2

a

Jpt2qpq,
t3q
?
3

p|t2qp| ´ 3q
a

Jpt2qpq (2.5)

over smooth functions of t and x, the result lives in a 13-dimensional space. We
now extend the orthonormal velocity functions tt3qeℓpt

2qpqu5ℓ“1 in (2.2). To this
end, for 1 ď l, j ď 3 we define the additional orthonormal velocity functions

t3qej`5pt2qpq
def
“

c

3

7

ˆ

pj

|p|
´ t2qpj

˙

t3q
a

Jpt2qpq, for 1 ď j ď 3,

t3qe9pt2qpq
def
“ t2q

?
5

2

ˆ

pp1q2 ´ pp3q2

|p|

˙

t3q
a

Jpt2qpq,

t3qe10pt2qpq
def
“ t2q

?
5

2

ˆ

pp1q2 ` pp3q2 ´ 2pp2q2

|p|

˙

t3q
a

Jpt2qpq,

t3qei`j`8pt2qpq
def
“

?
5

2
t2q

plpj

|p|
t3q

a

Jpt2qpq, for 1 ď l ă j ď 3.

(2.6)

We denote this set of L2pR3
pq orthonormal functions with (2.2) as tt3qeℓpt

2qpqu13ℓ“1.

We remark that the diagonal of the symmetric tensor
plpj

´ 1
3 |p|

2

|p|
vanishes

pp1q2 ´ 1
3 |p|2

|p|
`

pp2q2 ´ 1
3 |p|2

|p|
`

pp3q2 ´ 1
3 |p|2

|p|
“ 0.

Thus the diagonal only contains two independent components that we represent
in the components of t3qe9pt2qpq and t3qe10pt2qpq. In this system of orthonormal
functions, (2.2) with (2.6), e1 is the density mode, ej`1 are the three momentum
modes, e5 is the energy mode, ej`5 are the three heat-flux modes, e9 and e10 are the
two independent diagonal components of the stress tensor modes, and ei`j`8 are
the three off-diagonal stress tensor modes. These orthonormal functions in (2.2)
and (2.6) are motivated by the Grad 13-moment system introduced in [35] in 1949,
and also by the polynomial momentum basis used in [45, 80] for the relativistic
Boltzmann equation in the case of massive particles.
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Proposition 2.2. The set tt3qeℓpt
2qpqu13ℓ“1 forms an orthonormal family with re-

spect to L2pR3
pq for all t ě 1.

The orthonormal property of tt3qeℓpt
2qpqu13ℓ“1 is shown later in Section 2.3.

2.3. Orthonormal property of the bases. In this section, we prove Proposition
2.2, in other words, we show that tt3qeℓpt

2qpqu13ℓ“1 is an orthonormal basis with
respect to L2pR3

pq. This follows from some elementary integral computations that
we write below.

It is well-known for the Gamma function Γ that
ş8

0
ρne´ρdρ “ n! for all n P

t0, 1, 2, . . .u. Hence
ż

R3

|p|n
e´|p|

8π
dp “

pn ` 2q!

2
, @n P t0, 1, 2, . . .u. (2.7)

Recall the definition of Jpt2qpq in (1.16). We use the integral (2.7) to calculate the
values of various integrals related to Jpt2qpq as in the following for 1 ď a ď 3:

t6q
ż

R3

Jpt2qpqdp “

ż

R3

e´|p|

8π
dp “ 1,

t6q
ż

R3

|t2qp|Jpt2qpqdp “

ż

R3

|p|
e´|p|

8π
dp “ 3,

t6q
ż

R3

|t2qp|2Jpt2qpqdp “

ż

R3

|p|2
e´|p|

8π
dp “ 12, (2.8)

t6q
ż

R3

pt2qpaq2Jpt2qpqdp “

ż

R3

pp1q2
e´|p|

8π
dp “

1

3

ż

R3

|p|2
e´|p|

8π
dp “ 4,

t6q
ż

R3

pt2qpaq2

|t2qp|
Jpt2qpqdp “

ż

R3

pp1q2

|p|

e´|p|

8π
dp “

1

3

ż

R3

|p|
e´|p|

8π
dp “ 1,

t6q
ż

R3

p|t2qp| ´ 3q2Jpt2qpqdp “ t´6q

ż

R3

p|p| ´ 3q2
e´|p|

8π
dp “ 3.

From the integrals above, the functions tt3qeℓpt
2qpqu5ℓ“1 have unit L2

p norm. More-

over, one can easily show that the functions in tt3qeℓpt
2qpqu5ℓ“1 are orthogonal. This

shows Proposition 2.1.
Together with (2.8) we also use the values of the following integrals for 1 ď a ď 3:

ż

R3

|p|3
e´|p|

8π
dp “ 60,

ż

R3

ppaq2

|p|
p|p| ´ 3q

e´|p|

8π
dp “

1

3

ż

R3

|p|p|p| ´ 3q
e´|p|

8π
dp “ 1,

ż

R3

ppaq2

|p|
p|p| ´ 4q

e´|p|

8π
dp “

1

3

ż

R3

|p|p|p| ´ 4q
e´|p|

8π
dp “ 0,

ż

R3

p|p| ´ 3qp|p| ´ 4q
e´|p|

8π
dp “

ż

R3

p|p|
2

´ 7|p| ` 12q
e´|p|

8π
dp “ 3.

We also compute for 1 ď a ď 3 that

t6q
ż

R3

ppaq2

|p|2
Jpt2qpqdp “

ż

R3

pp1q2

|p|2

e´|p|

8π
dp “

1

3

ż

R3

e´|p|

8π
dp “

1

3
,



GLOBAL STABILITY OF THE MASSLESS BOLTZMANN EQUATION ON FLRW 27

and also the values of the integrals
ş

R3

ppa
q
2

ppb
q
2

|p|2
e´|p|

8π dp for 1 ď a, b ď 3, given by

ż

R3

ppaq2ppbq2

|p|2

e´|p|

8π
dp “

4

5
, for a ‰ b,

ż

R3

ppaq2ppaq2

|p|2

e´|p|

8π
dp “

12

5
.

For the basis elements
´
b

3
7

´

pa

|p|
´ t2qpa

¯

t3q
?
J
¯

1ďaď3
considered in (2.6), we have

t6q
ż

R3

ˆ

pa

|p|
´ t2qpa

˙2

Jpt2qpqdp “

ż

R3

ˆ

pa

|p|
´ pa

˙2
e´|p|

8π
dp

“

ż

R3

˜

ppaq
2

|p|2
` ppaq

2
´ 2

ppaq
2

|p|

¸

e´|p|

8π
dp “

7

3
.

The computations above, and similar ones, show the functions tt3qeℓpt
2qpqu13ℓ“1 have

unit L2
p norm. One can easily show that the functions in tt3qeℓpt

2qpqu13ℓ“1 are also

L2
p orthogonal. This proves Proposition 2.2.

2.4. Macroscopic Equations. In this section we derive the macroscopic equa-
tions for the coefficients Af , Bf , and Cf in (2.4), when f is a solution of the
Boltzmann equation. For given function f , define for ℓ P t1, 2, . . . , 13u the quanti-
ties

mℓ
def
“

@

tI ´ Puf, t3qeℓpt
2qpq

D

,

Θℓ
def
“

B

tI ´ Puf, t3q
p

|p|
eℓpt

2qpq

F

,

lℓ
def
“ ´

@

LptI ´ Pufq, t3qeℓpt
2qpq

D

,

hℓ
def
“

@

Γpf, fq, t3qeℓpt
2qpq

D

,

uℓ
def
“ ´ t´q∇x ¨ Θℓ ` lℓ ` hℓ,

(2.9)

where ∇x ¨ is the standard R3
x divergence of a vector field.

Proposition 2.3 (Macroscopic equations). If f solves the Boltzmann equation
(1.19), and A, B, and C are defined by (2.4), then the following local conservation
laws are satisfied

t´3qBt
`

t3qA
˘

`
1

2
t´q∇x ¨ B “ ´t´q∇x ¨ Θ1, (2.10)

t´3qBt
`

t3qBj

˘

` 2t´qBj

ˆ

A ´
2

?
3
C
˙

“ ´t´q∇x ¨ Θj`1, p1 ď j ď 3q,

t´3qBt
`

t3qC
˘

`
1

2
?
3
t´q∇x ¨ B “ ´t´q∇x ¨ Θ5,

and also the macroscopic equations (for 1 ď l, j ď 3),
c

7

3
t´q

´

BjA ´
?
3BjC

¯

“ ´t´3qBt
`

t3qmj`5

˘

` uj`5,

t´q 1

2
?
5

pB1B1 ´ B3B3q “ ´t´3qBt
`

t3qm9

˘

` u9, (2.11)
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t´q 1

6
?
5

p∇x ¨ B ´ 3B2B2q “ ´t´3qBt
`

t3qm10

˘

` u10,

1
?
5
t´q pBjBl ` BlBjq “ ´t´3qBt

`

t3qml`j`9

˘

` ul`j`9, for pl ‰ jq,

where the fixed indices above are l, j P t1, 2, 3u.

Proof of Proposition 2.3. Let us plug the decomposition (2.1) into (1.19), then we
obtain

"

Bt `
pi

|tqp|
Bxi ´

2q

t
piBpi

*

Pf “ ´

"

Bt ´
2q

t
piBpi

*

tI ´ Puf

´
pi

|tqp|
BxiptI ´ Pufq ´ LptI ´ Pufq ` Γpf, fq. (2.12)

We also recall Lpfq “ LptI ´ Pufq by the definition of P in (2.3). We have ex-
pressed here the macroscopic part Pf in terms of the microscopic part tI ´ Puf
and the non-linear term Γpf, fq.

We consider the expression (2.3) of Pf with respect to the basis functions (2.2).
Also using (1.9), we obtain that the left-hand side of (2.12) can be written as

Bt
`

t3qA
˘

a

Jpt2qpq ` Bt
`

t3qC
˘

p|t2qp| ´ 3q
a

Jpt2qpq{
?
3

` t3q
3
ÿ

j“1

BjpA ` Cp|t2qp| ´ 3q{
?
3q

pj

|tqp|

a

Jpt2qpq

`

3
ÿ

j“1

Bt
`

t3qBj

˘ t2q

2
pj
a

Jpt2qpq `

3
ÿ

l,j“1

t3qBjBl
t2q

2

plpj

|tqp|

a

Jpt2qpq, (2.13)

where A “ Af , B “ Bf , C “ Cf and Bj “ Bxj . We rewrite (2.13) as

t´3qBt
`

t3qA
˘

t3q
a

Jpt2qpq ` t´3qBt
`

t3qC
˘

p|t2qp| ´ 3qt3q
a

Jpt2qpq{
?
3

`

3
ÿ

i“1

t´qBiA
pi

|p|
t3q

a

Jpt2qpq `

3
ÿ

i“1

t´qBiC
pi

|p|
p|t2qp| ´ 3qt3q

a

Jpt2qpq{
?
3

`

3
ÿ

i“1

t´3qBt
`

t3qBi

˘ t2q

2
pit3q

a

Jpt2qpq `

3
ÿ

i,j“1

t´qBjBi
t2q

2

pipj

|p|
t3q

a

Jpt2qpq

def
“ Z1 ` Z2 ` Z3. (2.14)

Here

Z1
def
“ t´3qBt

`

t3qA
˘

t3q
a

Jpt2qpq ` t´3qBt
`

t3qC
˘

p|t2qp| ´ 3qt3q
a

Jpt2qpq{
?
3

` t3qe1pt2qpq
t´q

2
∇x ¨ B ` t3qe5pt2qpq

t´q

2
?
3
∇x ¨ B.

Thus

Z1 “ t3qe1pt2qpq

ˆ

t´3qBt
`

t3qA
˘

`
1

2
t´q∇x ¨ B

˙

` t3qe5pt2qpq

ˆ

t´3qBt
`

t3qC
˘

`
1

2
?
3
t´q∇x ¨ B

˙

. (2.15)
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The above is our main expression for (2.15) and it leads directly to (2.10)1 and
(2.10)3.

Next we consider Z3, but first we notice that

1

2
t3qe1pt2qpq `

1

2
?
3
t3qe5pt2qpq “

t2q

6
|p|t3q

a

Jpt2qpq “
t2q

2

1
3 |p|2

|p|
t3q

a

Jpt2qpq.

Thus we expand

Z3
def
“

3
ÿ

i,j“1

t´qBjBi
t2q

2

pipj

|p|
t3q

a

Jpt2qpq ´
t2q

2

1
3 |p|2

|p|
t3q

a

Jpt2qpqt´q∇x ¨ B

“

3
ÿ

i,j“1
iăj

t´q
`

BjBi ` BiBj

˘ t2q

2

pipj

|p|
t3q

a

Jpt2qpq

`

3
ÿ

j“1

t´qBjBj
t2q

2

ppjq2 ´ 1
3 |p|2

|p|
t3q

a

Jpt2qpq.

For the ortho-normal functions in (2.6) we have

t2q

2

pp1q2 ´ 1
3 |p|2

|p|
t3q

a

Jpt2qpq “
t3qe9pt2qpq

2
?
5

`
t3qe10pt2qpq

6
?
5

,

t2q

2

pp2q2 ´ 1
3 |p|2

|p|
t3q

a

Jpt2qpq “ ´
t3qe10pt2qpq

3
?
5

,

t2q

2

pp3q2 ´ 1
3 |p|2

|p|
t3q

a

Jpt2qpq “ ´
t3qe9pt2qpq

2
?
5

`
t3qe10pt2qpq

6
?
5

.

Thus we express Z3 in terms of the orthonormal functions as

Z3 “ t3qe9pt2qpq

ˆ

t´q B1B1 ´ B3B3

2
?
5

˙

` t3qe10pt2qpq

ˆ

t´q∇x ¨ B ´ 3B2B2

6
?
5

˙

`
1

?
5

3
ÿ

i,j“1
lăj

t3qei`j`9pt2qpqt´q
`

BjBi ` BiBj

˘

.

This is our main expression for Z3 and it leads directly to (2.11)2-(2.11)4.
Next we consider Z2 in (2.14) given by

Z2
def
“

3
ÿ

i“1

t´qBiA
pi

|p|
t3q

a

Jpt2qpq `

3
ÿ

i“1

t´qBiC
pi

|p|
p|t2qp| ´ 3qt3q

a

Jpt2qpq{
?
3

`

3
ÿ

i“1

t´3qBt
`

t3qBi

˘ t2q

2
pit3q

a

Jpt2qpq.

From (2.6) we have

pj

|p|
t3q

a

Jpt2qpq “

c

7

3
t3qej`5pt2qpq ` 2t3qej`1pt2qpq,

and

1
?
3

pj

|p|
p|t2qp| ´ 3qt3q

a

Jpt2qpq “
2

?
3
t3qej`1pt2qpq ´

?
3
pj

|p|
t3q

a

Jpt2qpq
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“
2

?
3
t3qej`1pt2qpq ´

?
7t3qej`5pt2qpq ´ 2

?
3t3qej`1pt2qpq

“ ´
?
7t3qej`5pt2qpq ´

4
?
3
t3qej`1pt2qpq.

Thus

Z2 “

c

7

3

3
ÿ

j“1

t3qej`5pt2qpqt´qBj

´

A ´
?
3C

¯

`

3
ÿ

j“1

t3qej`1pt2qpq

ˆ

t´3qBt
`

t3qBj

˘

` 2t´qBj

ˆ

A ´
2

?
3
C
˙˙

. (2.16)

This equation (2.16) is our main expression for Z2.
We now consider the first term on the right side of (2.12). Multiplying by the

individual basis functions in tt3qeℓpt
2qpqu13ℓ“1 in (2.6), then integrating and using

(1.9), we get
ż

R3

dp t3qeℓpt
2qpq

"

Bt ´
2q

t
piBpi

*

tI ´ Puf

“

ż

R3

dp

"

Bt ´
2q

t
piBpi

*

`

t3qeℓpt
2qpqtI ´ Puf

˘

´

ż

R3

dp 3qt3q´1eℓpt
2qpqtI ´ Puf

“

ˆ

Bt `
3q

t

˙

@

tI ´ Puf, t3qeℓpt
2qpq

D

.

Thus from (1.49) we have
ż

R3

dp t3qeℓpt
2qpq

"

Bt ´
2q

t
piBpi

*

tI ´ Puf “ t´3qBt
`

t3qxtI ´ Puf, t3qeℓpt
2qpqy

˘

.

And we also have
ż

R3

dp t3qeℓpt
2qpq

p

|tqp|
¨ ∇xtI ´ Puf “ t´q∇x ¨

ż

R3

dp

ˆ

t3q
p

|p|
eℓpt

2qpqtI ´ Puf

˙

“ t´q∇x ¨

B

tI ´ Puf, t3q
p

|p|
eℓpt

2qpq

F

.

We recall now the definitions (2.9) of mℓ, Θℓ, lℓ, hℓ, and uℓ. We observe that
mj “ lj “ hj “ 0 for 1 ď j ď 5. Indeed, the linearised term lℓ vanishes because of
the self-adjointness of L, and the nonlinear term hℓ can be shown to vanish using
the definition of Γpf, fq and p0 ` q0 “ p10 ` q10. This enables us to obtain the local
conservation laws in (2.10) directly from the microscopic equations.

Multiplying (2.12) in the form (2.14)–(2.15)–(2.16) by each basis function in
tt3qeℓpt

2qpqu13ℓ“1 defined in (2.6) and integrating over R3
p, we obtain the stated local

conservation laws and macroscopic equations for the coefficients A, Bi, and C. □

The equations (2.10) directly imply the following conservation laws for the coef-
ficients A, B, C:
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Corollary 2.4 (Conserved quantities). From the system of conservation laws
(2.10), we obtain for every j P t1, 2, 3u and all t ě 1 that

t3q
ż

T3

Apt, xqdx “ t3q
ż

T3

Bjpt, xqdx “ t3q
ż

T3

Cpt, xqdx “ 0.

