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Abstract

We consider the Vlasov equation on slowly expanding isotropic homogeneous tori, described by the
Friedmann–Lemâıtre–Robertson–Walker cosmological spacetimes. For expansion rate tq, with 0 < q < 1

2

(excluding certain exceptional values), we show that the spatial density decays at the rate t−6q and
that, when the spatial average is removed, the density decays at an enhanced rate due to a phase
mixing effect. This enhancement is polynomial for Sobolev initial data and super-polynomial, but sub-
exponential, for real analytic initial data. We further show that, when the expansion rate is the borderline

t
1
2 — the rate which describes a radiation filled universe — a degenerate phase mixing effect results in a

logarithmic enhancement for Sobolev initial data and a super-logarithmic enhancement (in fact, a gain
of exp(−µ(log t)ϵ) for some µ, ϵ > 0) for analytic initial data. The proof is based on a collection of
commuting vector fields, and certain combinatorial properties of an associated collection of differential
operators. The vector fields are not explicit, but are shown to have good properties when t is large with
respect to the momentum support of the solution. A physical space dyadic localisation is employed to
treat non-compactly supported (in particular, non-trivial real analytic) but suitably decaying solutions.
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1 Introduction

Phase mixing effects for kinetic equations, and the phenomenon of Landau damping, have been famously
exhibited in homogeneous settings in plasma physics [47], and around inhomogeneous isolated systems in
gravitational physics [49, 50]. This article concerns a related mixing effect which occurs, in the gravitational
context, in homogeneous cosmology. For more on the Vlasov equation in cosmology, see [21, 22, 23, 61, 69].
The main results of this article concern the Vlasov equation on a Friedmann–Lemâıtre–Robertson–Walker
(FLRW) family of spacetimes. Each member of this family describes a homogeneous, isotropic cosmology,
evolving from a big bang singularity at t = 0 and expanding indefinitely as t → ∞. We exhibit a phase
mixing effect when the expansion rate is suitably slow.

1.1 The main results

For each given q > 0, the FLRW spacetime (M, g), with expansion rate tq, is given by

M = (0,∞)× T3, g = −dt2 + t2q
(
(dx1)2 + (dx2)2 + (dx3)2

)
, (1.1)

where (x1, x2, x3) denote Cartesian coordinates on T3. Each such spacetime describes a homogeneous
isotropic universe. The Vlasov equation on (1.1) takes the form

∂tf +
pi

p0
∂xif − 2q

t
pi∂pif = 0, p0 =

√
1 + t2q|p|2, (1.2)

where |p|2 = (p1)2+(p2)2+(p3)2. The summation convention is adopted throughout, whereby repeated Latin
indices indicate a summation over 1, 2, 3, and repeated Greek indices indicate a summation over 0, 1, 2, 3.
For given f : (0,∞)×T3×R3 → [0,∞), the corresponding spatial density ρ : (0,∞)×T3 → [0,∞) is defined
by

ρ(t, x) =

∫
R3

f(t, x, p)dp.

Each solution of (1.2) describes an ensemble of collisionless, unit mass particles, evolving with respect to the
fixed FLRW gravitational background (1.1).

1.1.1 Phase mixing on slowly expanding FLRW spacetimes

The first main result of this article concerns a mixing effect in solutions of (1.2) when 0 < q < 1
2 .

Theorem 1.1 (Phase mixing for the Vlasov equation on slowly expanding FLRW spacetimes). Consider
0 < q < 1

2 such that 1
2q is not an integer (i.e. q ̸= 1

4 ,
1
6 ,

1
8 , . . .), k ≥ 2, and some f1 ∈ Hk

q (T3 ×R3). Let f be

the unique solution of equation (1.2) on [1,∞)×T3 ×R3 such that f(1, x, p) = f1(x, p). The spatial density
of f satisfies, for all t ≥ 1,

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Hk

q

t6q+k(1−2q)
, where ρ(t) =

1

t6q

∫
T3

∫
R3

f1(x, p)dpdx. (1.3)

If f1 lies in the analytic space f1 ∈ Hω
q (T3 ×R3) (see Section 2.1.3) then the spatial density satisfies, for all

t ≥ 1,

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Hω

q

t6q
e−µ t

1−2q
10 , (1.4)

for some µ > 0.