Equivalently, for all t ě 1, we have

{rA,B, Cspt, 0q “ {rA,B, Csp1, 0q “ 0, (2.17)

where rA,B, Cs denotes the vector with coefficients A, Bi, and C.

Remark 2.5. Note that we have assumed in our main results that condition (2.17)
holds initially at t “ 1.

For later use, we rewrite the local conservation laws in (2.10) as

BtA `
1

2
t´q∇x ¨ B `

3q

t
A “ ´t´q∇x ¨ Θ1,

BtBj ` 2t´qBj

ˆ

A ´
2

?
3
C
˙

`
3q

t
Bj “ ´t´q∇x ¨ Θj`1, for 1 ď j ď 3,

BtC `
1

2
?
3
t´q∇x ¨ B `

3q

t
C “ ´t´q∇x ¨ Θ5.

(2.18)

We next subtract 2
b

3
7 times (2.11)1 from (2.10)2 to obtain instead

t´3qBt
`

t3qBj

˘

` t´q 2
?
3

BjC “ ´t´3qBt
`

t3qmj`13

˘

` uj`13 p1 ď j ď 3q, (2.19)

where

mj`13
def
“ ´2

c

3

7
mj`5, uj`13

def
“ ´t´q∇x ¨ Θj`1 ´ 2

c

3

7
uj`5.

We will use this system (2.11), (2.18) and (2.19) in Section 4 to obtain the crucial
time-normalised coercivity estimate.

3. Estimates for the collision operator

In this section, estimates for the linear and nonlinear parts of the collision oper-
ator are obtained. In Section 3.1, we will estimate the integral operator K defined
in (1.39). In Section 3.2, we show the main coercivity estimate for the linearised
operator L. In Section 3.3, we prove weighted trilinear estimates for the nonlinear
term Γpf, fq. Finally, we show in Section 3.4 estimates for averaged quantities in
the momentum variables against the basis functions in (2.6). The estimates in this
section hold for any q ě 0.

3.1. Estimates for the integral momentum operator K. In this section, we
show that the operator K can be decomposed into a compact and a small part.
This is the main step to prove the coercivity for the linearised operator L.

Proposition 3.1 (Compact-small decomposition of K). Let m ě 0 and wmpt2qpq

as in (1.41). For any small η ą 0, we can decompose K from (1.39) as

K “ Kc ` Ks,

where we have that for all t ě 1,

t3q|xw2
mKsh1, h2y| ď η}wmh1}L2

p
}wmh2}L2

p
.
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for any suitably regular h1 and h2. Furthermore, for some R “ Rpηq ą 0 chosen
sufficiently large, and for any 0 ă ζ ă 1 there is a large constant C “ Cη,ζ ą 0 such
that for all t ě 1,

t3q|xw2
mKch1, h2y| ď Ct´3ζq}1ďRh1}L2

p
}1ďRh2}L2

p
, (3.1)

where 1ďR is the indicator function of the ball BR. In addition Kc is a compact
operator on L2

p.

Corollary 3.2. Let m ě 0 and wmpt2qpq as in (1.41). For any R ą 0 large enough,
there is some CR ą 0 such that for all suitably regular f , and for all t ě 1,

t3q
@

w2
mLf, f

D

Á
›

›wmf
›

›

2

L2
ppR3q

´ CR

›

›1ďRf
›

›

2

L2
p
. (3.2)

Corollary 3.2 follows directly from Proposition 3.1. The estimate (3.2) is similar
to [45, Section 2.6, Lemma 2.9] for the relativistic Boltzmann equation on T3

x in
the massive case.

Proof of Proposition 3.1. We write the linear operators K1 and K2 from (1.39) in
terms of a kernel as

Kjh “ t3q
ż

R3

dq kjpt2qp, t2qqq hpqq, for j P t1, 2u. (3.3)

Here, from (1.31) and (1.39) for k1 “ k1pt2qp, t2qqq we have

k1
def
“

1

2

ˆ

1 ´
p ¨ q

|p||q|

˙

e´t2qp|p|`|q|q{2 “
1

4

ˇ

ˇ

ˇ

ˇ

p

|p|
´

q

|q|

ˇ

ˇ

ˇ

ˇ

2

e´t2qp|p|`|q|q{2, (3.4)

and k2pt2qp, t2qqq is defined in (3.10) below. We first prove the estimates for K1.
Given R ě 1, we set a positive and smooth cut-off function ϕR “ ϕRpt2qp, t2qqq

such that

ϕR “ 1, if t2q|p| ` t2q|q| ď R{2, |ϕR| ď 1,

supppϕRq Ă
␣

pp, qq
ˇ

ˇ t2q|p| ` t2q|q| ď R
(

.
(3.5)

We use this cut-off function with several different R values in the rest of the proof.
First we estimate k1pt2qp, t2qqq in (1.39) and (3.3). For large R1 ą 0 we split

k1pt2qp, t2qqq “ ϕR1k1pt2qp, t2qqq ` p1 ´ ϕR1qk1pt2qp, t2qqq

def
“ k1cpt2qp, t2qqq ` k1spt2qp, t2qqq,

and then we similarly decompose

K1 “ K1c ` K1s. (3.6)

Recall now, for m ě 0, the weight wmpt2qpq in (1.41). From (3.4) and (3.5) there
is a uniform constant such that

w2
mpt2qpq

ˇ

ˇk1spt2qp, t2qqq
ˇ

ˇ À e´R1{4e´t2qp|p|`|q|q{4.

Thus we estimate K1s using the Cauchy–Schwarz inequality as

ˇ

ˇxw2
mK1sph1q, h2y

ˇ

ˇ ď t3q
ż

R3

dq

ż

R3

dp w2
mpt2qpq

ˇ

ˇk1spt2qp, t2qqq
ˇ

ˇ |h1pqqh2ppq|

ď t3q
ˆ
ż

R3

dq |h1pqq|
2
ż

R3

dp w2
mpt2qpq

ˇ

ˇk1spt2qp, t2qqq
ˇ

ˇ

˙
1
2
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ˆ

ˆ
ż

R3

dp |h2ppq|
2
ż

R3

dq w2
mpt2qpq

ˇ

ˇk1spt2qp, t2qqq
ˇ

ˇ

˙
1
2

À t´3qe´R1{4}h1}L2
p
}h2}L2

p
. (3.7)

By choosing R1 ą 0 sufficiently large, this gives the desired estimate for K1s.
For K1c, from (3.4) and (3.5), there is a large constant such that

w2
mpt2qpq

ˇ

ˇk1cpt2qp, t2qqq
ˇ

ˇ À e´t2qp|p|`|q|q{2 1t2q|p|ďR 1t2q|q|ďR.

Now in addition, for some 0 ă ζ ă 1, we consider the sets

A
def
“

␣

|p| ` |q| ě t´p1`ζqq
(

, B
def
“ Ac “

␣

|p| ` |q| ă t´p1`ζqq
(

, (3.8)

and then split

k1cpt2qp, t2qqq “ k1cpt2qp, t2qqq1A ` k1cpt2qp, t2qqq1B

def
“ k1cApt2qp, t2qqq ` k1cBpt2qp, t2qqq,

and we similarly decompose

K1c “ K1cA ` K1cB .

Then we have

w2
mk1cApt2qp, t2qqq À e´tp1´ζqq

{4e´t2qp|p|`|q|q{4 1t2q|p|ďR 1t2q|q|ďR.

Thus for K1cA with kernel k1cApt2qp, t2qqq, using Cauchy–Schwarz as in (3.7),

|xw2
mK1cAh1, h2y| À t´3qe´tp1´ζqq

{4}1ďRh1}L2
p
}1ďRh2}L2

p
.

On B instead, we use that

maxt|p|, |q|u ď |p| ` |q| ă t´p1`ζqq.

Hence, for k1cBpt2qp, t2qqq we have

w2
mpt2qpq

ż

R3

dq k1cBpt2qp, t2qqq À 1|p|ďR

ż t´p1`ζqq

0

ρ2dρ À 1|p|ďRt
´3qt´3ζq.

The same estimate holds for
ş

R3 dp w2
mpt2qpqk1cBpt2qp, t2qqq. Thus for K1cB with

kernel k1cBpt2qp, t2qqq, similarly to (3.7), we obtain

|xw2
mK1cBh1, h2y| À t´3qt´3ζq}1ďRh1}L2

p
}1ďRh2}L2

p
.

This establishes the desired estimate for K1c. Then K1c is a compact operator
because k1cpt2qp, t2qqq P L2pR3

p ˆ R3
qq.

We now consider K2 as in (1.39) and in (3.3). We first explain how to obtain
the form (3.3) for the kernel. Due to the diagonal structure of the FLRW metric,
we can directly follow the special relativistic calculation in [75, Appendix, starting
on page 588] to obtain, for some fixed constant c1 ą 0, that we have

k2pt2qp, t2qqq “
c1s

3{2

ϱ|p||q|t2q
U1pt2qp, t2qqq exp

`

´U2pt2qp, t2qqq
˘

,

where

U2pt2qp, t2qqq
def
“

?
s

2ϱ
t2q|p ´ q| “

t2q

2
|p ´ q|,
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and

U1pt2qp, t2qqq
def
“

1

U2
`

t2q

2

|p| ` |q|

U2
2

`
t2q

2

|p| ` |q|

U3
2

“
2

t2q

ˆ

1

|p ´ q|
`

|p| ` |q|

|p ´ q|2
`

2

t2q
|p| ` |q|

|p ´ q|3

˙

.

Notice from (1.24) that we have

s3{2

ϱ|p||q|t2q
“

2
`

|p||q| ´ p ¨ q
˘

|p||q|
“

ˇ

ˇ

ˇ

ˇ

p

|p|
´

q

|q|

ˇ

ˇ

ˇ

ˇ

2

. (3.9)

Using additionally (3.9), we decompose

k2pt2qp, t2qqq “ k21pt2qp, t2qqq ` k22pt2qp, t2qqq ` k23pt2qp, t2qqq,

where

k21pt2qp, t2qqq “ 2c1

ˇ

ˇ

ˇ

p
|p|

´
q

|q|

ˇ

ˇ

ˇ

2

t2q|p ´ q|
e´t2q|p´q|{2,

k22pt2qp, t2qqq “ 2c1
t2q p|p| ` |q|q

ˇ

ˇ

ˇ

p
|p|

´
q

|q|

ˇ

ˇ

ˇ

2

pt2q|p ´ q|q
2 e´t2q|p´q|{2, (3.10)

k23pt2qp, t2qqq “ 4c1
t2q p|p| ` |q|q

ˇ

ˇ

ˇ

p
|p|

´
q

|q|

ˇ

ˇ

ˇ

2

pt2q|p ´ q|q
3 e´t2q|p´q|{2.

To simplify no tation, we suppress the dependence on t2q in the rest of this proof.
In particular, we write k2pp, qq “ k2pt2qp, t2qqq and similarly for k21, k22 and k23.

The following inequality shows that k2pp, qq as in (3.10) is integrable. We write

p

|p|
´

q

|q|
“

p ´ q

|p|
` q

ˆ

1

|p|
´

1

|q|

˙

.

Thus, by the triangle inequality
ˇ

ˇ

ˇ

ˇ

p

|p|
´

q

|q|

ˇ

ˇ

ˇ

ˇ

ď
|p ´ q|

|p|
` |q|

ˇ

ˇ

ˇ

ˇ

1

|p|
´

1

|q|

ˇ

ˇ

ˇ

ˇ

.

As a result,

|p|

ˇ

ˇ

ˇ

ˇ

p

|p|
´

q

|q|

ˇ

ˇ

ˇ

ˇ

ď |p ´ q| ` ||q| ´ |p|| ď 2 |p ´ q| .

After using symmetry, we conclude that

maxt|p|, |q|u

ˇ

ˇ

ˇ

ˇ

p

|p|
´

q

|q|

ˇ

ˇ

ˇ

ˇ

ď 2|p ´ q|. (3.11)

From (3.10) and (3.11) there is a uniform constant such that

k21pp, qq ` k22pp, qq À
e´t2q|p´q|{2

t2q|p ´ q|
, k23pp, qq À

e´t2q|p´q|{2

pt2q|p ´ q|q2
.

Then (3.12) shows that k2pp, qq as in (3.10) is integrable in R3
q uniformly in time

for any fixed p P R3. For the weight w2
mpt2qpq in (1.41) with m ě 0 we use

|p| ď |p ´ q| ` |q| to see that

w2
mpt2qpq À w2

mpt2qqq ` w2
mpt2qpp ´ qqq.
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We thus conclude that

w2
mpt2qpq pk21pp, qq ` k22pp, qqq À min

␣

w2
mpt2qpq, w2

mpt2qqq
(e´t2q|p´q|{4

t2q|p ´ q|
,

w2
mpt2qpqk23pp, qq À min

␣

w2
mpt2qpq, w2

mpt2qqq
( e´t2q|p´q|{4

pt2q|p ´ q|q2
.

(3.12)

These will be our main estimates for the kernels k2jpp, qq above.
To proceed, we will employ a splitting to cut out the singularity, analogous

to [75, Equation (3.1)] and also to [79]. Fix a small ε P p0, 1q. We choose a smooth
nonnegative cut-off function χprq satisfying

χ “ χpt2q|p ´ q|q “

"

0 if t2q|p ´ q| ě 2ε,
1 if t2q|p ´ q| ď ε.

(3.13)

Now with (3.10) and (3.13) for j P t1, 2, 3u we define

k1´χ
2j pp, qq

def
“ p1 ´ χq k2jpp, qq, kχ2jpp, qq

def
“ χk2jpp, qq “ k2js1pp, qq, (3.14)

and will use the analogous splitting

K2j
def
“ K1´χ

2j ` Kχ
2j , j P t1, 2, 3u.

We also denote Kχ
2j “ K2js1 with kernel k2js1pp, qq.

Next we consider K2js1. To prove the desired estimate for the terms K2js1, it
suffices to prove for j P t1, 2, 3u the following uniform bounds
ż

R3

dq k2js1pp, qq À t´6qε,

ż

R3

dp w2
mpt2qpqk2js1pp, qq À w2

mpt2qqqt´6qε. (3.15)

We will only prove (3.15) for the dq integral because, after using (3.12) with m ą 0,
the other proof is identical. From (3.12) with m “ 0 we have

ż

R3

dq k2js1pp, qq À t´6q

ż 2ε

0

dρ e´ρ{4ρbpjq À t´6qεbpjq`1.

Here bp1q “ bp2q “ 1 and bp3q “ 0 as in (3.12). In particular the estimate (3.15)
holds. Then proceeding as in (3.7) we have

ˇ

ˇxw2
mK2js1ph1q, h2y

ˇ

ˇ À t´3qε}wmh1}L2
p
}wmh2}L2

p
.

This is the desired estimate for Kχ
2j “ K2js1.

We next consider K1´χ
2j with kernel k1´χ

2j pp, qq as in (3.14). For this term using

(3.5) with a different R2 ą 0 for j P t1, 2, 3u we decompose

k1´χ
2j pp, qq “ ϕR2k

1´χ
2j pp, qq ` p1 ´ ϕR2qk1´χ

2j pp, qq
def
“ k2jcpp, qq ` k2js2pp, qq.

We will first estimate K2jc with kernel k2jc. From (3.10), (3.12) and (3.13), there
is a uniform constant such that

w2
mpt2qpqk2jcpp, qq À ε´2e´t2q|p´q|{2 1|t2qp|ďR2

1|t2qq|ďR2
.

Now, similarly to (3.8), for any 0 ă ζ ă 1 we consider the regions

A
def
“ t|p ´ q| ě t´p1`ζqqu, B

def
“ Ac “ t|p ´ q| ă t´p1`ζqqu,

and then split

k2jc “ k2jc1A ` k2jc1B
def
“ k2jcA ` k2jcB ,
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and we use the analogous decomposition

K2jc “ K2jcA ` K2jcB , for j P t1, 2, 3u.

On the set A we have

w2
mpt2qpqk2jcA À ε´2e´tp1´ζqq

{4e´t2q|p´q|{4 1t2q|p|ďR2
1t2q|q|ďR2

.

Thus for K2jcA with kernel k2jcA, as in (3.7) we have

|xw2
mK2jcAh1, h2y| À t´3qe´tp1´ζqq

{4}1ďRh1}L2
p
}1ďRh2}L2

p
.

On B instead, we estimate the contribution of k2jcB by

ż

R3

dq w2
mpt2qpqk2jcBpt2qp, t2qqq À 1|p|ďR

ż t´p1`ζqq

0

ρ2dρ À 1|p|ďRt
´3qt´3ζq.

Thus for K2jcB with kernel k2jcB , similarly to (3.7), we obtain

|xw2
mK2jcBh1, h2y| À t´3qt´3ζq}1ďRh1}L2

p
}1ďRh2}L2

p
.

This establishes the desired estimate for K2jcB and again K2jcB is a compact op-
erator because k2jcB P L2pR3

p ˆ R3
qq.

It remains to estimate K2js2 with kernel k2js2. However from (3.5) we have
|t2qp|`|t2qq| ą R2{2, thus either |t2qp| or |t2qq| is strictly larger than R2{4. Suppose

that either |t2qq| ď R
1
2
2 or |t2qp| ď R

1
2
2 . If for instance |t2qq| ď R

1
2
2 , then

1 “
|t2qp| ` |t2qq|

|t2qp| ` |t2qq|
ď

t2q|p ´ q| ` 2|t2qq|

|t2qp| ` |t2qq|
À

t2q|p ´ q| ` 2R
1
2
2

R2
.

The same estimate holds if |t2qp| ď R
1
2
2 . We plug the bounds above into (3.12), for

ε ą 0 fixed and R2 ą 0 large, to obtain

w2
mpt2qpq pk21s2 ` k22s2q À min

␣

w2
mpt2qpq, w2

mpt2qqq
(e´t2q|p´q|{8

R
1
2
2 ε

,

w2
mpt2qpqk23s2 À min

␣

w2
mpt2qpq, w2

mpt2qqq
(e´t2q|p´q|{8

R
1
2
2 ε

2
.

(3.16)

This is our main estimate when either |t2qq| ď R
1
2
2 or |t2qp| ď R

1
2
2 .

Now, alternatively we suppose that both |t2qp| ą R
1
2
2 and |t2qq| ą R

1
2
2 . Notice

that we can instead express (3.10) using (3.9) as

k21pp, qq “
2c1

t2q|p ´ q|

t2qs

|p|t2q|q|t2q
e´t2q|p´q|{2,

k22pp, qq “ 2c1
t2qs

pt2q|p ´ q|q
2

ˆ

1

|p|
`

1

|q|

˙

1

t2q
e´t2q|p´q|{2, (3.17)

k23pp, qq “ 4c1
t2qs

pt2q|p ´ q|q
3

ˆ

1

|p|
`

1

|q|

˙

1

t2q
e´t2q|p´q|{2.

By using (1.26) and (3.13) in the expressions (3.17) above, for ε ą 0 fixed and
R2 ą 0 large, for j P t1, 2, 3u we obtain

w2
mpt2qpqk2js2pp, qq À min

␣

w2
mpt2qpq, w2

mpt2qqq
(

R
´ 1

2
2 ε´1e´t2q|p´q|{8. (3.18)
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Again proceeding as in (3.7), using (3.16) and (3.18), we have
ˇ

ˇ

@

w2
mK2js2ph1q, h2

D
ˇ

ˇ À t´3qR
´ 1

2
2 ε´1}wmh1}L2

p
}wmh2}L2

p
.

First choose ε ą 0 small, then choose R2 ą 0 large to complete the proof. □

3.2. Coercivity of the linearised operator. Let us study the basic functional
analytic properties of the linearised operator L.

Proposition 3.3. The linear operator L from (1.21) is self-adjoint, that is, xLf, hy “

xf,Lhy for all f , h P L2
p. Moreover L is non-negative, in other words xLh, hy ě 0

for all h P L2
p. Moreover Lh “ 0 if and only if h “ Ph for P from (2.3).

The properties above are standard, and their proofs follow directly from [32].
We now derive the main coercivity estimate for the linearised problem.

Proposition 3.4 (Coercivity estimate). There exists a uniform constant δ0 ą 0
such that for all h P L2

p, and for all t ě 1,

t3qxLh, hy ě δ0}tI ´ Puh}2L2
p
. (3.19)

Proof of Proposition 3.4. Suppose that the coercive estimate is false. Then there is
a time t ě 1 and a sequence of functions hnppq satisfying that Phn “ 0, ν0}hn}L2

p
“

1, and

t3qxLhn, hny “ ν0}hn}2L2
p

´ t3qxKhn, hny ď
1

n
.

We recall that ν0 ą 0 is the uniform constant obtained earlier in Proposition 1.3.
Since ν0}hn}L2

p
“ 1, then thnu is weakly compact in L2

p with limit point h0. By

weak lower-semi continuity ν0}h0}L2
p

ď 1. Furthermore,

t3qxLhn, hny “ 1 ´ t3qxKhn, hny.

From Proposition 3.1, we can split K “ Kc `Ks where t3qxKsh
n, hny can be chosen

arbitrarily small and Kc is a compact operator. More precisely, for any small η ą 0
we can choose Ks as in Proposition 3.1 so that we have

t3q|xKsh
n, hny| ď η}hn}2L2

p
“ η.

Then the remaining part Kc has an integrable kernel which makes it a compact
operator. Thus in particular

lim
nÑ8

xKch
n, hny “ xKch

0, h0y.

Now fix ϵ ą 0. Then choose η “ ϵ
4 . Then

t3q|xKsh
n, hny| ď

ϵ

4
, t3q|xKsh

0, h0y| ď
ϵ

4
.

Then for the resulting Kc from Proposition 3.1 (which depends upon η ą 0) we can
choose N P N large enough so that

t3q
ˇ

ˇxKch
n, hny ´ xKch

0, h0y
ˇ

ˇ ă
ϵ

2
, @n ě N.

Thus

t3q
ˇ

ˇxKhn, hny ´ xKh0, h0y
ˇ

ˇ ă
ϵ

2
`

ϵ

4
`

ϵ

4
“ ϵ, @n ě N.

Combining these statements, we conclude that

lim
nÑ8

t3qxKhn, hny “ t3qxKh0, h0y.
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In particular, we have that t3qxKh0, h0y “ 1, or equivalently

t3qxLh0, h0y “ ν0}h0}2L2
p

´ 1.

Since L ě 0, we conclude that ν0}h0}2L2
p

“ 1. Thus Lh0 “ 0 which implies h0 “

Ph0. On the other hand, hn “ tI ´ Puhn so that weak convergence implies h0 “

tI ´ Puh0. Thus h0 “ 0, which is a contradiction to ν0}h0}2L2
p

“ 1. □

Remark 3.5. The proof of Proposition 3.4 shows by contradiction the existence
of a constant δ0 ą 0 such that (3.19) is satisfied. Alternatively, one could attempt
to provide a quantitative proof of the existence of δ0 ą 0 as in previous works in
the non-expanding case [6, 60,61].

The proof above follows the strategy of [45, Lemma 6.9] for the relativistic Boltz-
mann equation on T3

x in the massive case. See also the analysis in [34].

3.3. Trilinear estimate for the nonlinear term. We now prove L2
p-trilinear

estimates for the non-linear term Γpf, fq in (1.22).

Lemma 3.6. Let m ě 0 and recall the weight w2
m “ 1 ` |t2qp|m. Then, for all f ,

h, and η, the following uniform estimate holds,

|xw2
mΓpf, hq, ηy| À

›

›wmf
›

›

L2
ppR3q

›

›wmh
›

›

L2
ppR3q

›

›wmη
›

›

L2
ppR3q

.

Proof of Lemma 3.6. From (1.22), we have

xw2
mΓpf, hq, ηy “ t3q

ż

R3

dp w2
mpt2qpqηppq

ż

R3

dq

ż

S2
dω vø

a

Jpt2qqqfpp1qhpq1q

´ t3q
ż

R3

dp w2
mpt2qpqηppqfppq

ż

R3

dq

ż

S2
dω vø

a

Jpt2qqqhpqq

def
“ Γ1 ´ Γ2.

We will estimate separately Γ1 and Γ2.
First, we have the following uniform estimate

ż

R3

dq
a

Jpt2qqq |hpqq| À
›

›J
1
4h

›

›

L2
ppR3q

ˆ
ż

R3

dq
a

Jpt2qqq

˙
1
2

À t´3q
›

›J
1
4h

›

›

L2
ppR3q

.

Thus, we estimate Γ2 using the Cauchy–Schwarz inequality as

|Γ2| À t3q
ż

R3

dp w2
mpt2qpq |ηppqfppq|

ż

R3

dq
a

Jpt2qqq |hpqq|

À
›

›J
1
4h

›

›

L2
ppR3q

›

›wmf
›

›

L2
ppR3q

›

›wmη
›

›

L2
ppR3q

.

This is the desired estimate for Γ2.
Next using (1.29), we have the uniform estimate

wmpt2qpq À wmpt2qp1q ` wmpt2qq1q À wmpt2qp1qwmpt2qq1q.

Next we estimate Γ1 using again the Cauchy–Schwarz inequality as

|Γ1| À t3q
ż

R3

dp wmpt2qpq |ηppq|

ż

R3

dq vø
a

Jpt2qqq
ˇ

ˇwmpt2qpqhpq1qfpp1q
ˇ

ˇ

À t3q
›

›wmη
›

›

L2
p
I1,
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where

I1
def
“

˜

ż

R3

dp

ˆ
ż

R3

dq vø
a

Jpt2qqq
ˇ

ˇwmpt2qq1qhpq1qwmpt2qp1qfpp1q
ˇ

ˇ

˙2
¸

1
2

À t´3q

ˆ
ż

R3

dp

ż

R3

dq vø
ˇ

ˇwmpt2qq1qhpq1qwmpt2qp1qfpp1q
ˇ

ˇ

2
˙

1
2

.

We use the change of variables pp1, q1q ÞÑ pp, qq with Jacobian (1.34) to obtain

I1 À t´3q
›

›wmf
›

›

L2
ppR3q

›

›wmh
›

›

L2
ppR3q

.

Note that, as explained in [77], one can equivalently write I1 in the Glassey-Strauss
representation of (1.33) and then use the change of variables pp1, q1q ÞÑ pp, qq in
(1.34). Afterwards we can switch back to the center of momentum representation
shown in this proof. This justifies the use of (1.34). □

3.4. Estimates for averaged quantities. Now we prove estimates for averaged
quantities in the momentum variables against the basis functions in (2.6).

Lemma 3.7. For any suitably regular f , and any element of tt3qeℓpt
2qpqu13ℓ“1 in

(2.6), we have the following uniform estimates
ˇ

ˇ

@

tI ´ Puf, t3qeℓpt
2qpq

D
ˇ

ˇ À
›

›J
1
4 tI ´ Puf

›

›

L2
p
, (3.20)

and
ˇ

ˇ

@

LptI ´ Pufq, t3qeℓpt
2qpq

D
ˇ

ˇ À t´3q
›

›J
1
8 tI ´ Puf

›

›

L2
p
. (3.21)

Proof of Lemma 3.7. For any element of (2.6), since t ě 1, we can always split

t3qeℓpt
2qpq “ t3qeℓpt

2qpqJpt2qpq´ 1
4 Jpt2qpq

1
4 ď t3qeℓpt

2qpqJpt2qpq´ 1
4 Jppq

1
4 . (3.22)

Then we can include the factor Jppq
1
4 with tI ´ Puf and the rest of the upper

bound above is exponentially decaying and suitably time-normalised. Then for
xtI ´ Puf, t3qeℓpt

2qpqy, using the Cauchy–Schwarz inequality, we obtain (3.20).
For the estimate of (3.21), we use the self-adjoint property of L as

xLptI ´ Pufq, t3qeℓpt
2qpqy “ xtI ´ Puf,Lpt3qeℓpt

2qpqqy.

Then from (1.21), (1.40), and (1.39), we have for ν0 ą 0 that

Lpt3qeℓpt
2qpqq “ t3qLpeℓpt

2qpqq “ ν0eℓpt
2qpq ´ t3qKpeℓpt

2qpqq.

Further K “ K2 ´ K1 from (1.39) has the form

t3qK1peℓq “ t6q
ż

R3

dq

ż

S2
dω vø

a

Jpt2qqqJpt2qpq eℓpt
2qqq,

and we split K2 “ K21 ` K22 where

t3qK21peℓq “ t6q
ż

R3

dq

ż

S2
dω vø

a

Jpt2qqq
a

Jpt2qq1q eℓpt
2qp1q,

t3qK22peℓq “ t6q
ż

R3

dq

ż

S2
dω vø

a

Jpt2qqq
a

Jpt2qp1q eℓpt
2qq1q.
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For simplicity we denote each term above as K˚peℓq “ K˚peℓpt
2q¨qq. By using the

structure of the basis vectors (2.6) and the conservation laws (1.29), we have that
each term K˚ is of the form

t3qK˚peℓq “ t6qJpt2qpq
1
4

ż

R3

dq vø b˚ℓpt
2qp, t2qqq Jpt2qqq

1
4 ,

where each b˚ℓ “ b˚ℓpt
2qp, t2qqq can be written as

b1ℓ “

ż

S2
dω eℓpt

2qqqJpt2qqq
1
4 Jpt2qpq

1
4 ,

b21ℓ “

ż

S2
dω eℓpt

2qp1qJpt2qp1q´ 1
2

a

Jpt2qqqJpt2qqq
1
4 Jpt2qpq

1
4 ,

b22ℓ “

ż

S2
dω eℓpt

2qq1qJpt2qq1q´ 1
2

a

Jpt2qqqJpt2qqq
1
4 Jpt2qpq

1
4 .

Then each b˚ℓ is uniformly bounded by using, for example, (1.29).
In particular each term t3qKjpeℓq for j P t1, 2u is of the form

t3qKjpeℓq “ mjpt2qpqJpt2qpq
1
4 .

Here mjpt2qpq is a smooth uniformly bounded function. We also denote for simplic-

ity m0pt2qpq “ ν0eℓpt
2qpqJpt2qpq´ 1

4 . Then t3qLpeℓq “
ř2

j“0 mjpt2qpqJpt2qpq
1
4 . By

using again (3.22), we have
ˇ

ˇ

ˇ

A

tI ´ Puf,mjpt2qpqJpt2qpq
1
4

E
ˇ

ˇ

ˇ
À t´3q

›

›J
1
8 tI ´ Pu∇xf

›

›

L2
p
.

Thus, collecting the previous calculations, we obtain the estimate (3.21). □

See also [45, Lemma 6.6] for a similar estimate in the massive case when q “ 0.
We also prove estimates for the nonlinear term when averaged against a basis
function.

Lemma 3.8. For any suitably regular functions f , h, and any element of tt3qeℓpt
2qpqu13ℓ“1

in (2.6), we have the following uniform estimates
ˇ

ˇxΓpf, hq, t3qeℓpt
2qpqy

ˇ

ˇ À }J
1
8 f}L2

p
}J

1
8h}L2

p
.

Proof of Lemma 3.8. From (1.22) and (2.6), we must estimate

xΓpf, hq, t3qeℓpt
2qpqy “ t6q

ż

R3

dp

ż

R3

dq

ż

S2
dω vø

a

Jpt2qqqeℓpt
2qpqfpp1qhpq1q

´ t6q
ż

R3

dp

ż

R3

dq

ż

S2
dω vø

a

Jpt2qqqeℓpt
2qpqfppqhpqq.

After using the pre-post collision change of variables pp, qq ÞÑ pp1, q1q with Jacobian
(1.34) on the first term, we have

xΓpf, hq, t3qeℓpt
2qpqy “ t6q

ż

R3

dp

ż

R3

dq mΓpt2qp, t2qqqJpt2qpq
1
4 Jpt2qqq

1
4 fppqhpqq,

where now with (1.29) we have

mΓpt2qp, t2qqq “ vø Jpt2qqq
1
4 Jpt2qpq

1
4

ż

S2
dω eℓpt

2qp1qJpt2qp1q´ 1
2

´ vø Jpt2qqq
1
4 Jpt2qpq

1
4 eℓpt

2qpqJpt2qpq´ 1
2

ż

S2
dω .
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Then mΓpt2qp, t2qqq is suitably time-normalised and uniformly bounded. Lemma
3.8 follows by using the Cauchy–Schwarz inequality. □

See also the proof of [45, Lemma 6.7] in the case of massive particles when q “ 0.

4. Macroscopic estimates

In this section we will estimate the solutions of the macroscopic equations from
(2.11), (2.18) and (2.19). In the course of these estimates, we will use that the
zero mode is zero according to Corollary 2.4. The estimates in this section hold for
any 0 ď q ď 1. We refer also to the macroscopic estimates obtained in [26] and
in [20, Section 5.1] for the nonrelativistic Boltzmann equation

Theorem 4.1 (Estimates for macroscopic quantities). Consider T ą 1, and a
suitably regular solution f of (1.19) on r1, T s ˆ T3

x ˆ R3
p. Then the macroscopic

quatities defined by (2.4) satisfy the following uniform estimate
›

›t3q{2rA,B, Cs
›

›

L1
kL

2
T

À }t3q{2tI ´ Puf}L1
kL

2
TL2

p
` }t3qf}L1

kL
8
T L2

p
` }f1}L1

kL
2
p

(4.1)

`

ż

Z3
k

˜

ż T

1

t5q
ˇ

ˇ

ˇ

phpt, kq

ˇ

ˇ

ˇ

2

dt

¸
1
2

dΣpkq,

where
›

›rA,B, Cs
›

›

def
“

›

›A
›

›`
›

›B
›

›`
›

›C
›

›, and the definition of phpt, kq is provided below
in (4.7), (4.8) and (4.9) with (2.6).

Proof. First, we take the Fourier transform in (2.11) and (2.19) to obtain

t´3qBt

´

t3q pBj

¯

`
2

?
3
t´qikj pC “ ´t´3qBt

`

t3qpmj`13

˘

` ûj`13, p1 ď j ď 3q, (4.2)

t´q

c

7

3
ikj

´

pA ´
?
3pC

¯

“ ´t´3qBt
`

t3qpmj`5

˘

` ûj`5, (4.3)

t´q i

2
?
5

´

k1 pB1 ´ k3 pB3

¯

“ ´t´3qBt
`

t3qpm9

˘

` pu9, (4.4)

t´q i

6
?
5

´

k ¨ pB ´ 3k2 pB2

¯

“ ´t´3qBt
`

t3qpm10

˘

` pu10, (4.5)

1
?
5
t´q

´

ikj pBl ` ikl pBj

¯

“ ´t´3qBt
`

t3qpml`j`9

˘

` ûl`j`9, pl ‰ jq. (4.6)

In particular using the orthonormal basis functions in (2.6) we define

pmℓ
def
“

A

tI ´ Puf̂ , t3qeℓpt
2qpq

E

,

pΘℓ
def
“

B

tI ´ Puf̂ , t3q
p

|p|
eℓpt

2qpq

F

, (4.7)

l̂ℓ
def
“ ´

A

LptI ´ Puf̂q, t3qeℓpt
2qpq

E

,

phℓ
def
“

A

pΓpf̂, f̂q, t3qeℓpt
2qpq

E

,

ûℓ
def
“ ´ t´qik ¨ pΘℓ ` l̂ℓ ` phℓ,

where in the second to last term, from (1.22), we have

pΓpf̂, ĥqpk, pq “ t3q
ż

R3

dq

ż

S2
dω vø

a

Jpt2qqqrf̂pp1q ˚ ĥpq1qspkq (4.8)
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´ t3q
ż

R3

dq

ż

S2
dω vø

a

Jpt2qqqrf̂ppq ˚ ĥpqqspkq,

with

rf̂pp1q ˚ ĥpq1qspkq
def
“

ż

Z3
l

f̂pk ´ l, p1qĥpl, q1q dΣplq,

rf̂ppq ˚ ĥpqqspkq
def
“

ż

Z3
l

f̂pk ´ l, pqĥpl, qq dΣplq.