The spaces Hk
q (T3×R3) are p-weighted versions of the standard Sobolev spaces (with p weights depending

on q), and Hω
q (T3 × R3) is an associated space of analytic functions. The constant µ is related to a radius

of convergence for the analytic norm. See Section 2.1.3 below.
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Figure 1: The phase mixing effect in the absence of expansion.

1.1.2 Degenerate phase mixing on the radiation FLRW spacetime

The spacetime (1.1) with q = 1
2 is known as the radiation FLRW spacetime. The second main result concerns

a degenerate mixing effect for solutions of (1.2) when q = 1
2 .

Theorem 1.2 (Degenerate phase mixing for the Vlasov equation on the radiation FLRW spacetime). Con-
sider some k ≥ 2 and f1 ∈ Hk

log(T3 × R3). Let f be the unique solution of equation (1.2), with q = 1
2 , on

[1,∞)× T3 × R3 such that f(1, x, p) = f1(x, p). The spatial density of f satisfies, for all t ≥ 1,

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Hk

log

t3(log(1 + t))k
, where ρ(t) =

1

t3

∫
T3

∫
R3

f1(x, p)dpdx. (1.5)

If f1 lies in the analytic space f1 ∈ Hω
log(T3 × R3) then the spatial density satisfies, for all t ≥ 1,

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Hω

log

t3
e−µ(log(1+t))

1
58 , (1.6)

for µ = (λ(f1)/2)
1
58 (with λ(f1) defined in Section 2.1.3 below).

The spacesHk
log(T3×R3) are, again, p-weighted versions of the standard Sobolev spaces andHω

log(T3×R3)
is an associated space of analytic functions, in which every ∂x derivative is now weighted by an additional
log(2 + |p|) factor. See Section 2.1.3 below.

1.1.3 Remarks on the main theorems

See Figure 1 for an illustration of the phase mixing phenomena in the q = 0 (i.e. the standard, non-expanding)
case. Particles initially at the origin, with momentum p, evolve to position tp after time t, and thus eventually,
by periodicity, re-enter the picture on the left and right of the torus. The support of a solution f of (1.2),
with q = 0, which is initially localised around {x = 0} will therefore “mix” in evolution, as depicted in
Figure 1. For general q > 0, the vectors t−q∂xi and t−q∂pi , for i = 1, 2, 3, have unit length and so particles
initially at the origin, with momentum p, evolve to position (t − 1) · t−qp at time t. Since the the torus is
now expanding at rate tq, a version of the above effect may occur if there are t > 1 such that tq ≤ t1−q, i.e.
if q ≤ 1

2 . See Figure 2.
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Figure 2: The phase mixing effect in the presence of expansion. The support of a configuration initially
localised around the origin may catch the expanding boundary if 0 ≤ q ≤ 1

2 .

For each q > 0, (1.1) describes a cosmological spacetime which evolves from a big bang singularity as
t→ 0+ — at which the Kretschmann scalar

RαβγδRαβγδ =
12

t4
q2(2q2 − 2q + 1),

blows up at rate t−4 — and expands indefinitely as t → ∞. The spacetimes (1.1) arise as solutions of the
Einstein equations

Ric(g)µν −
1

2
R(g)gµν = Tµν , (1.7)

for various matter models. Some notable examples include

• Einstein–Euler: 1
3 ≤ q ≤ 2

3 ;

• Einstein–scalar field: q = 1
3 ;

• Einstein–nonlinear scalar field q > 0;

• Einstein–massless Vlasov: q = 1
2 ;

• Einstein–massless Boltzmann: q = 1
2 ;

• Einstein–massive Vlasov: q ∼ 2
3 ,

which are described in detail in Appendix A. Many of these examples fall within the range of q covered by
Theorem 1.1 and Theorem 1.2. In particular the case q = 1

2 , considered in Theorem 1.2, describes a radiation
filled universe and arises as a solution of Einstein–Euler with radiation equation of state and also of Einstein–
massless Vlasov. Accordingly, the case q = 1

2 is typically used to describe the radiation dominated epoch of
the early universe [22, 45].