We will also use the notation

ˇ

ˇ

pm
ˇ

ˇ “

13
ÿ

ℓ“1

ˇ

ˇ

pmℓ

ˇ

ˇ,
ˇ

ˇpΘ
ˇ

ˇ “

13
ÿ

ℓ“1

ˇ

ˇpΘℓ

ˇ

ˇ,
ˇ

ˇ̂l
ˇ

ˇ “

13
ÿ

ℓ“1

ˇ

ˇ̂lℓ
ˇ

ˇ,
ˇ

ˇph
ˇ

ˇ “

13
ÿ

ℓ“1

ˇ

ˇphℓ
ˇ

ˇ. (4.9)

In the rest of these estimates we write pmℓ, pΘℓ, l̂ℓ, phℓ, or ûℓ to denote an arbitrary
term with index ℓ when the value of the index is unimportant.

We take the Fourier transform of (2.18) to obtain the local conservation laws

Bt pA `
1

2
t´qik ¨ pB `

3q

t
pA “ ´t´qik ¨ pΘ1, (4.10)

Bt pBj ` 2t´qikj

ˆ

pA ´
2

?
3
pC
˙

`
3q

t
pBj “ ´t´qik ¨ pΘj`1, p1 ď j ď 3q, (4.11)

Bt pC `
1

2
?
3
t´qik ¨ pB `

3q

t
pC “ ´t´qik ¨ pΘ5. (4.12)

We will use (4.2)-(4.6) and (4.10)-(4.12) with (4.7) to prove our desired estimates.

First we will estimate pCpt, kq. We multiply (4.2) by ´t4qikj pCpt, kq and sum on j
to obtain

2
?
3
t3q|k|2

ˇ

ˇ

ˇ

pCpt, kq

ˇ

ˇ

ˇ

2

“ itq pCpt, kqBt

˜

t3q pB ¨ k `

3
ÿ

j“1

kjt
3q
pmj`13

¸

´ it4q pCpt, kq

3
ÿ

j“1

kj ûj`13.

We rearrange the time derivative as

2
?
3
t3q|k|2

ˇ

ˇ

ˇ

pCpt, kq

ˇ

ˇ

ˇ

2

“ i
d

dt

˜˜

t3q pB ¨ k `

3
ÿ

j“1

kjt
3q
pmj`13

¸

tq pCpt, kq

¸

´ i

˜

pB ¨ k `

3
ÿ

j“1

kj pmj`13

¸

t3qBt

´

tq pCpt, kq

¯

´ it4q pCpt, kq

3
ÿ

j“1

kj ûj`13.

After dividing by |k|2 ě 1 and integrating in time we have

2
?
3

ż T

1

t3q|pCpt, kq|2dt “
i

|k|2

˜˜

pB ¨ k `

3
ÿ

j“1

kj pmj`13

¸

t4q pCpt, kq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

T

t“1

´
i

|k|2

ż T

1

˜

pB ¨ k `

3
ÿ

j“1

kj pmj`13

¸

t3qBt

´

tq pCpt, kq

¯

dt´
i

|k|2

ż T

1

t4q pCpt, kq

3
ÿ

j“1

kj ûj`13dt.

We will estimate each of the terms on the right.
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From (4.7) and (3.20) we have

|pmpt, kq| `

ˇ

ˇ

ˇ

pΘpt, kq

ˇ

ˇ

ˇ
À
›

›tI ´ Puf̂pt, kq
›

›

L2
p
. (4.13)

Thus, for |k| ě 1 and T ě 1 we have
ˇ

ˇ

ˇ

ˇ

ˇ

1

|k|2

3
ÿ

j“1

T 4qkj pmj`13pT qpCpT q

ˇ

ˇ

ˇ

ˇ

ˇ

À T 4q
›

›tI ´ Puf̂pT, kq
›

›

L2
p

ˇ

ˇ

ˇ

pCpT, kq

ˇ

ˇ

ˇ

À T 4q}f̂pT, kq}2L2
p

À T 6q}f̂pT, kq}2L2
p
, (4.14)

and similarly
ˇ

ˇ

ˇ

ˇ

ˇ

1

|k|2

3
ÿ

j“1

kj pmj`13p1qpCp1q

ˇ

ˇ

ˇ

ˇ

ˇ

À
›

›f̂1pkq
›

›

2

L2
p
. (4.15)

The term i
|k|2

´´

pB ¨ k
¯

t4q pCpt, kq

¯
ˇ

ˇ

ˇ

T

t“1
also satisfies the estimates in (4.14) and (4.15)

at the respective points t “ T and t “ 1. Thus
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

|k|2

˜˜

pB ¨ k `

3
ÿ

j“1

kj pmj`13

¸

t4q pCpt, kq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

T

t“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À T 6q}f̂pT, kq}2L2
p

`
›

›f̂1pkq
›

›

2

L2
p
.

Next, from (4.12) we have

Bt

´

tq pC
¯

`
1

2
?
3
ik ¨ pB `

2q

t
tq pC “ ´ik ¨ pΘ5.

Hence
ˇ

ˇ

ˇ
t3qBt

´

tq pC
¯
ˇ

ˇ

ˇ
À t3q|k|

´
ˇ

ˇ

ˇ

pB
ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

pΘ
ˇ

ˇ

ˇ

¯

` 2qt4q´1
ˇ

ˇ

ˇ

pC
ˇ

ˇ

ˇ
. (4.16)

Thus for q ď 1 and for any small η ą 0 we have
ˇ

ˇ

ˇ

ˇ

ˇ

1

|k|2

ż T

1

˜

pB ¨ k `

3
ÿ

j“1

kj pmj`13

¸

t3qBt

´

tq pCpt, kq

¯

dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cη

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt ` Cη

ż T

1

t3q
ˇ

ˇ

ˇ

pBpt, kq

ˇ

ˇ

ˇ

2

dt ` η

ż T

1

t3q
ˇ

ˇ

ˇ

pCpt, kq

ˇ

ˇ

ˇ

2

dt.

Now from (3.21) we obtain
ˇ

p̌l
ˇ

ˇ À t´3q
›

›tI ´ Puf̂pt, kq
›

›

L2
p
. (4.17)

With (4.7) and (4.17) and the previous estimates for any small η ą 0 we obtain
ˇ

ˇ

ˇ

ˇ

ˇ

1

|k|2

ż T

1

t4q pCpt, kq

3
ÿ

j“1

kj ûj`13dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż T

1

t4q
´

t´q
ˇ

ˇ

ˇ

pΘpt, kq

ˇ

ˇ

ˇ
`
ˇ

p̌l
ˇ

ˇ `
ˇ

ˇph
ˇ

ˇ

¯
ˇ

ˇ

ˇ

pCpt, kq

ˇ

ˇ

ˇ
dt

ď η

ż T

1

t3q
ˇ

ˇ

ˇ

pCpt, kq

ˇ

ˇ

ˇ

2

dt ` Cη

ż T

1

t5q
ˇ

ˇph
ˇ

ˇ

2
dt

` Cη

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt.

We collect these estimates for pCpt, kq, choosing η ą 0 sufficiently small, to obtain
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ż T

1

t3q|pCpt, kq|2dt À T 6q}f̂pT, kq}2L2
p

`
›

›f̂1pkq
›

›

2

L2
p

`

ż T

1

t3q
ˇ

ˇ

ˇ

pBpt, kq

ˇ

ˇ

ˇ

2

dt

`

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt `

ż T

1

t5q
ˇ

ˇph
ˇ

ˇ

2
dt. (4.18)

This is our primary estimate for pCpt, kq.

Next we estimate pA´
?
3pC. Multiply (4.3) by ´t4qikj

´

pA ´
?
3pC

¯

pt, kq and sum

on j to obtain
c

7

3
t3q|k|2

ˇ

ˇ

ˇ

pApt, kq ´
?
3pCpt, kq

ˇ

ˇ

ˇ

2

“ itq
´

pA ´
?
3pC

¯

pt, kqBt

˜

t3q
3
ÿ

j“1

kj pmj`5

¸

´ it4q
´

pA ´
?
3pC

¯

pt, kq

3
ÿ

j“1

kj ûj`5.

We rearrainge the time derivative to conclude that

c

7

3
t3q|k|2

ˇ

ˇ

ˇ

pApt, kq ´
?
3pCpt, kq

ˇ

ˇ

ˇ

2

“ i
d

dt

˜˜

t3q
3
ÿ

j“1

kj pmj`5

¸

tq
´

pA ´
?
3pC

¯

¸

´ i

˜

3
ÿ

j“1

kj pmj`5

¸

t3qBt

´

tq
´

pA ´
?
3pC

¯¯

´ it4q
´

pA ´
?
3pC

¯

3
ÿ

j“1

kj ûj`5.

Next divide by |k|2 ě 1 and then integrate in time to achieve

c

7

3

ż T

1

t3q
ˇ

ˇ

ˇ

pApt, kq ´
?
3pCpt, kq

ˇ

ˇ

ˇ

2

dt

“
i

|k|2

˜˜

t3q
3
ÿ

j“1

kj pmj`5

¸

tq
´

pA ´
?
3pC

¯

pt, kq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

T

t“1

´
i

|k|2

ż T

1

˜

3
ÿ

j“1

kj pmj`5

¸

t3qBt

´

tq
´

pA ´
?
3pC

¯

pt, kq

¯

dt

´
i

|k|2

ż T

1

t4q
´

pA ´
?
3pC

¯

pt, kq

3
ÿ

j“1

kj ûj`5dt.

We will estimate each of the terms on the right.
Then as in (4.14) and (4.15) we have

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

|k|2

˜˜

t3q
3
ÿ

j“1

kj pmj`5

¸

tq
´

pA ´
?
3pC

¯

pt, kq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

T

t“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À T 6q}f̂pT, kq}2L2
p

`
›

›f̂1pkq
›

›

2

L2
p
.

Next subtract
?
3 times (4.12) from (4.10) to obtain

Bt

´

pA ´
?
3pC

¯

`
3q

t

´

pA ´
?
3pC

¯

“ ´t´qik ¨

´

pΘ1 ´
?
3pΘ5

¯

.

In particular

Bt

´

tq
´

pA ´
?
3pC

¯¯

`
2q

t
tq
´

pA ´
?
3pC

¯

“ ´ik ¨

´

pΘ1 ´
?
3pΘ5

¯

.
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Thus we have
ˇ

ˇ

ˇ
t3qBt

´

tq
´

pA ´
?
3pC

¯

pt, kq

¯
ˇ

ˇ

ˇ
À t3q|k|

ˇ

ˇ

ˇ

pΘ
ˇ

ˇ

ˇ
` 2qt4q´1

ˇ

ˇ

ˇ

pA ´
?
3pC

ˇ

ˇ

ˇ
.

We conclude, again using q ď 1, for any small η ą 0 that
ˇ

ˇ

ˇ

ˇ

ˇ

1

|k|2

ż T

1

˜

3
ÿ

j“1

kj pmj`5

¸

t3qBt

´

tq
´

pA ´
?
3pC

¯

pt, kq

¯

dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cη

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt ` η

ż T

1

t3q
ˇ

ˇ

ˇ

pA ´
?
3pC

ˇ

ˇ

ˇ

2

pt, kqdt.

Also using (4.7) and (4.17) and the prior estimates for any small η ą 0 we obtain
ˇ

ˇ

ˇ

ˇ

ˇ

1

|k|2

ż T

1

t4q
´

pA ´
?
3pC

¯

pt, kq

3
ÿ

j“1

kj ûj`5dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż T

1

t4q
´

t´q
ˇ

ˇ

ˇ

pΘpt, kq

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

pl
ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

ph
ˇ

ˇ

ˇ

¯
ˇ

ˇ

ˇ

pA ´
?
3pC

ˇ

ˇ

ˇ
pt, kqdt

ď Cη

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt`Cη

ż T

1

t5q
ˇ

ˇ

ˇ

ph
ˇ

ˇ

ˇ

2

dt`η

ż T

1

t3q
ˇ

ˇ

ˇ

pA ´
?
3pC

ˇ

ˇ

ˇ

2

pt, kqdt.

We collect the estimates above choosing η ą 0 sufficiently small to obtain

ż T

1

t3q
ˇ

ˇ

ˇ

´

pA ´
?
3pC

¯

pt, kq

ˇ

ˇ

ˇ

2

dt À T 6q}f̂pT, kq}2L2
p

`
›

›f̂1pkq
›

›

2

L2
p

`

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt `

ż T

1

t5q
ˇ

ˇ

ˇ

ph
ˇ

ˇ

ˇ

2

dt. (4.19)

This is our primary estimate for pA ´
?
3pC.

Now we take a linear combination of (4.18) and (4.19) to obtain

ż T

1

t3q
ˇ

ˇ

ˇ

{rA, Cspt, kq

ˇ

ˇ

ˇ

2

dt À T 6q}f̂pT, kq}2L2
p

`
›

›f̂1pkq
›

›

2

L2
p

`

ż T

1

t3q
ˇ

ˇ

ˇ

pBpt, kq

ˇ

ˇ

ˇ

2

dt

`

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt `

ż T

1

t5q
ˇ

ˇ

ˇ

ph
ˇ

ˇ

ˇ

2

dt. (4.20)

This will be our primary estimate for {rA, Cspt, kq.

Lastly we will estimate pB. To this end we multiply (4.6) by ´ikjt
q
pBl and sum

over l ‰ j, to obtain

´

3
ÿ

l“1
l‰j

´

ikj pBl ` ikl pBj

¯

ikj pBl “ pkjq2
´

| pBpt, kq|2 ´ p pBjq2
¯

` kj pBj

´

k ¨ pB ´ kj pBj

¯

“ pkjq2| pBpt, kq|2 ` kj pBj

´´

k ¨ pB
¯

´ 2kj pBj

¯

. (4.21)

Next, by taking suitable linear combinations of (4.4) and (4.5) we observe that for
any 1 ď j ď 3 we have

t´q i

6
?
5

´

k ¨ pB ´ 3kj pBj

¯

“ ´t´3qBt
`

t3qpm˚j

˘

` pu˚j , (4.22)
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where pm˚j is some linear combination of pm9 and pm10 that depends upon j, and pu˚j

is a similar linear combination of pu9 and pu10 that depends upon j. Next multiply

(4.22) by ´ikjt
q
pBj to obtain

´

k ¨ pB ´ 2kj pBj

¯ kj pBj

6
?
5

“
pkjq2| pBj |2

6
?
5

` t´2qikj pBjBt
`

t3qpm˚j

˘

´ ikjt
q
pBjpu˚j .

Note that |kT pBpt, kq|2 “
ř3

j“1pkjq2| pBj |2. We plug this into (4.21), use (4.6), and
sum on j to obtain

|k|2| pBpt, kq|2 ` |kT pBpt, kq|2 “ ´
?
5

3
ÿ

j“1

3
ÿ

l“1
l‰j

´

ikj pBl ` ikl pBj

¯

ikj pBl

` 6
?
5it´2q

3
ÿ

j“1

kj pBjBt
`

t3qpm˚j

˘

´ 6
?
5itq

3
ÿ

j“1

kj pBjpu˚j

“ ´t´2q
?
5

3
ÿ

j“1

3
ÿ

l“1
l‰j

ikj pBlBt
`

t3qpml`j`9

˘

`
?
5tq

3
ÿ

j“1

3
ÿ

l“1
l‰j

ikj pBlûl`j`9

` 6
?
5it´2q

3
ÿ

j“1

kj pBjBt
`

t3qpm˚j

˘

´ 6
?
5itq

3
ÿ

j“1

kj pBjpu˚j .

We have shown that

|k|2| pBpt, kq|2 ` |kT pBpt, kq|2 “ t´2q
3
ÿ

l“1

kl pBlBt
`

t3qpm;l

˘

´ tq
3
ÿ

l“1

kl pBlpu;l,

where pm;l is a linear combination of the pml`j`9 and the pm˚l, and pu;l is a similar
linear combination of the pul`j`9 and the pu˚l.

After multiplying by t3q and dividing by |k|2 we thus have

t3q| pBpt, kq|2 ` t3q
|kT pBpt, kq|2

|k|2
“

tq

|k|2

3
ÿ

l“1

kl pBlBt
`

t3qpm;l

˘

´
t4q

|k|2

3
ÿ

l“1

kl pBlpu;l

“
d

dt

˜

t4q

|k|2

3
ÿ

l“1

kl pBlpm;l

¸

´
1

|k|2

3
ÿ

l“1

t3qklpm;lBt

ˆ

tq pB
j
˙

´
t4q

|k|2

3
ÿ

l“1

kl pBlpu;l.

Similar to the previous cases, after integrating in time over r1, T s, we obtain

ż T

1

t3q

˜

| pBpt, kq|2 `
|kT pBpt, kq|2

|k|2

¸

dt “
T 4q

|k|2

3
ÿ

l“1

kl pBlpT qpm;lpT q

´
1

|k|2

3
ÿ

l“1

kl pBlp1qpm;lp1q´
1

|k|2

3
ÿ

l“1

kl

ż T

1

t3qpm;lBt

´

tq pBl

¯

dt´
1

|k|2

3
ÿ

l“1

kl

ż T

1

t4q pBlpu;ldt.

We will estimate each of the terms on the right side.
As in (4.14) and (4.15), for |k| ě 1, we have

T 4q

|k|2

3
ÿ

l“1

ˇ

ˇ

ˇ
kl pBlpT qpm;lpT q

ˇ

ˇ

ˇ
`

1

|k|2

3
ÿ

l“1

ˇ

ˇ

ˇ
kl pBlp1qpm;lp1q

ˇ

ˇ

ˇ
À T 6q}f̂pT, kq}2L2

p
`
›

›f̂1pkq
›

›

2

L2
p
.
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Next from (4.11) we have

t3qBt

´

tq pBj

¯

` 2t3qikj

ˆ

pA ´
2

?
3
pC
˙

`
2q

t
t4q pBj “ ´t3qik ¨ pΘj`1, p1 ď j ď 3q,

Hence for any 1 ď j ď 3 we have
ˇ

ˇ

ˇ
t3qBt

´

tq pBj

¯
ˇ

ˇ

ˇ
À t3q|k|

´
ˇ

ˇ

ˇ

pΘ
ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

{rA, Cs

ˇ

ˇ

ˇ

¯

` 2qt4q´1
ˇ

ˇ

ˇ

pB
ˇ

ˇ

ˇ
.

Thus again using (4.13) for any q ď 1 and for any small η ą 0 we have
ˇ

ˇ

ˇ

ˇ

ˇ

1

|k|2

3
ÿ

l“1

kl

ż T

1

t3qpm;lBt

´

tq pBl

¯

dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cη

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt`η

ż T

1

t3q
ˇ

ˇ

ˇ

pBpt, kq

ˇ

ˇ

ˇ

2

dt`η

ż T

1

t3q
ˇ

ˇ

ˇ

{rA, Cspt, kq

ˇ

ˇ

ˇ

2

dt.

Then using (4.7), (4.13), and (4.17) for any small η ą 0 we have
ˇ

ˇ

ˇ

ˇ

ˇ

1

|k|2

3
ÿ

l“1

kl

ż T

1

t4q pBlpu;ldt

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż T

1

t4q
´

t´q
ˇ

ˇ

ˇ

pΘpt, kq

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

pl
ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

ph
ˇ

ˇ

ˇ

¯
ˇ

ˇ

ˇ

pBpt, kq

ˇ

ˇ

ˇ
dt

ď η

ż T

1

t3q
ˇ

ˇ

ˇ

pBpt, kq

ˇ

ˇ

ˇ

2

dt ` Cη

ż T

1

t5q
ˇ

ˇ

ˇ

ph
ˇ

ˇ

ˇ

2

dt

` Cη

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt.

We collect all of these estimates for pBpt, kq to conclude for any small η ą 0 that

ż T

1

t3q| pBpt, kq|2dt À T 6q}f̂pT, kq}2L2
p

`
›

›f̂1pkq
›

›

2

L2
p

` η

ż T

1

t3q
ˇ

ˇ

ˇ

{rA, Cspt, kq

ˇ

ˇ

ˇ

2

dt

` Cη

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt ` Cη

ż T

1

t5q
ˇ

ˇph
ˇ

ˇ

2
dt. (4.23)

This is our primary estimate for pBpt, kq.
To conclude the proof we multiply (4.20) by a suitably small constant η1 ą 0 and

then we add this to (4.23) choosing η ą 0 in (4.23) small enough that η ´ η1 ą 0.
Combining (4.20) with (4.23) we obtain

ż T

1

t3q
ˇ

ˇ

ˇ

{rA,B, Cspt, kq

ˇ

ˇ

ˇ

2

dt À T 6q}f̂pT, kq}2L2
p

`
›

›f̂1pkq
›

›

2

L2
p

`

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt `

ż T

1

t5q
ˇ

ˇ

ˇ

ph
ˇ

ˇ

ˇ

2

dt.

Next we take the square root in the above inequality and use

1
?
2

pA ` Bq ď
a

A2 ` B2 ď A ` B, (4.24)

further take sup0ďtďT for the term t6q}f̂pt, kq}L2
p
, and then integrate the resulting

inequality with respect to dΣpkq over Z3 to obtain the proof of the theorem. □

Remark 4.2. In the proof of Theorem 4.1 above, we have used q ď 1 to control
the term t4q´1 on the right hand side of (4.16).
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5. Main energy estimate for f

In this section we prove Proposition 5.1, that is, our main energy estimate for
the distribution function f . This relies on the coercivity estimate for the linearised
operator L in Proposition 3.4, and the trilinear estimate for the nonlinearity in
Lemma 3.6.

Proposition 5.1 (Estimates for the distribution function). Consider T ą 1, and
a suitably regular solution f of (1.19) on r1, T s ˆ T3

x ˆ R3
p. Then the function f

satisfies the following uniform estimate
›

›t3qf
›

›

L1
kL

8
T L2

p
`
›

›t3q{2tI ´ Puf
›

›

L1
kL

2
TL2

p

À }f1}L1
kL

2
p

` }t3qf}L1
kL

8
T L2

p

›

›t3q{2f
›

›

L1
kL

2
TL2

p
. (5.1)

The estimate above follows by suitably adapting the energy estimate in [20,
Section 3] for the nonrelativistic Boltzmann equation on T3

x.

Proof. We take the Fourier transform of (1.19) to obtain
ˆ

Bt ` i
p

|tqp|
¨ k ´

2q

t
piBpi

˙

f̂pt, k, pq ` Lf̂pt, k, pq “ pΓpf̂, f̂qpt, k, pq, (5.2)

where Γ̂pf̂, ĥqpk, pq is defined in (4.8). Take the product of (5.2) with the complex

conjugate of f̂pt, k, pq, denoted
¯̂
f , and then take the real part of the resulting

equation to obtain

1

2

ˆ

d

dt
´

2q

t
piBpi

˙

|f̂pt, k, pq|2 ` Re
´

¯̂
fLf̂

¯

“ Re
´

¯̂
f Γ̂pf̂, f̂q

¯

.

Here Re pzq is the real part of a complex number z. Integrating the above with
respect to p we have

1

2

ˆ

d

dt
`

6q

t

˙

}f̂}2L2
p
pt, kq ` Re

´A

Lf̂ , f̂
E¯

“ Re
´A

Γ̂pf̂, f̂q, f̂
E¯

.

From (1.49) this becomes

1

2

d

dt

´

t6q}f̂}2L2
p
pt, kq

¯

` t6qRe
´A

Lf̂ , f̂
E¯

“ t6qRe
´A

Γ̂pf̂, f̂q, f̂
E¯

. (5.3)

Then integrating in time on the interval r1, ts, we have

1

2
t6q}f̂}2L2

p
pt, kq `

ż t

1

τ6qRe
´A

Lf̂ , f̂
E¯

dτ “
1

2
}f̂1pk, ¨q}2L2

p
(5.4)

`

ż t

1

τ6qRe
´A

Γ̂pf̂, f̂q, f̂
E¯

dτ.

By the coercivity estimate of L in Proposition 3.4, there is δ0 ą 0 such that

δ0}tI ´ Puf̂}2L2
p
pt, kq ď t3qRe

´A

Lf̂ , f̂
E¯

pt, kq.

Thus it follows from (5.4) that

1

2
t6q}f̂}2L2

p
pt, kq ` δ0

ż t

1

τ3q}tI ´ Puf̂}2L2
p
pτ, kqdτ ď

1

2
}f̂1}2L2

p
pkq

`

ż t

1

τ6qRe
´A

Γ̂pf̂, f̂q, f̂
E¯

dτ.
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Take the square root on both sides, use (4.24), and then we further have

1
?
2
t3q}f̂}L2

p
pt, kq `

a

δ0

ˆ
ż t

1

τ3q}tI ´ Puf̂}2L2
p
pτ, kqdτ

˙

1
2

ď
1

2
}f̂1}L2

p
pkq

`
?
2

ˆ
ż t

1

τ6q
ˇ

ˇ

ˇ
Re

´A

Γ̂pf̂, f̂q, f̂
E¯

ˇ

ˇ

ˇ
dτ

˙

1
2

.

We have derived, for all 0 ď t ď T and any k P Z3, that

t3q}f̂}L2
p
pt, kq `

ˆ
ż t

1

τ3q}tI ´ Puf̂}2L2
p
pτ, kqdτ

˙

1
2

ď C0

#

}f̂1}L2
p
pkq `

ˆ
ż t

1

τ6q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂q, f̂
E
ˇ

ˇ

ˇ
dτ

˙

1
2

+

, (5.5)

with C0 “ maxt2,
a

2{δ0u ą 0. By the following well-known identity,

xΓpf, fq, hy “ xΓpf, fq, tI ´ Puhy,

it follows directly that
A

Γ̂pf̂, f̂q, f̂
E

“

A

Γ̂pf̂, f̂q, tI ´ Puf̂
E

.

Then, taking sup0ďtďT on both sides of (5.5) and integrating the resulting inequality
with respect to dΣpkq over Z3, we have

ż

Z3

sup
0ďtďT

´

t3q}f̂pt, kq}L2
p

¯

dΣpkq `

ż

Z3

˜

ż T

1

τ3q}tI ´ Pufpτ, kq}2L2
p
dτ

¸
1
2

dΣpkq

ď C0

$

&

%

}f̂1}L1
kL

2
p

`

ż

Z3

˜

ż T

1

τ6q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂q, tI ´ Puf̂
E
ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq

,

.

-

. (5.6)

We can estimate the last term on the right-hand side of (5.6) as

ż

Z3

˜

ż T

1

t6q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂q, tI ´ Puf̂
E
ˇ

ˇ

ˇ
dt

¸
1
2

dΣpkq

À

ż

Z3

˜

ż T

1

t6q
›

›tI ´ Puf̂pkq
›

›

L2
p

ż

Z3

›

›f̂pk ´ lq
›

›

L2
p

›

›f̂plq
›

›

L2
p
dΣplqdt

¸
1
2

dΣpkq. (5.7)

Then (5.7) is a direct consequence of Lemma 5.2 that is stated and proven below.
We now estimate the upper bound in (5.7). Applying the Cauchy–Schwarz in-

equality to
şT

1
p¨qdt, we obtain

D def
“

ż

Z3
k

˜

ż T

1

t6q
›

›tI ´ Puf̂pt, kq
›

›

L2
p

ż

Z3
l

}f̂pt, k ´ lq}L2
p

›

›f̂pt, lq
›

›

L2
p
dΣplqdt

¸
1
2

dΣpkq

ď

ż

Z3
k

¨

˝

ż T

1

t6qt3q

˜

ż

Z3
l

}f̂pt, k ´ lq}L2
p

›

›f̂pt, lq
›

›

L2
p
dΣplq

¸2

dt

˛

‚

1{4
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ˆ

˜

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt

¸1{4

dΣpkq,

and then use Young’s inequality with small constant η ą 0 to observe that

D ď η

ż

Z3
k

˜

ż T

1

t3q
›

›tI ´ Puf̂pt, kq
›

›

2

L2
p
dt

¸
1
2

dΣpkq (5.8)

`
1

4η

ż

Z3
k

¨

˝

ż T

1

t6qt3q

˜

ż

Z3
l

}f̂pt, k ´ lq}L2
p

›

›f̂pt, lq
›

›

L2
p
dΣplq

¸2

dt

˛

‚

1
2

dΣpkq.

We now recall the following version of Minkowski’s inequality
›

›} ¨ }L1
l

›

›

L2
t

ď
›

›} ¨ }L2
t

›

›

L1
l

. (5.9)

For the second term on the right-hand side of (5.8), we use (5.9) to obtain

¨

˝

ż T

1

t6qt3q

˜

ż

Z3
l

}f̂pt, k ´ lq}L2
p

›

›f̂pt, lq
›

›

L2
p
dΣplq

¸2

dt

˛

‚

1
2

ď

ż

Z3
l

˜

ż T

1

t6q}f̂pt, k ´ lq}2L2
p
t3q

›

›f̂pt, lq
›

›

2

L2
p
dt

¸
1
2

dΣplq

ď

ż

Z3
k

ż

Z3
l

sup
0ďτďT

´

τ3q}f̂pτ, k ´ lq}L2
p

¯

˜

ż T

1

t3q
›

›f̂pt, lq
›

›

2

L2
p
dt

¸
1
2

dΣplqdΣpkq.

Then Fubini’s theorem and translation invariance imply that

ż

Z3
k

ż

Z3
l

sup
0ďτďT

´

τ3q}f̂pτ, k ´ lq}L2
p

¯

˜

ż T

1

t3q
›

›f̂pt, lq
›

›

2

L2
p
dt

¸
1
2

dΣplqdΣpkq

“

ż

Z3
l

dΣplq

˜

ż T

1

t3q
›

›f̂pt, lq
›

›

2

L2
p
dt

¸
1
2 ż

Z3
k

dΣpkq sup
0ďτďT

´

τ3q}f̂pτ, k ´ lq}L2
p

¯

“ }t3qf}L1
kL

8
T L2

p
}t3q{2f}L1

kL
2
TL2

p
.

Applying the estimates above to the second term on the right side of (5.8) and
further using (5.6) and (5.7) leads to the desired estimate (5.1) in the statement of
the proposition. □

We now state and prove the following lemma.

Lemma 5.2. For all f , h, and η, the following uniform estimate holds,
ˇ

ˇ

ˇ

A

pΓpf̂, ĥqpkq, η̂pkq

E
ˇ

ˇ

ˇ
À
›

›η̂pkq
›

›

L2
p

ż

Z3

}f̂pk ´ lq}L2
p

›

›ĥplq
›

›

L2
p
dΣplq. (5.10)

Notice that (5.10) directly implies (5.7).

Proof. By the definition (4.8) of Γ̂p¨, ¨q and Fubini’s theorem, we obtain
A

Γ̂pf̂, ĥqpkq, η̂pkq

E

“

ż

Z3

A

Γpf̂pk ´ lq, ĥplqq, η̂pkq

E

dΣplq. (5.11)
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This calculation is performed in detail in [20, Lemma 3.2]. In our case, we have
A

Γ̂pf̂, ĥqpkq, η̂pkq

E

“ t3q
ż

R3

dp

ż

R3

dq

ż

S2
dω vø

a

Jpt2qqq

!

rf̂pp1q ˚ ĥpq1qspkq ´ rf̂ppq ˚ ĥpqqspkq

)

¯̂ηpp, kq

“ t3q
ż

R3

dp

ż

R3

dq

ż

S2
dω vø

a

Jpt2qqq

ˆ

ż

Z3

!

f̂pk ´ l, p1qĥpl, q1q ´ f̂pk ´ l, pqĥpl, qq

)

¯̂ηpp, kqdΣplq

“

ż

Z3

A

Γpf̂pk ´ lq, ĥplqq, η̂pkq

E

dΣplq.

We conclude
ˇ

ˇ

ˇ

A

Γ̂pf̂, ĥqpkq, η̂pkq

E
ˇ

ˇ

ˇ
ď

ż

Z3

ˇ

ˇ

ˇ

A

Γpf̂pk ´ lq, ĥplqq, η̂pkq

E
ˇ

ˇ

ˇ
dΣplq. (5.12)

Then, by Lemma 3.6 we have
ˇ

ˇ

ˇ

A

Γpf̂pk ´ lq, ĥplqq, η̂pkq

E
ˇ

ˇ

ˇ
À }f̂pk ´ lq}L2

p

›

›ĥplq
›

›

L2
p

›

›η̂pkq
›

›

L2
p
. (5.13)

With (5.13) above, the desired estimate (5.10) follows from (5.12). □

6. Global stability of the Maxwell–Jüttner equilibrium

In this section, we will prove Theorem 1.4. In Section 6.1, we first show the
local well-posedness result Theorem 1.4 is based on. In Section 6.2, we show global
existence and the uniform decay estimate (6.4) in Theorem 1.4. In Section 6.3, we
prove the faster decay estimates in the case when q P p0, 1{3s. In Section 6.4, we
prove exponential decay in the nonexpanding case q “ 0. In Section 6.5, we prove
time-decay for weighted energy norms. Finally, in Section 6.6, we prove propagation
of spatial regularity.

6.1. Local existence and uniqueness around the equilibrium. We prove here
local existence and uniqueness of solutions for the massless Boltzmann equation on
FLRW spacetime (1.19) around the Maxwell–Jüttner equilibrium.

Theorem 6.1 (Local existence and uniqueness around the equilibrium). Let q P

r0, 1s. Under the assumptions of Theorem 1.4, there is a small ϵ0 ą 0, a T0 “

T0pϵ0q ą 0 and some C0 “ C0pT0q ą 0 such that if

}f1}L1
kL

2
p

ď ϵ0, (6.1)

then the massless Boltzmann equation on FLRW spacetime around the equilibrium,
(1.19), admits a unique local-in-time solution

fpt, x, pq, 0 ď t ď T0 ă 8, x P T3, p P R3,

which satisfies the uniform estimate

}t3qf}L1
kL

8
T0

L2
p

` }t3q{2f}L1
kL

2
T0

L2
p

ď C0}f1}L1
kL

2
p
. (6.2)

If additionally F1px, pq “ Jppq ` J
1
2 ppqf1px, pq ě 0, then the solution satisfies

F pt, x, pq “ Jpt2qpq `
a

Jpt2qpqfpt, x, pq ě 0.
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To prove Theorem 6.1, we start from the following linear inhomogeneous problem

Bth `
pi

|tqp|
Bxih ´

2q

t
piBpih ` t´3qν0h ´ Γph,Wq “ KpWq,

hpt “ 1, x, pq “ h1px, pq,

(6.3)

whereW “Wpt, x, pq is a given function. The solvability of (6.3) is guaranteed by
the following lemma.