Remark 1.3 (Decay due to expansion and the case q > 1
2 ). Theorem 1.1 in particular implies that ρ(t, x)

decays at the rate t−6q. This t−6q decay rate is purely due to the expansion of the FLRW spacetime (1.1). It
is the enhanced decay rate for for ρ(t, x)− ρ(t) of Theorem 1.1 and Theorem 1.2, which is due to the phase
mixing effect discussed above. Though the mixing effect of Theorem 1.1 is not present in the case q > 1

2 , the
t−6q decay due to expansion remains present.

Remark 1.4 (The cases q = 1
4 ,

1
6 ,

1
8 , . . .). Theorem 1.1 contains the assumption that the expansion rate q is

such that 1
2q is not an integer (i.e. q ̸= 1

4 ,
1
6 ,

1
8 , . . .). This assumption is made for a technical reason in order

to simplify the proof. Indeed, the proof of Theorem 1.1 relies on a collection of vector fields which are used
to commute the Vlasov equation (1.2) (see the discussion in Section 1.2 below). The vector fields used are

smooth (in fact real analytic) if 1
2q is not an integer, but not in C

1
2q+1 if 1

2q is an integer. There is another
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collection of smooth vector fields (see Remark 3.16) which can be used, in particular in these remaining cases,
but, in order to simply the proof, these vector fields and these exceptional values of q are not considered here.
The vector fields used do, however, give a proof of a version of (1.3) in these exceptional cases (provided
(2.6) below is suitably defined) for k ≤ 1

2q .

Remark 1.5 (The relativistic free transport equation q = 0). The case q = 0, known as the relativistic free
transport equation, is also excluded from Theorem 1.1. One, of course, still has a mixing effect and similar
estimates (1.3)–(1.4) however. See Theorem 1.15 below.

Remark 1.6 (Loss in analytic case compared to non-relativistic equation). In Section 1.2.1 and Section
1.2.2 below, equation (1.2) will be compared to its non-relativistic counterpart. In the case of analytic initial
data f1, there is a loss in the rates of Theorem 1.1 and Theorem 1.2 compared to these non-relativistic

equations (exp(−µ t
1−2q
10 ) compared to exp(−λ(1 − 2q)−1t1−2q) in Theorem 1.1, and exp(−µ(log(1 + t))

1
58 )

compared to t−λ in Theorem 1.2). Though the rates (1.4) and (1.6) of Theorem 1.1 and Theorem 1.2 may
not be sharp, it seems that there is indeed some loss compared to the non-relativistic case. See the article [71]
of Young where a related fact is discussed in the context of the relativistic Vlasov–Poisson system, compared
to the classical Vlasov–Poisson system.

Remark 1.7 (Gevrey regularity). Versions of Theorem 1.1 and Theorem 1.2 also hold for f1 lying in a
suitable Gevrey space. Indeed it also follows from the proof that, for q as in Theorem 1.1, if f1 ∈ Gsq (T3×R3)
for some s ≥ 1, then

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Gs

q

t6q
e−µ t

1−2q
9+s

,

for some µ > 0, where the Gevrey space Gsq (T3×R3) and associated norm are defined in Section 2.1.3 below.

Similarly, for q = 1
2 , it follows from the proof of Theorem 1.2 that, for f1 ∈ Gslog(T3 × R3) for some s ≥ 1,

then

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Gs

log

t3
e−µ(log(1+t))

1
57+s

.

Remark 1.8 (Estimates for derivatives). As will be apparent from the proof, the derivatives of solutions of
(1.2) also admit similar behaviour. For example, in the case 0 < q < 1

2 , solutions of (1.2) satisfy, for any
k, l ≥ 0,

sup
x∈T3

∑
|I|=l

∣∣∂Ix(ρ(t, x)− ρ(t)
)∣∣ ≲ ∥f1∥Hk+l

t6q+(k+l)(1−2q)
.