Lemma 6.2. Let h1 P L1
kL

2
p be an initial datum. We suppose that for some ϵ0 ą 0,

T0 ą 0 and T P p0, T0s the given functionW satisfies

}t3qW}L1
kL

8
T L2

p
` }t3q{2

W}L1
kL

2
TL2

p
ď ϵ0. (6.4)

Then, for ϵ0 ą 0 in (6.4) small enough, there exists T0 ą 0 and C1 “ C1pT0q ą 0
such that for any T P p0, T0s the initial value problem (6.3) admits a unique weak
solution hpt, x, pq for 0 ď t ď T , x P T3 and p P R3 satisfying

}t3qh}L1
kL

8
T L2

p
` }t3q{2h}L1

kL
2
TL2

p
ď C0

´

}h1}L1
kL

2
p

`
?
T }W}L1

kL
2
TL2

p

¯

.

Regarding the local-in-time existence and uniqueness of solutions to the linear
equation (6.3), the proof of Lemma 6.2 is completely standard and omitted.

Proof of Theorem 6.1. We will first build a sequence of approximate solutions de-
noted by pfnpt, x, pqq8

n“0 for the problem (1.19) with initial data (1.20). For
n “ 0, 1, 2, . . ., we use the following iterative scheme

Btf
n`1 `

pi

|tqp|
Bxifn`1 ´

2q

t
piBpifn`1 ` t´3qν0f

n`1 “ Γpfn`1, fnq ` Kpfnq,

f0pt, x, pq “ f1px, pq, fn`1pt “ 1, x, pq “ f1px, pq. (6.5)

Then, by using Lemma 6.2, and the a priori estimates in Section 3, it is a standard
procedure to apply an induction argument to show that there are ϵ0 ą 0 and
T0 ą 0 such that if (6.1) holds then the approximation sequence pfnpt, x, pqq8

n“0 is
well-defined in the Banach space L1

kL
8
T L2

p X L1
kL

2
TL

2
p for any 1 ă T ď T0.

We will prove that for a short time, T ą 1, the iterated solutions to (6.5) satisfy
the following uniform estimate

sup
ně0

´

}t3qfn}L1
kL

8
T L2

p
` }t3q{2fn}L1

kL
2
TL2

p

¯

ď 4C1}f1}L1
kL

2
p
, (6.6)

where C1 ą 0 is a uniform constant.
Fix an integer m ě 1 and suppose that for some small T ´1 ą 0, that (6.6) holds

for all n P t0, 1, 2, 3, . . . ,mu for some constant C1 ą 0 that is uniform in m. Then
it is sufficient to prove that (6.6) holds for n “ m ` 1 by induction. We mention
that (6.6) holds for n “ 0 with f0 “ f1 as defined in (6.5).

Then, for the iterative problem (6.5), following the proof of Proposition 5.1,

›

›t3qfn`1
›

›

L1
kL

8
T L2

p
`
›

›t3q{2fn`1
›

›

L1
kL

2
TL2

p

ď C1}f1}L1
kL

2
p

` C2}t3qfn`1}L1
kL

8
T L2

p

›

›t3q{2fn
›

›

L1
kL

2
TL2

p

` C2

ż

Z3
k

˜

ż T

1

τ6q
ˇ

ˇ

ˇ

A

Kpf̂nq, f̂n`1
E

pτ, kq

ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq.
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Above C2 ą 0 and the constant C1 ą 0 in (6.6) is given by

C1
def
“ 2max

␣

2,
a

2{ν0
(

ą 0.

For the last term, from Proposition 3.1, we have

τ6q
ˇ

ˇ

ˇ

A

Kp pfnq, pfn`1
E
ˇ

ˇ

ˇ
À τ3q

›

› pfn
›

›

L2
p
pτq

›

› pfn`1
›

›

L2
p
pτq.

We conclude that
ż T

1

τ6q
ˇ

ˇ

ˇ

A

Kp pfnq, pfn`1
E

pτ, kq

ˇ

ˇ

ˇ
dτ À pT ´ 1q

›

› pfnpkq
›

›

L8
T L2

p

›

›t3q pfn`1pkq
›

›

L8
T L2

p
.

Thus for any small δ ą 0 we have

ż

Z3
k

˜

ż T

1

τ6q
ˇ

ˇ

ˇ

A

Kpf̂nq, f̂n`1
E

pτ, kq

ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq

ď CpT ´ 1q
1
2

›

›fn
›

›

1
2

L1
kL

8
T L2

p

›

›t3qfn`1
›

›

1
2

L1
kL

8
T L2

p

ď CδpT ´ 1q
›

›fn
›

›

L1
kL

8
T L2

p
` δ

›

›t3qfn`1
›

›

L1
kL

8
T L2

p
.

Thus for δ ą 0 small enough, and some C3 ą 0, we have
›

›t3qfn`1
›

›

L1
kL

8
T L2

p
`
›

›t3q{2fn`1
›

›

L1
kL

2
TL2

p
ď 2C1}f1}L1

kL
2
p

` C3}t3qfn`1}L1
kL

8
T L2

p

›

›t3q{2fn
›

›

L1
kL

2
TL2

p
` C3pT ´ 1q

›

›fn
›

›

L1
kL

8
T L2

p
.

Then by the induction assumption, (6.6) for n “ m, we have

›

›t3qfn`1
›

›

L1
kL

8
T L2

p
`
›

›t3q{2fn`1
›

›

L1
kL

2
TL2

p
ď 2C1}f1}L1

kL
2
p

` 2C1C3}t3qfn`1}L1
kL

8
T L2

p
}f1}L1

kL
2
p

` 2C1C3pT ´ 1q}f1}L1
kL

2
p
.

Thus, we obtain
›

›t3qfn`1
›

›

L1
kL

8
T L2

p
`
›

›t3q{2fn`1
›

›

L1
kL

2
TL2

p
ď C4}f1}L1

kL
2
p
,

where

C4 “
2C1 ` 2C1C3pT ´ 1q

1 ´ 2C1C3}f1}L1
kL

2
p

.

Then for T ´ 1 ą 0 and }f1}L1
kL

2
p
sufficiently small, we observe that C4 ď 4C1.

This proves (6.6) by induction. By a similar standard procedure we can also show
that pfnpt, x, pqq8

n“0 is a Cauchy sequence in this space. Then the limit function
fpt, x, pq is a weak solution of (1.19) satisfying the estimate (6.2).

We now prove the uniqueness of the local-in-time solution. Suppose alternatively
that we have two solutions f and h to (1.19), both satisfying the local-in-time
estimate (6.2) for 1 ď t ď T0 with initial data f1 and h1, respectively. Then the
difference of the two solutions f ´ h satisfies

ˆ

Bt `
pi

|tqp|
Bxi ´

2q

t
piBpi

˙

pf ´ hq ` L pf ´ hq “ Γpf, fq ´ Γph, hq

“ Γpf, f ´ hq ` Γpf ´ h, hq.

We can again apply the same estimates as in the proof of Proposition 5.1 to obtain
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›

›t3qpf ´ hq
›

›

L1
kL

8
T0

L2
p

`
›

›t3q{2tI ´ Pupf ´ hq
›

›

L1
kL

2
T0

L2
p

À }f1 ´ h1}L1
kL

2
p

` }t3qpf ´ hq}L1
kL

8
T0

L2
p

ˆ

›

›t3q{2f
›

›

L1
kL

2
T0

L2
p

`
›

›t3q{2h
›

›

L1
kL

2
T0

L2
p

˙

.

Since f and h satisfy (6.2) with ϵ0 ą 0 sufficiently small we obtain
›

›t3qpf ´ hq
›

›

L1
kL

8
T L2

p
`
›

›t3q{2tI ´ Pupf ´ hq
›

›

L1
kL

2
TL2

p
À }f1 ´ h1}L1

kL
2
p
.

The uniqueness of the local-in-time solution follows directly.
We now explain how to apply the proof of positivity, as in [85], to the massless

Boltzmann equation on FLRW in (1.8). For this, we use the alternative approxi-
mating formula

BtF
n`1 `

pi

|tqp|
BxiFn`1 ´

2q

t
piBpiFn`1 ` RpFnqFn`1 “ Q`pFn, Fnq, (6.7)

for n P t0, 1, 2, . . .u with the initial conditions

Fn`1
ˇ

ˇ

t“1
“ F1px, pq “ Jppq `

a

Jppqf1px, pq ě 0.

We also take

F 0pt, x, pq
def
“ Jpt2qpq ě 0, t ě 1. (6.8)

In (6.7) we have used the standard decomposition of Q “ Q` ´ Q´ into gain and
loss terms where from (1.30) we have

Q`pF1, F2q “ t3q
ż

R3

dq

ż

S2
dω vø F1pp1qF2pq1q,

Q´pF1, F2q “ t3q
ż

R3

dq

ż

S2
dω vø F1ppqF2pqq “ RpF2qF1ppq,

where

RpF2q
def
“ Q´p1, F2q “ t3q

ż

R3

dq

ż

S2
dω vø F2pqq.

We will also use the notation Qn
`

def
“ Q`pFn, Fnq.

The characteristics of (1.8) and (1.35) for s ě 1 are given by

dXj

ds
“ s´q P

j

|P |
, Xjps “ 1, x, pq “ xj ,

dP j

ds
“ ´

2q

s
P j , P jps “ 1, pq “ pj .

For 0 ď q ă 1 we define

Sqptq
def
“

t1´q ´ 1

1 ´ q
, Sqp1q “ 0. (6.9)

For q “ 1 we define

S1ptq
def
“ logptq, S1p1q “ 0. (6.10)

These characteristics are solved as

Xjpt, x, pq “ xj ` Sqptq
pj

|p|
,

P jpt, pq “ t´2qpj .

(6.11)

We will use (6.11) to express solutions to (6.7) as an ordinary differential equation.
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We first consider the linear model of (1.35) with a source term H as

BtF `
pi

|tqp|
BxiF ´

2q

t
piBpiF “ Hpt, x, pq, F pt “ 1, x, pq “ F1px, pq. (6.12)

Then with (6.11) solutions to (6.12) satisfy

d

dt
pF pt,Xpt, x, pq, P pt, pqqq “ Hpt,Xpt, x, pq, P pt, pqq.

Integrating over r1, ts we obtain

F pt,Xptq, P ptqq “ F1pXp1q, P p1qq `

ż t

1

dτ Hpτ,Xpτq, P pτqq.

Equivalently,

F

ˆ

t, x ` Sqptq
p

|p|
, t´2qp

˙

“ F1px, pq

`

ż t

1

dτ H
ˆ

τ, x ` Sqpτq
p

|p|
, τ´2qp

˙

.

Next, setting q “ t´2qp and y “ x ` Sqptq p
|p|

“ x ` Sqptq q
|q|
, we equivalently have

F pt, y, qq “ F1

ˆ

t, y ´ Sqptq
q

|q|
, t2qq

˙

`

ż t

1

dτ H
ˆ

τ, y ` pSqpτq ´ Sqptqq
q

|q|
, pt{τq2qq

˙

.

Thus, for t ě τ ě 1, we define the backward characteristics of (6.11) by

rXjpt, τ, x, pq “ xj ` pSqpτq ´ Sqptqq
pj

|p|
,

rP jpt, τ, pq “ pt{τq2qpj .

(6.13)

Now, by using (6.13), we define the operator Upt, τq for t ě τ ě 1 by

pUpt, τqGqps, x, pq
def
“ Gps, rXpt, τ, x, pq, rP pt, τ, pqq, s ě 1.

Then we can write the solution to (6.12) as

F pt, x, pq “ pUpt, 1qF1qpx, pq `

ż t

1

dτ pUpt, τqHqpτ, x, pq.

Next we will apply this calculation to (6.7).
We use the source H “ Q`pFn, Fnq “ Qn

` in (6.12) to write (6.7) as

d

dt

`

Fn`1pt,Xptq, P ptqq
˘

` RpFnqFn`1pt,Xptq, P ptqq “ Qn
`pt,Xptq, P ptqq.

Further with (6.11) we define

Φnpt, s, x, pq
def
“

ż t

s

dτ RpFnqpτ,Xpτq, P pτqq, Φnptq “ Φnpt, 1, x, pq.

Then we can write (6.7) as

d

dt

´

eΦ
n

ptqFn`1pt,Xptq, P ptqq

¯

“ eΦ
n

ptqQn
`pt,Xptq, P ptqq.
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We integrate over r1, ts to obtain

Fn`1

ˆ

t, x ` Sqptq
p

|p|
, t´2qp

˙

“ e´Φn
pt,1,x,pqF1px, pq

`

ż t

1

dτ e´Φn
pt,τ,x,pqQn

`

ˆ

τ, x ` Sqpτq
p

|p|
, τ´2qp

˙

.

Above for t ě τ ě 1, we have used that

Φnpτq ´ Φnptq “ Φnpτ, 1, x, pq ´ Φnpt, 1, x, pq “ ´Φnpt, τ, x, pq.

Further with (6.13) we define

rΦnpt, s, x, pq
def
“

ż t

s

dτ RpFnqpτ, rXpt, τ, x, pq, rP pt, τ, pqq, rΦnptq “ rΦnpt, 1, x, pq.

Then using the backward characteristics as in (6.13) we can write (6.7) as

Fn`1pt, x, pq “ e´rΦn
ptqpUpt, 1qF1qpx, pq

`

ż t

1

dτ e´rΦn
pt,τqpUpt, τqQn

`qpτ, x, pq. (6.14)

Now we use (6.14) to give the proof of the positivity of a solution to (6.7).
Indeed given Fn ě 0, then clearly Qn

` “ Q`pFn, Fnq ě 0. Then (6.14) and
F1px, pq ě 0 immediately implies that Fn`1pt, x, pq ě 0. From (6.8) we have that
F 0pt, x, pq ě 0. Thus, by induction Fn`1pt, x, pq ě 0, for all n ě 0 if F1 ě 0.

Next we will show that in the limit as n Ñ 8 that

Fn`1pt, x, pq Ñ F pt, x, pq “ Jpt2qpq `
a

Jpt2qpqfpt, x, pq ě 0, (6.15)

and that this is the same local-in-time solution we previously obtained. We prove
convergence in the space L1

kL
8
T0
L2
p. However, due to the embedding

L1
kL

8
T0
L2
p Ă L8pr1, T0s ˆ T3

x;L
2
pq

we also have convergence in L8pp0, T0q ˆ T3;L2
pq. Thus we have the almost every-

where non-negativity in the limit (6.15). To prove the convergence, for

Fn`1pt, x, pq “ Jpt2qpq `
a

Jpt2qpqfn`1pt, x, pq,

we can rewrite (6.7) as
ˆ

Bt `
pi

|tqp|
Bxi ´

2q

t
piBpi ` t´3qν0

˙

fn`1

“ Γ`pfn, fnq ´ Γ´pfn`1, fnq ` Kpfnq. (6.16)

Here, K is defined in (1.39) and then instead of (1.22) we use

Γ`ph1, h2q
def
“ t3q

ż

R3

dq

ż

S2
dω vø

a

Jpt2qqqh1pp1qh2pq1q,

Γ´ph1, h2q
def
“ t3q

ż

R3

dq

ż

S2
dω vø

a

Jpt2qqqh1ppqh2pqq.

Similar to (6.5), the iteration scheme (6.16) satisfies the uniform estimate in (6.6)
and it is a Cauchy sequence with the same proofs. Thus the limit function of (6.16)
is a weak solution of (1.19) satisfying (6.2). Since we have uniqueness, then the
two solutions coincide. The proof of Theorem 6.1 is complete. □
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6.2. Global existence near the equilibrium. We will now prove the global-in-
time uniform decay estimate (1.42) from Theorem 1.4 with l “ 0.

Theorem 6.3. Let q P r0, 1s. Under the assumptions of Theorem 1.4, there is a
unique global solution f of (1.19). Moreover, the following estimate holds,

@T ě 1, }t3qf}L1
kL

8
T L2

p
`
›

›t3q{2f
›

›

L1
kL

2
TL2

p
À
›

›f1
›

›

L1
kL

2
p
. (6.17)

Proof. To this end, we first estimate the last term on the right side of (4.1). From
(5.11), we have

A

Γ̂pf̂, f̂qpkq, t3qeℓpt
2qpq

E

“

ż

Z3

A

Γpf̂pk ´ lq, f̂plqq, t3qeℓpt
2qpq

E

dΣplq.

Then from Lemma 3.8 we have the bound
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂qpt, kq, t3qeℓpt
2qpq

E
ˇ

ˇ

ˇ

2

À

ˆ
ż

Z3

}f̂pk ´ lq}L2
p
}f̂plq}L2

p
dΣplq

˙2

.

Then exactly as in (5.9) and the estimates below it, we obtain that

ż

Z3
k

˜

ż T

1

t5q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂qpt, kq, t3qeℓpt
2qpq

E
ˇ

ˇ

ˇ

2

dt

¸
1
2

dΣpkq

À
›

›t3qf
›

›

L1
kL

8
T L2

p

›

›t3q{2f
›

›

L1
kL

2
TL2

p
.

In fact, a lower time weight is possible in the above estimate. We place this estimate
into (4.1) to obtain
›

›t3q{2rA,B, Cs
›

›

L1
kL

2
T

À }t3qf}L1
kL

8
T L2

p
` }t3q{2tI ´ Puf}L1

kL
2
TL2

p
` }f1}L1

kL
2
p

(6.18)

`
›

›t3qf
›

›

L1
kL

8
T L2

p

›

›t3q{2f
›

›

L1
kL

2
TL2

p
.

We multiply a small constant to the estimate of
›

›t3q{2rA,B, Cs
›

›

L1
kL

2
T

in (6.18) and

then add that to (5.1) to achieve that

}t3qf}L1
kL

8
T L2

p
`
›

›t3q{2f
›

›

L1
kL

2
TL2

p
À
›

›f1
›

›

L1
kL

2
p

`
›

›t3qf
›

›

L1
kL

8
T L2

p

›

›t3q{2f
›

›

L1
kL

2
TL2

p
.

Thus, if we start with a sufficiently small
›

›f1
›

›

L1
kL

2
p
, then

›

›t3qf
›

›

L1
kL

8
T L2

p
will remain

small for a short period of time, and we obtain (6.17). Then, the above estimate
(6.17) can be propagated for long times. This provides our global uniform decay
estimate for any 0 ď q ď 1. Then, we obtain the global-in-time existence and
uniqueness of the solution using a standard continuity argument. □

6.3. Faster time-decay rates for 0 ă q ď 1
3 . Let us now prove the faster decay

estimate (1.43) in Theorem 1.4 with the weights (1.44)1 and (1.44)2 when m “ 0.

Proposition 6.4. Let 0 ă q ď 1
3 and fix 0 ă ϑ ă 1. Under the assumptions of

Theorem 1.4, there holds

@T ě 1, }t3qTqptqf}L1
kL

8
T L2

p
`
›

›t3q{2Tqptqf
›

›

L1
kL

2
TL2

p
À
›

›f1
›

›

L1
kL

2
p
. (6.19)

Proof. First, we use (1.21) and Proposition 1.3 to write (5.3) as

1

2

d

dt

´

t6q}f̂}2L2
p
pt, kq

¯

` ϑ
ν0
t3q

´

t6q}f̂}2L2
p
pt, kq

¯

` p1 ´ ϑq
ν0
t3q

´

t6q}f̂}2L2
p
pt, kq

¯
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“ t6qRe
´A

Γ̂pf̂, f̂q, f̂
E¯

´ t6qRe
´A

Kf̂ , f̂
E¯

.

Now we recall the time weight (1.44) for the case of 0 ă q ď 1
3 as

Tqptq “

#

exp
´

ϑν0t
1´3q

1´3q

¯

, if 0 ă q ă 1
3 ,

tϑν0 , if q “ 1
3 .

Then similar to (1.51) we have

1

2

d

dt

´

t6qTqptq2}f̂}2L2
p
pt, kq

¯

` p1 ´ ϑq
ν0
t3q

´

t6qTqptq2}f̂}2L2
p
pt, kq

¯

“ t6qTqptq2
!

Re
´A

Γ̂pf̂, f̂q, f̂
E¯

´ Re
´A

Kf̂ , f̂
E¯)

.

Next integrating from r1, ts as in (5.4) we have

1

2
t6qTqptq2}f̂}2L2

p
pt, kq ` p1 ´ ϑqν0

ż t

1

τ3qTqpτq2}f̂pτ, kq}2L2
p
dτ

“
1

2
Tqp1q}f̂1pkq}2L2

p
`

ż t

1

τ6qTqpτq2
´

Re
´A

Γ̂pf̂, f̂q, f̂
E¯

´ Re
´A

Kf̂ , f̂
E¯¯

dτ.

Then following the arguments in (4.24) and (5.5) then instead of (5.6) we obtain
for some uniform constant C1 ą 0 that

}t3qTqptqf}L1
kL

8
T L2

p
`
›

›t3q{2Tqptqf
›

›

L1
kL

2
TL2

p
ď C1

›

›f1
›

›

L1
kL

2
p

` C1

ż

Z3

˜

ż T

1

τ6qTqpτq2
ˇ

ˇ

ˇ

A

Kf̂ , f̂
E
ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq

` C1

ż

Z3

˜

ż T

1

τ6qTqpτq2
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂q, f̂
E
ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq.

We next estimate the terms involving
A

Kf̂ , f̂
E

and
A

Γ̂pf̂, f̂q, f̂
E

.

We first estimate
A

Γ̂pf̂, f̂q, f̂
E

exactly as in (5.7). Then similarly to (5.8) we

apply Cauchy–Schwarz’s inequality to
şT

1
p¨qdt and use Young’s inequality with small

constant η ą 0 to obtain

ż

Z3
k

˜

ż T

1

t6qTqptq2
›

›f̂pt, kq
›

›

L2
p

ż

Z3
l

}f̂pt, k ´ lq}L2
p

›

›f̂pt, lq
›

›

L2
p
dΣplqdt

¸
1
2

dΣpkq

ď

ż

Z3
k

¨

˝

ż T

1

t6qt3qTqptq2

˜

ż

Z3
l

}f̂pt, k ´ lq}L2
p

›

›f̂pt, lq
›

›

L2
p
dΣplq

¸2

dt

˛

‚

1{4

ˆ

˜

ż T

1

t3qTqptq2
›

›f̂pt, kq
›

›

2

L2
p
dt

¸1{4

dΣpkq

ď η

ż

Z3
k

˜

ż T

1

t3qTqptq2
›

›f̂pt, kq
›

›

2

L2
p
dt

¸
1
2

dΣpkq (6.20)



GLOBAL STABILITY OF THE MASSLESS BOLTZMANN EQUATION ON FLRW 59

`
1

4η

ż

Z3
k

¨

˝

ż T

1

t6qt3qTqptq2

˜

ż

Z3
l

}f̂pt, k ´ lq}L2
p

›

›f̂pt, lq
›

›

L2
p
dΣplq

¸2

dt

˛

‚

1
2

dΣpkq.

For the second term on the right-hand side of (6.20), we use (5.9) to obtain

¨

˝

ż T

1

t6qt3qTqptq2

˜

ż

Z3
l

}f̂pt, k ´ lq}L2
p

›

›f̂pt, lq
›

›

L2
p
dΣplq

¸2

dt

˛

‚

1
2

ď

ż

Z3
l

˜

ż T

1

t6q}f̂pt, k ´ lq}2L2
p
t3qTqptq2

›

›f̂pt, lq
›

›

2

L2
p
dt

¸
1
2

dΣplq

ď

ż

Z3
k

ż

Z3
l

sup
0ďτďT

´

τ3q}f̂pτ, k ´ lq}L2
p

¯

˜

ż T

1

t3qTqptq2
›

›f̂pt, lq
›

›

2

L2
p
dt

¸
1
2

dΣplqdΣpkq.

Then Fubini’s theorem and translation invariance imply that

ż

Z3
k

ż

Z3
l

sup
0ďτďT

´

τ3q}f̂pτ, k ´ lq}L2
p

¯

˜

ż T

1

t3qTqptq2
›

›f̂pt, lq
›

›

2

L2
p
dt

¸
1
2

dΣplqdΣpkq

“ }t3qf}L1
kL

8
T L2

p
}t3q{2Tqptqf}L1

kL
2
TL2

p
.

Then the estimate above with (6.20) proves the following uniform estimate

ż

Z3

˜

ż T

1

τ6qTqpτq2
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂q, f̂
E
ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq

À η}t3q{2Tqptqf}L1
kL

2
TL2

p
`

1

4η
}t3qf}L1

kL
8
T L2

p
}t3q{2Tqptqf}L1

kL
2
TL2

p
.

This will be our main estimate for
A

Γ̂pf̂, f̂q, f̂
E

.

Then first choosing η ą 0 sufficiently small and second choosing }t3qf1}L1
kL

8
T L2

p

sufficiently small so that }t3qf}L1
kL

8
T L2

p
remains sufficiently small, we obtain for

some different uniform constant C1 ą 0 that

}t3qTqptqf}L1
kL

8
T L2

p
`
›

›t3q{2Tqptqf
›

›

L1
kL

2
TL2

p
ď C1

›

›f1
›

›

L1
kL

2
p

` C1

ż

Z3

˜

ż T

1

τ6qTqpτq2
ˇ

ˇ

ˇ

A

Kf̂ , f̂
E
ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq. (6.21)

We next estimate the term including
A

Kf̂ , f̂
E

. As in Proposition 3.1 we split

K “ Kc ` Ks. For the Ks part, from Proposition 3.1, for any small η ą 0 we have
the estimate

ż

Z3

˜

ż T

1

τ6qTqpτq2
ˇ

ˇ

ˇ

A

Ksf̂ , f̂
E
ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq

ď η

ż

Z3

˜

ż T

1

τ3qTqpτq2}f̂pτ, kq}2L2
p
dτ

¸
1
2

dΣpkq “ η
›

›t3q{2Tqptqf
›

›

L1
kL

2
TL2

p
.
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Then, for the Kc part, we use (3.1) with ζ “ 1
3 to obtain

t3q|xKch1, h2y| À t´q}1ďRh1}L2
p
}1ďRh2}L2

p
.

Then we have

ż

Z3

˜

ż T

1

τ6qTqpτq2
ˇ

ˇ

ˇ

A

Kcf̂ , f̂
Eˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq

ď Cη

ż

Z3

˜

ż T

1

τ3q´qTqpτq2}f̂pτ, kq}2L2
p
dτ

¸
1
2

dΣpkq.

Next we suppose that T ą 0 is a large time and we notice that the constant Cη ą 0
above is independent of T . Then fix a small δ ą 0 and choose a time T1 ă T such
that we have

Cητ
´q ă δ, @τ ě T1.

On the other hand region we bound

τ´q{2Tqpτq ď TqpT1q
def
“ Cδ, @1 ď τ ă T1.

Collecting these estimates we obtain for any small δ ą 0 that

ż

Z3

˜

ż T

1

τ6qTqpτq2
ˇ

ˇ

ˇ

A

Kcf̂ , f̂
E
ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq

ď δ
›

›t3q{2Tqptqf
›

›

L1
kL

2
TL2

p
` Cδ

›

›t3q{2f
›

›

L1
kL

2
TL2

p
.

The large constant Cδ ą 0 is uniform for T ą T1. We collect these estimates to
obtain

ż

Z3

˜

ż T

1

τ6qTqpτq2
ˇ

ˇ

ˇ

A

Kf̂ , f̂
E
ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq

ď η
›

›t3q{2Tqptqf
›

›

L1
kL

2
TL2

p
` δ

›

›t3q{2Tqptqf
›

›

L1
kL

2
TL2

p
` Cδ

›

›t3q{2f
›

›

L1
kL

2
TL2

p
.

We plug this estimate into (6.21) choosing η, δ ą 0 sufficiently small to obtain

}t3qTqptqf}L1
kL

8
T L2

p
`
›

›t3q{2Tqptqf
›

›

L1
kL

2
TL2

p
ď C2

›

›f1
›

›

L1
kL

2
p

` C2

›

›t3q{2f
›

›

L1
kL

2
TL2

p
.

Here C2 ą 0 is some large uniform constant. Lastly we apply the inequality (6.17)
to the above to obtain the uniform decay estimate (6.19). This proves the faster
decay rates represented by the weight (1.44)1 when m “ 0. The case of the weight
(1.44)2 when m “ 0 is proven by the same method. □

6.4. Exponential large time decay for q “ 0. We now prove the large time
decay estimates (1.43) in the non-expanding case when q “ 0.

Proposition 6.5. Let q “ 0. Under the assumptions of Theorem 1.4, there is a
small uniform constant λ ą 0 such that

@T ě 1,
›

›eλtf
›

›

L1
kL

8
T L2

p
`
›

›eλtf
›

›

L1
kL

2
TL2

p
À }f1}L1

kL
2
p
. (6.22)
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Proof. For a small constant λ ą 0 we consider ĥpt, k, pq “ eλtf̂pt, k, pq with h1 “

eλf1. Then we can re-write (5.2) as
ˆ

Bt ` i
p

|tqp|
¨ k ´

2q

t
piBpi

˙

ĥ ` Lĥ “ e´λtΓ̂pĥ, ĥq ` λĥ.

Then following the proof of (5.1) we obtain
›

›h
›

›

L1
kL

8
T L2

p
`
›

›tI ´ Puh
›

›

L1
kL

2
TL2

p
À }f1}L1

kL
2
p

` }h}L1
kL

8
T L2

p

›

›h
›

›

L1
kL

2
TL2

p
` λ

›

›h
›

›

L1
kL

2
TL2

p
.

Furthermore, directly following the proof of (4.1) and (6.18), for a sufficiently small
constant λ ą 0 when q “ 0 we have

›

›eλtrA,B, Cs
›

›

L1
kL

2
T

À }h}L1
kL

8
T L2

p
` }tI ´ Puh}L1

kL
2
TL2

p
` }h1}L1

kL
2
p

`
›

›h
›

›

L1
kL

8
T L2

p

›

›h
›

›

L1
kL

2
TL2

p
.

Collecting these estimates for }f1}L1
kL

2
p
and λ ą 0 sufficiently small we obtain the

decay estimate (6.22). This proves the exponential time decay when q “ 0. □

6.5. Time-decay of weighted norms. Let us prove the decay estimates for
weighted norms (1.43) using the weight wmpt2qpq defined in (1.41).

Proposition 6.6. Let q P r0, 1s and m ě 0. Under the assumptions of Theorem
1.4, there holds

@t ě 1, }|t2qp|m{2fptq}L1
kL

2
p

À t´3q}wmf}L1
kL

2
p
p1q. (6.23)

Proof. We multiply (5.2) by wmpt2qpq2 in (1.41) and use the invariance in (1.9) to
obtain

ˆ

Bt ` i
p

|tqp|
¨ k ´

2q

t
piBpi

˙

´

wmpt2qpq2f̂pt, k, pq

¯

` wmpt2qpq2Lf̂pt, k, pq “ wmpt2qpq2Γ̂pf̂, f̂qpt, k, pq.

Then following the proof of Proposition 5.1 we obtain instead of (5.1) that

›

›t3qwmf
›

›

L1
kL

8
T L2

p
`

ż

Z3

˜

ż T

1

τ6qwmpτ2qpq2Re
´A

Lf̂ , f̂
E¯

pt, kqdτ

¸
1
2

dΣpkq

À }wmf}L1
kL

2
p
p1q ` }t3qwmf}L1

kL
8
T L2

p

›

›t3q{2wmf
›

›

L1
kL

2
TL2

p
.

We apply now Corollary 3.2 to obtain
›

›t3qwmf
›

›

L1
kL

8
T L2

p
`
›

›t3q{2wmf
›

›

L1
kL

2
TL2

p

À }wmf}L1
kL

2
p
p1q ` }t3qwmf}L1

kL
8
T L2

p

›

›t3q{2wmf
›

›

L1
kL

2
TL2

p
`
›

›t3q{2f
›

›

L1
kL

2
TL2

p
.

Next we use (6.17) to obtain
›

›t3q{2f
›

›

L1
kL

2
TL2

p
À

›

›f1
›

›

L1
kL

2
p

À }wmf}L1
kL

2
p
p1q. Then

if we further start with a sufficiently small }wmf}L1
kL

2
p
p1q norm, then the norm

}t3qwmf}L1
kL

8
T L2

p
will remain small for a short period of time, so that we obtain

›

›t3qwmf
›

›

L1
kL

8
T L2

p
`
›

›t3q{2wmf
›

›

L1
kL

2
TL2

p
À }wmf}L1

kL
2
p
p1q. (6.24)

Then we obtain from (6.24) the rapid decay rates stated in (6.23). □



62 R. M. STRAIN, M. TAYLOR, AND R. VELOZO RUIZ

Remark 6.7. The weights wmpt2qpq can be directly added to the proofs of the
faster time decay rates in the previous subsections to obtain the estimates in (1.43).

6.6. Propagation of spatial regularity. We next prove the propagation of spa-
tial regularity for solutions to (1.19)–(1.20). We study the Boltzmann equation
in Fourier space as in (5.2). And for l ą 0, we multiply (5.2) by xkyl, and prove
analogous global uniform bounds to propagate this frequency weight and thereby
show the propagation of spatial regularity.

Proposition 6.8. Let q P r0, 1s. Under the assumptions of Theorem 1.4, there
holds

@T ě 1, }t3qf}L1
k,lL

8
T L2

p
` }t3q{2f}L1

k,lL
2
TL2

p
À }f1}L1

k,lL
2
p
. (6.25)

The following proof follows closely the argument in [20].

Proof. Following the proofs of Lemma 5.2 and Theorem 4.1, one can prove that

ż

Z3

ˆ
ż T

1

ˇ

ˇ

A

Γ̂pf̂, ĝq, xky2l ĥ
E

ˇ

ˇdt

˙
1
2

dΣpkq ď Cη}f}L1
k,lL

8
T L2

p
}g}L1

k,lL
2
TL2

p

` Cη}f}L1
k,lL

2
TL2

p
}g}L1

k,lL
8
T L2

p
` η}h}L1

k,lL
2
TL2

p
,

and also using the argument from (6.18) we have
›

›t3q{2rA,B, Cs
›

›

L1
k,lL

2
T

À }t3q{2tI ´ Puf}L1
k,lL

2
TL2

p
` }t3qf}L1

k,lL
8
T L2

p

` }f1}L1
k,lL

2
p

`
›

›t3qf
›

›

L1
k,lL

8
T L2

p

›

›t3q{2f
›

›

L1
k,lL

2
TL2

p
.

Next, taking the L2
p inner product of (5.2) with the complex conjugate of xky2lf̂

and then taking the real part, we obtain, similarly to (5.3), that

1

2

d

dt

´

t6qxky2l}f̂}2L2
p
pt, kq

¯

` t6qRe
´A

Lf̂ , xky2lf̂
E¯

“ t6qRe
´A

Γ̂pf̂, f̂q, xky2lf̂
E¯

.

Then following exactly the proof of Proposition 5.1, for any small η ą 0, we have

}t3qf}L1
k,lL

8
T L2

p
` }t3q{2tI ´ Puf}L1

k,lL
2
TL2

p

À }f1}L1
k,lL

2
p

`

ż

Z3

˜

ż T

1

t3q
ˇ

ˇ

A

Γ̂pf̂, f̂q, xky2ltI ´ Puf̂
E

ˇ

ˇ dt

¸
1
2

dΣpkq

À }f1}L1
k,lL

2
p

` Cη}t3qf}L1
k,lL

8
T L2

p
}t3q{2f}L1

k,lL
2
TL2

p
` η}t3q{2tI ´ Puf}L1

k,lL
2
TL2

p
.

For }f1}L1
k,lL

2
p
sufficiently small, after a short time }t3qf}L1

k,lL
8
T L2

p
remains small.