Remark 1.9 (Weak convergence to spatial average). If f is a suitably regular solution of equation (1.2),
then the quantity ∫

R3

f(t, x, t−2qp)dx = f1(p),

is independent of t. It follows from the proofs that, in the context of Theorem 1.1 and Theorem 1.2, the
rescaling of the solution f(t, x, t−2qp) of (1.2) converges weakly to f1(p),

f(t, x, t−2qp)⇀ f1(p) as t→ ∞.

See Remark 3.22 below. In particular, the statements of Theorem 1.1 and Theorem 1.2 extend to correspond-
ing statements for higher moments of f in place of ρ.

1.1.4 Related works

The phase mixing effect for the non-relativistic free transport equation (1.8) was exhibited in nonlinear
perturbations of homogeneous equilibria for the Vlasov–Poisson system by Mouhot–Villani [51], following
many previous works at the linearised level, for example [47, 55]. Since then there have been a number of
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subsequent developments [3, 6, 10, 29, 30, 42]. See the recent notes of Bedrossian [4] for further discussion.
Note also the works of Young [71], [72] on the relativistic Vlasov–Poisson system. There have also been related
recent works on kinetic equations around homogeneous equilibria on R3

x×R3
p [7, 8, 36, 35, 37, 41, 43, 53, 54].

The phase mixing effect for (1.8) has also been exhibited around shear flows for the incompressible Euler
equations. See for example [44, 5, 73], along with many other recent works.

Related mixing effects have also been exhibited in the Newtonian gravitational setting, around isolated
bodies at the linearised level [31, 32], and also nonlinearly [17]. Such effects have also been discussed in
asymptotically flat settings in general relativity, for example by Rioseco–Sarbach [58, 59].

A related phenomenon to that of Theorem 1.2, whereby each extra degree of differentiability assumed
for initial data results in an extra logarithmic factor of decay in the resulting solution, occurs in general
relativity for the Klein–Gordon equation (cf. equation (A.4)) on Kerr–AdS black holes [39, 40]. It has also
been shown by Benomio [11] that, subject to an assumed energy boundedness statement, a similar effect
occurs for solutions of the wave equation on a class of black ring spacetimes.

There has been study of the Euler equations (see Appendix A) on FLRW spacetimes of the form (1.1)
[26, 27, 63]. In particular, in [26] it is suggested that shock waves should form in much of the very slowly
expanding regime considered here.

There have been many works on the linear wave equation (A.4) of the spacetime (1.1). For the case where
the spatial slices are flat copies of R3, and the combined effects of dispersion and expansion are relevant, see,
for example, the recent articles of Natário–Rossetti [52] and Haghshenas [33] and references within.

Some future-global results for the coupled Einstein–Vlasov system (see Appendix A) in cosmological
settings are known in certain symmetry classes — see the recent [65] for an example in spherical symmetry,
and [2, 67] for examples in T 2 symmetry — and in the presence of a cosmological constant [57]. FLRW
solutions of the coupled Einstein–Vlasov–scalar field system have recently been shown to be stable in the
past direction (towards the big bang singularity) [28]. See also [1].

Commuting vector field techniques, such as those of the present article (see Section 1.2 below), have
recently been used in many works for kinetic and transport equations. See, for example, [9, 13, 14, 15, 16,
18, 20, 24, 25, 48, 62, 64, 68, 70].

1.2 Overview of the proof

In this section the main steps of the proofs of Theorem 1.1 and Theorem 1.2 are overviewed. In Section
1.2.1, the non-relativistic analogue of equation (1.2) is considered. This non-relativistic equation serves as
a toy problem, which illustrates the basic strategy of the proof of Theorem 1.1 and Theorem 1.2 in a much
simpler context. The q = 1

2 case is discussed in Section 1.2.2. Some relevant additional considerations arise
for the relativistic free transport (q = 0), which is discussed in Section 1.2.3. The main key steps in the
proofs of Theorem 1.1 and Theorem 1.2 are discussed in Section 1.2.4.

1.2.1 A non-relativistic toy problem for 0 ≤ q < 1
2

When q = 0, the spacetime (1.1) describes a static torus, locally isometric to Minkowski space, and equation
(1.2) reduces to the well known relativistic free transport equation. Even more well known is the non-
relativistic free transport equation,

∂tf + pi∂xif = 0, (1.8)

which is obtained by replacing p0 with 1 in the q = 0 case of equation (1.2). The phase mixing phenomena
for equation (1.8) has been studied extensively (see [66] for a nice discussion). For all 0 ≤ q ≤ 1

2 , the equation

∂tf + pi∂xif − 2q

t
pi∂pif = 0. (1.9)

obtained by replacing p0 with 1 in equation (1.2), is the non-relativistic analogue of equation (1.2) and
provides a good toy model to present the phenomena exhibited in Theorem 1.1 and Theorem 1.2 in a much
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simpler context.1

Remark 1.10 (Non-relativistic limit). Equation (1.9) arises as a non-relativistic analogue of equation (1.2).
Indeed, in equation (1.1) the speed of light has been normalised to unity. Restoring the speed of light c > 0,
the FLRW spacetimes take the form

M = (0,∞)× T3, g = −c2dt2 + t2q
(
(dx1)2 + (dx2)2 + (dx3)2

)
.

The appropriately normalised mass shell takes the form

P = {(t, x, p) ∈ TM | g(p, p) = −c2},

and thus the Vlasov equation, for functions f : P → [0,∞), takes the form

∂tf +
pi√

1 + c−2t2q|p|2
∂xif − 2q

t
pi∂pif = 0.

Equation (1.9) thus arises in the formal limit c→ ∞.

The analogue of Theorem 1.1 for equation (1.9) takes the following form.

Theorem 1.11 (Phase mixing for the non-relativistic equation for 0 ≤ q < 1
2 ). Consider some 0 ≤ q < 1

2 ,
some k ≥ 2, and some f1 ∈ Hk

◦ (T3 ×R3). Let f be the unique solution of equation (1.9) on [1,∞)×T3 ×R3

such that f(1, x, p) = f1(x, p). The spatial density of f satisfies, for all t ≥ 1,

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Hk

◦

t6q+k(1−2q)
, where ρ(t) =

1

t6q

∫
T3

∫
R3

f1(x, p)dpdx. (1.10)

If f1 lies in the analytic space f1 ∈ Hω
◦ (T3 × R3) then the spatial density satisfies, for all t ≥ 1,

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Hω

◦

t6q
e−λ(1−2q)−1t1−2q

, (1.11)

for some λ > 0.

The spaces Hk
◦ (T3 ×R3) are p-weighted versions of the standard Sobolev spaces, and Hω

◦ (T3 ×R3) is an
associated space of analytic functions. The constant λ should be viewed as a radius of convergence for the
analytic norm. See Section 2.1.3 for definitions.

Remark 1.12 (Representation formula). Equation (1.9) admits a representation formula which, for q ̸= 1/2,
takes the form

f(t, x, p) = f1

(
x− 1

1− 2q
(t2q − t)p, t2qp

)
.

For q = 1/2, the representation formula takes the form

f(t, x, p) = f1(x− t log t p, tp).

Though it can be helpful for gaining intuition, this representation formula does not feature in the proof of
Theorem 1.11, given below.

The main ingredients in the proof of Theorem 1.11 are:

1The fact that equation (1.9) displays some of the phenomena seen in Theorem 1.1 and Theorem 1.2 is indicated by the
fact that, as will be seen later, for all 0 ≤ q ≤ 1

2
, p0 ∼ 1 as t → ∞ along the characteristics of equation (1.2). Furthermore,

equation (1.9) can independently be obtained by considering the nonlinear ordinary differential equations for the characteristics
of equation (1.2) and linearising around solutions with vanishing velocity.
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• Conservation laws: For any solution f of equation (1.9), suitably decaying in p, and any s ≥ 0, the
quantity

t6q
∫
T3

∫
R3

|t2qp|s|f(t, x, p)|2dpdx, (1.12)

is independent of t. (See Proposition 2.12 below, for the analogue of this fact for equation (1.2).)

• Commutation vector fields: For all 0 ≤ q < 1
2 , the vector fields

Li =
t1−2q

1− 2q
∂xi + t−2q∂pi , i = 1, 2, 3, (1.13)

commute with equation (1.9). Thus, if f solves (1.9), then LIf also solves (1.9) for each multi-index
I.