Collecting the estimates above, we obtain for η ą 0 sufficiently small that the
estimate (6.25) holds. This establishes the propagation of spatial regularity for any
l ą 0 and for }f1}L1

k,lL
2
p
sufficiently small. □

7. Global stability of the vacuum solution

In this section, we will prove Theorem 1.9. In Section 7.1, we first show the
local well-posedness result Theorem 1.9 is based on. In Section 7.2, we show global
existence and the uniform decay estimate (1.47) in Theorem 1.9.
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7.1. Local existence and uniqueness around the vacuum. We state here
local existence and uniqueness of solutions for the massless Boltzmann equation on
FLRW spacetime (1.19) around vacuum.

Theorem 7.1 (Local existence and uniqueness near vacuum). Let q P r0, 1s. Under
the assumptions of Theorem 1.9, there is a small ϵ0 ą 0, a T0 “ T0pϵ0q ą 0 and
some C0 “ C0pT0q ą 0 such that if

}f1}L1
kL

2
p

ď ϵ0,

then the massless Boltzmann equation on FLRW spacetime around vacuum, (1.45),
admits a unique local-in-time solution

fpt, x, pq, 0 ď t ď T0 ă 8, x P T3, p P R3,

which satisfies the uniform estimate

}t3qf}L1
kL

8
T0

L2
p

ď C0}f1}L1
kL

2
p
.

If additionally F1px, pq “ J
1
2 ppqf1px, pq ě 0, then the solution satisfies

F pt, x, pq “
a

Jpt2qpqfpt, x, pq ě 0.

The previous theorem is obtained by the same arguments performed in the proof
of Theorem 6.1 concerning local existence and uniqueness of solutions for the mass-
less Boltzmann around the Maxwell–Jüttner equilibrium.

7.2. Global existence near the vacuum solution. We will now prove the
global-in-time uniform decay estimate (1.47) from Theorem 1.9.

Theorem 7.2. Let q P p 1
3 , 1s. Under the assumptions of Theorem 1.9, there is a

unique global solution f of (1.45). Moreover, the following estimate holds,

@T ě 1,
›

›t3qf
›

›

L1
kL

8
T L2

p
À
›

›f1
›

›

L1
kL

2
p
.

Proof. Now take the Fourier transform of (1.45) to obtain
ˆ

Bt ` i
p

|tqp|
¨ k ´

2q

t
piBpi

˙

f̂pt, k, pq “ Γ̂pf̂, f̂qpt, k, pq. (7.1)

Next take the product of (7.1) with the complex conjugate of f̂pt, k, pq, denoted
¯̂
f ,

and then take the real part of the resulting equation to obtain

1

2

ˆ

d

dt
´

2q

t
piBpi

˙

|f̂pt, k, pq|2 “ Re
´

¯̂
f Γ̂pf̂, f̂q

¯

.

Next integrate the above with respect to p to obtain

1

2

ˆ

d

dt
`

6q

t

˙

}f̂}2L2
p
pt, kq “ Re

´A

Γ̂pf̂, f̂q, f̂
E¯

.

From (1.49) this becomes

1

2

d

dt

´

t6q}f̂}2L2
p
pt, kq

¯

“ t6qRe
´A

Γ̂pf̂, f̂q, f̂
E¯

.

We integrate in time over r1, ts to obtain

1

2
t6q}f̂}2L2

p
pt, kq ď

1

2
}f̂1}2L2

p
pkq `

ż t

1

τ6qRe
´A

Γ̂pf̂, f̂q, f̂
E¯

dτ.
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Take the square root on both sides and use (4.24) to obtain

t3q}f̂}L2
p
pt, kq ď 2

#

}f̂1}L2
p
pkq `

ˆ
ż t

1

τ6q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂q, f̂
E
ˇ

ˇ

ˇ
dτ

˙

1
2

+

.

We take sup0ďtďT on both sides and then integrate the result with respect to dΣpkq

over Z3 to obtain

›

›t3qf
›

›

L1
kL

8
T L2

p
ď 2

$

&

%

›

›f1
›

›

L1
kL

2
p

`

ż

Z3

˜

ż T

1

τ6q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂q, f̂
E

pτ, kq

ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq

,

.

-

.

We now estimate the non-linear term in the upper bound.
From (5.10) we have

ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂qpkq, f̂pkq

E
ˇ

ˇ

ˇ
À
›

›f̂pkq
›

›

L2
p

ż

Z3

}f̂pk ´ lq}L2
p

›

›f̂plq
›

›

L2
p
dΣplq.

We thus conclude that

τ6q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂qpτ, kq, f̂pτ, kq

Eˇ

ˇ

ˇ

À τ´3q
›

›t3qf̂pkq
›

›

L8
T L2

p

ż

Z3

›

›t3qf̂pk ´ lq
›

›

L8
T L2

p

›

›t3qf̂plq
›

›

L8
T L2

p
dΣplq.

Then for q ą 1
3 we have the following uniform estimate

˜

ż T

1

τ6q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂q, f̂
E

pτ, kq

ˇ

ˇ

ˇ
dτ

¸
1
2

À
›

›t3qf̂pkq
›

›

1
2

L8
T L2

p

ˆ
ż

Z3

›

›t3qf̂pk ´ lq
›

›

L8
T L2

p

›

›t3qf̂plq
›

›

L8
T L2

p
dΣplq

˙
1
2

.

This holds because if q ą 1
3 then we have

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

1

τ´3qdτ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

3q ´ 1

ˇ

ˇT 1´3q ´ 1
ˇ

ˇ ď
2

3q ´ 1
.

Now we apply the Cauchy–Schwarz inequality with a small constant η ą 0 to obtain

ż

Z3

˜

ż T

1

τ6q
ˇ

ˇ

ˇ

A

Γ̂pf̂, f̂q, f̂
E

pτ, kq

ˇ

ˇ

ˇ
dτ

¸
1
2

dΣpkq ď C
›

›t3qf
›

›

3
2

L1
kL

8
T L2

p

ď η
›

›t3qf
›

›

L1
kL

8
T L2

p
` Cη

›

›t3qf
›

›

2

L1
kL

8
T L2

p
.

We conclude for some constant C0 ą 0 that we have
›

›t3qf
›

›

L1
kL

8
T L2

p
ď C0

!

›

›f1
›

›

L1
kL

2
p

`
›

›t3qf
›

›

2

L1
kL

8
T L2

p

)

.

Thus for q ą 1
3 and for

›

›f1
›

›

L1
kL

2
p
chosen sufficiently small, then

›

›t3qf
›

›

L1
kL

8
T L2

p
will

remain small for a short time. Thus we obtain the following uniform estimate
›

›t3qf
›

›

L1
kL

8
T L2

p
ď 2C0

›

›f1
›

›

L1
kL

2
p
.

This provides the global uniform decay estimate for any q P p 1
3 , 1s. Finally, global-

in-time existence and uniqueness of the solution follows by a standard continuity
argument. □
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Remark 7.3. Let q P r0, 1s, and recall the weight Sqptq defined in (6.9)–(6.10).
Then, we have the following invariant quantity for the massless Boltzmann equation,

|p1|

ˇ

ˇ

ˇ

ˇ

x ` Sqpτq

ˆ

p

|p|
´

p1

|p1|

˙
ˇ

ˇ

ˇ

ˇ

2

` |q1|

ˇ

ˇ

ˇ

ˇ

x ` Sqpτq

ˆ

p

|p|
´

q1

|q1|

˙
ˇ

ˇ

ˇ

ˇ

2

“ |p||x|2 ` |q|

ˇ

ˇ

ˇ

ˇ

x ` Sqpτq

ˆ

p

|p|
´

q

|q|

˙
ˇ

ˇ

ˇ

ˇ

2

. (7.2)

Then, in the whole space R3, the invariant (7.2) can be used to quantify the dis-
persion and prove a global-in-time a priori estimate for near vacuum initial data in
the style of [43] and many subsequent works. In this direction, we refer to [32].

Appendix A. Conservation laws and H-theorem

In this appendix we show the conservation in time of mass, energy, and momen-
tum, and also the H-theorem. We first define the symmetrised collision operator

Q˚pF,Gq :“
t3q

2

ż

R3

ż

S2
vøσ

´

F pp1qGpq1q`F pq1qGpp1q´F ppqGpqq´F pqqGppq

¯

dωdq.

Note that the collision term satisfies QpF, F q “ Q˚pF, F q.

Lemma A.1. For any sufficiently regular functions φppq, F ppq, and Gppq decaying
at infinity, we have

2

ż

R3
p

Q˚pF,Gqφdp

“ t3q
ż

R3

ż

R3

ż

S2
vøσ

`

F pp1qGpq1q ` F pq1qGpp1q
˘

¨

˚

˚

˝

φppq

φpqq

´φpp1q

´φpq1q

˛

‹

‹

‚

dωdqdp

´ t3q
ż

R3

ż

R3

ż

S2
vøσ

`

F ppqGpqq ` F pqqGppq
˘

¨

˚

˚

˝

φppq

φpqq

´φpp1q

´φpq1q

˛

‹

‹

‚

dωdqdp.

Proof. The first equation follows by definition. The second follows by using the
change of variables pp, q, ωq ÞÑ pp, q,´ωq. For this, we note that ϱ

?
s “ ϱ2 “ gpp ´

q, p ´ qq, that under this change of variables pp1, q1q ÞÑ pq1, p1q, and the symmetry
ϱpp, qq “ ϱpq, pq. Next, in the first equation we use the change of variables pp, qq ÞÑ

pp1, q1q, so

2

ż

R3
p

Q˚pF,Gqφppqdp “ t3q
ż

R3

ż

R3

ż

S2

ϱ2σpϱ, θq

|tqp1||tqq1|

´

F pp1qGpq1q ` F pq1qGpp1q

´ F pppp1, q1qqGpqpp1, q1qq ´ F pqpp1, q1qqGpppp1, q1qq

¯

φpppp1, q1qqdωdq1dp1,

where we used the Jacobian determinant computed in the previous lemma. More-
over, we note that ϱ and θ are collision-invariants. We invert the equations to get
explicitly p “ ppp1, q1q and q “ qpp1, q1q. Now, we rename pp1, q1q to pp, qq to get

2

ż

R3
p

Q˚pF,Gqφppqdp “ t3q
ż

R3

ż

R3

ż

S2

ϱ2σpϱ, θq

|tqp||tqq|

´

F ppqGpqq ` F pqqGppq
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´ F pp1qGpq1q ´ F pq1qGpp1q

¯

φpq1qdωdqdp.

For the last equation, we use the change of variables pp, q, ωq ÞÑ pp, q,´ωq. Note
that under this change pp1, q1q ÞÑ pq1, p1q. □

Corollary A.2. There holds
ş

QpF, F qdp “
ş

piQpF, F qdp “
ş

|p|QpF, F qdp “ 0
for i P t1, 2, 3u. In particular, the mass, momentum, and energy are conserved
quantities for solutions of the massless Boltzmann equation on FLRW spacetime.

Proof. Adding the 4 expressions in the previous lemma, we have

ż

R3
p

QpF, F qφppqdp “
t3q

4

ż

R3

ż

R3

ż

S2

ϱ2σpϱ, θq

|tqp||tqq|

´

F pp1qF pq1q ´ F ppqF pqq

¯

¨
`

φppq ` φpqq ´ φpp1q ´ φpq1q
˘

dωdqdp.

Therefore, if φpp1q ` φpq1q “ φppq ` φpqq, then
ş

QpF, F qφppqdp “ 0. In particular,
one can take φppq “ 1, φppq “ pi, and φppq “ |p|. □

Theorem A.3 (H-theorem for massless Boltzmann on FLRW). For any regular
solution of the massless Boltzmann equation on FLRW spacetime, we have

d

dt

ˆ
ż

T3
x

ż

R3
p

p´t6qF logF qpt, x, pqdpdx

˙

ě 0.

Proof. Adding the 4 expressions in the lemma above, and letting ϕ “ 1 ` logF ,

ż

R3
p

QpF, F qp1 ` logF qdp “
t3q

4

ż

R3

ż

R3

ż

S2

ϱ2σpϱ, θq

|tqp||tqq|

´

F pp1qF pq1q ´ F ppqF pqq

¯

¨
`

logF ppq ` logF pqq ´ logF pp1q ´ logF pq1q
˘

dωdqdp

“
t3q

4

ż

R3

ż

R3

ż

S2

ϱ2σpϱ, θq

|tqp||tqq|
F pp1qF pq1qp1 ´ µq logpµqdωdqdp,

where in the last line we wrote µ “ F ppqF pqqF pp1q´1F pq1q´1. And since p1 ´

µq logµ ď 0 for all µ ą 0, we conclude that
ş

QpF, F q logFdp ď 0. Finally, we get

d

dt

ˆ

t6q
ż

T3
xˆR3

p

F logFdxdp

˙

“ 6qt6q´1

ż

T3
xˆR3

p

F logFdxdp ` t6q
ż

T3
xˆR3

p

BtF p1 ` logF qdxdp

“ 6qt6q´1

ż

T3
xˆR3

p

pF logF qdxdp

´ t6q
ż

T3
xˆR3

p

” pi

|tqp|
BxiF ´

2q

t
piBpiF ´ QpF, F q

ı

p1 ` logF qdxdp

“ t6q
ż

T3
xˆR3

p

QpF, F q logFdxdp ď 0.

This completes the proof. □
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Appendix B. Determination of the Maxwell–Jüttner parameters

In this section, the Maxwell–Jüttner parameters are identified for fixed values of
the initial mass, energy, and momentum.

Theorem B.1 (Determination of Maxwell–Jüttner parameters from conserved
quantities). Given a sufficiently regular initial distribution F1 : T3

x ˆR3
p Ñ r0,`8q,

there are parameters a P R, c P r0,`8q, and b P R3 such that c ą |b|, for which
Ja,b,cppq “ p8πq´1ea`b¨p´c|p| satisfies

0 “

ż

T3
x

ż

R3
p

pF1 ´ Ja,b,cqdpdx “

ż

T3
x

ż

R3
p

pipF1 ´ Ja,b,cqdpdx

“

ż

T3
x

ż

R3
p

|p|pF1 ´ Ja,b,cqdpdx.

The proof of Theorem B.1 follows from the propositions obtained below.

Proposition B.2 (Mass, momentum and energy of the Maxwell–Jüttner equilib-
ria). Let a, c P R, and b P R3 such that c ą |b|. The mass, momentum, and energy
of the Maxwell–Jüttner equilibrium Ja,b,c are

t6q
ż

T3
x

ż

R3
p

Ja,b,cpt2qpqdpdx “
eac

pc2 ´ |b|2q2
,

t6q
ż

T3
x

ż

R3
p

t2qpiJa,b,cpt2qpqdpdx “
4eacbi

pc2 ´ |b|2q3
,

t6q
ż

T3
x

ż

R3
p

|t2qp|Ja,b,cpt2qpqdpdx “ ea
p3c2 ` |b|2q

pc2 ´ |b|2q3
.

Proof. First, we compute the mass of Ja,b,cpt2qpq by making the change of variables
q “ t2qp to get

t6q
ż

T3
x

ż

R3
p

Ja,b,cpt2qpqdpdx “
t6qea

8π

ż

R3
p

eb¨pt2qpq´c|t2qp|dp

“
ea

8π

ż

R3
q

eb¨q´c|q|dq “
eac

pc2 ´ |b|2q2
,

where the last integral was computed using spherical coordinates. The momentum
and energy of Ja,b,cpt2qpq are computed in a similar way. □

Then, we need to solve for a, c P R, and b P R3 in the following system of
equations

A “
eac

pc2 ´ |b|2q2
, Bi “

4eacbi

pc2 ´ |b|2q3
, C “ ea

p3c2 ` |b|2q

pc2 ´ |b|2q3
. (B.1)

Proposition B.3. Let A, C P p0,`8q, and B P r0,`8q3 such that C ě |B|. The
nonlinear system of equations (B.1) has a unique solution a P R, c P p0,`8q, and
b P R3 such that c ą |b|. In fact, we have

ea “
864A4

pC ` ∆qp4pC ` ∆q2 ´ 9|B|2q
, bi “

36ABi

4pC ` ∆q2 ´ 9|B|2
,

c “
24ApC ` ∆q

4pC ` ∆q2 ´ 9|B|2
, ∆ “

c

C2 ´
3

4
|B|2.
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Proof. By the condition C ě |B| there holds ∆ ě 1
4 |B|2 ě 0. Moreover, we get

from the equations (B.1) that

4pC ` ∆q2 ´ 9|B|2 “
144eac2

pc2 ´ |b|2q5
ą 0.

Finally, the result can be shown by direct computations. □

References

[1] R. O. Acuña-Cárdenas, C. Gabarrete, andO. Sarbach, An introduction to the relativistic

kinetic theory on curved spacetimes, General Relativity and Gravitation 54 (2022), no. 3,

https://dx.doi.org/10.1007/s10714-022-02908-5.
[2] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu, and T. Yang, Global existence and full

regularity of the Boltzmann equation without angular cutoff, Comm. Math. Phys. 304 (2011),

no. 2, 513–581, https://dx.doi.org/10.1007/s00220-011-1242-9.
[3] , The Boltzmann equation without angular cutoff in the whole space: I,

Global existence for soft potential, J. Funct. Anal. 262 (2012), no. 3, 915–1010,

https://dx.doi.org/10.1016/j.jfa.2011.10.007.
[4] D. Bancel, Problème de Cauchy pour l’équation de Boltzmann relativiste, J. Math. Pures

Appl. (9) 51 (1972), 257–271.

[5] D. Bancel and Y. Choquet-Bruhat, Existence, uniqueness, and local stability for the
Einstein-Maxwell-Boltzman system, Comm. Math. Phys. 33 (1973), 83–96.

[6] C. Baranger and C. Mouhot, Explicit spectral gap estimates for the linearized Boltzmann

and Landau operators with hard potentials, Revista Matemática Iberoamericana 21 (2005),
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