• Sobolev inequality: There is a constant C > 0 such that, for any function ρ and any k ≥ 2,

sup
x∈T3

|ρ(t, x)− ρ(t)| ≤ C√
k

∑
|I|=k

∥∂Ixρ(t, ·)∥L2(T3). (1.14)

See Proposition 2.1.

• Derivative relation: For each i = 1, 2, 3, spatial derivatives of ρ are related to the vector fields (1.13)
applied to f via

∂xiρ(t, x) =
1− 2q

t1−2q

∫
Lif(t, x, p)dp. (1.15)

Suppose thus that f is a solution of equation (1.9) on [1,∞)×T3×R3 such that f(1, ·, ·) = f1 ∈ Hk
◦ (T3×R3),

for some k ≥ 2. It follows from the Sobolev inequality (1.14) and the derivative relation (1.15) that

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ 1√
k

(1− 2q

t1−2q

)k ∑
|I|=k

∥∥∥∫ LIf(t, ·, p)dp
∥∥∥
L2(T3)

. (1.16)

For any multi-index I it follows from a general functional inequality (see Proposition 2.2) that

∥∥∥∫ LIf(t, ·, p)dp
∥∥∥
L2(T3)

≲

(∫
T3

∫
R3

|p|2|LIf(t, x, p)|2dpdx
) 1

4
(∫

T3

∫
R3

|p|4|LIf(t, x, p)|2dpdx
) 1

4

.

Now since the vector fields Li commute with equation (1.9), the conservation laws (1.12) hold with LIf in
place of f so that

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ (1− 2q)k

t6q+k(1−2q)
√
k

∑
|I|=k

(∫
T3

∫
R3

(|p|2 + |p|4)|LIf1(x, p)|2dpdx
) 1

2

, (1.17)

yielding (1.10).
If, moreover, f1 lies in the analytic space Hω

◦ (see again the definition in Section 2.1) then (1.17) holds
for all k ≥ 2 and thus, by definition of the analytic norm, there is λ > 0 such that

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ (1− 2q)kk!

(λt(1−2q))k
√
k

∥f1∥Hω
◦

t6q
, for all k ≥ 2. (1.18)

Thus, for all times t ≥ 1, (1.11) follows from setting k = λt1−2q

1−2q in (1.18) (or the floor of this quantity, if it

is not an integer) and recalling that n! en ≲
√
nnn for all n ∈ N (see Proposition 2.3 below).
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1.2.2 A non-relativistic toy problem for the degenerate q = 1
2 case

When q = 1
2 , the non-relativistic problem (1.9) takes the form

∂tf + pi∂xif − 1

t
pi∂pif = 0. (1.19)

The analogue of Theorem 1.2 for (1.19) takes the following form. (For convenience, for this non-relativistic
problem, it is helpful to consider initial data at some t0 > 1 rather than at t = 1.)

Theorem 1.13 (Degenerate phase mixing for the non-relativistic equation with q = 1
2 ). Consider some

t0 > 1, some k ≥ 2, and some f0 ∈ Hk
◦ (T3 × R3). Let f be the unique solution of equation (1.19) on

[t0,∞)× T3 × R3 such that f(t0, x, p) = f0(x, p). The spatial density of f satisfies, for all t ≥ t0,

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f0∥Hk

◦

t3(log t)k
, where ρ(t) =

t30
t3

∫
T3

∫
R3

f0(x, p)dpdx. (1.20)

If f0 lies in the analytic space f0 ∈ Hω
◦ (T3 × R3) then the spatial density satisfies, for all t ≥ t0,

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f0∥Hω

◦

t3+λ
, (1.21)

where λ = λ(f0) (see Section 2.1.3 below).

When q = 1
2 , the treatment of the non-relativistic problem (1.9) is similar to the 0 ≤ q < 1

2 case discussed
above. The main difference is that the commuting vector fields now take the form

Lk = log t ∂xk +
1

t
∂pk , k = 1, 2, 3,

and these vector fields are used in place of (1.13). The analogue of (1.17) then takes the form

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ 1

t3(log t)k
√
k

∑
|I|=k

(∫
T3

∫
R3

(|p|2 + |p|4)|LIf(t, x, p)|2dpdx
) 1

2

, (1.22)

yielding (1.20).
Suppose now that f0 lies in the analytic space f0 ∈ Hω

◦ (T3 × R3). Then, by (1.22), there exists λ > 0
such that

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ k!

(λ log t)k
√
k

∥f0∥Hω
◦

t3
, for all k ≥ 2. (1.23)

The inequality (1.21) then follows by setting k = ⌊λ log t⌋ in (1.23) and recalling again that n! en ≲
√
nnn

for all n ∈ N.

Remark 1.14 (The non-relativistic problem (1.9) as t → 0). For q > 1
2 , there is no improvement in the

behaviour of ρ(t, x) − ρ(t), for solutions of (1.9), as t → ∞. There is an improvement in the behaviour of
ρ(t, x) − ρ(t) as t → 0 when q > 1

2 , however. Contrast with the case q < 1
2 where there is no improvement

as t → 0. When q = 1
2 there is a small improvement in ρ − ρ both as t → ∞ and as t → 0. Note however

that equation (1.9) only seems to be a reasonable model for (1.2) as t→ ∞, and not as t→ 0.

1.2.3 The relativistic free transport equation

The main difference between the non-relativistic problems discussed in Section 1.2.1 and Section 1.2.2 and the
problem (1.2) is the fact that the vector fields which commute with the equation (1.2) are more complicated
than (1.13). This fact means that the derivative relation (1.15) is no longer so simple.
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In this section, in order to illustrate some of these new difficulties in a considerably simpler setting, the
relativistic free transport equation is considered (which is obtained by setting q = 0 in (1.2)). In order to
make the notation easier to navigate, we restrict here to the case of one spatial dimension (though the proof,
of course, generalises to higher dimensions). Thus, for f : R× T× R → [0,∞), the equation takes the form

∂tf +
p√

1 + p2
∂xf = 0, ρ(t, x) =

∫
R
f(t, x, p)dp. (1.24)

Theorem 1.15 (Phase mixing for the relativistic free transport equation). Consider some k ≥ 2 and f1 ∈
Hk

exp(T×R). Let f be the unique solution of equation (1.24) on [1,∞)×T×R such that f(1, x, p) = f1(x, p).
The spatial density satisfies, for all t ≥ 1,

sup
x∈T

∣∣ρ(t, x)− ρ
∣∣ ≲ ∥f1∥Hk

exp

tk
, where ρ =

∫
T

∫
R
f1(x, p)dpdx. (1.25)

If f1 lies in the analytic space f1 ∈ Hω
exp(T× R) then the spatial density satisfies, for all t ≥ 1,

sup
x∈T

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Hω

exp
e−µ t

1
11 , (1.26)

for some µ > 0.

The spaces Hk
exp and Hω

exp are exponentially weighted versions of the standard Sobolev spaces. See
Section 2.1.3 for definitions.

The main ingredients in the proof of Theorem 1.15 are the conservations laws (1.12), the Sobolev in-
equality (1.14), together with the following analogues of (1.13) and (1.15):

• Commutation vector fields: The vector field

M = t∂x + (1 + p2)
3
2 ∂p, (1.27)

commutes with equation (1.24).

• Derivative relation: Spatial derivatives of ρ are related to the vector fields (1.27) applied to f via

∂xρ(t, x) =
1

t

∫
Mf(t, x, p) + 3p(1 + p2)

1
2 f(t, x, p)dp. (1.28)

The extra, zeroth order, term in (1.28) (compared to (1.15)) arises from the p dependent factor multiplying
the ∂p derivative in (1.27) (which has been integrated by parts). Applying repeatedly, it follows that, for
any i ≥ 1,

∂ixρ(t, x) =
1

ti

∫
(M + 3p(1 + p2)

1
2 )if(t, x, p)dp.

Thus, in order to repeat the step (1.16) above, one is lead to considering combinatorial properties of the

operator (M +3p(1+ p2)
1
2 )i. The main such property is the following Binomial Theorem-type result, which

relates the operator to combinations of the commutation vector fields.

Proposition 1.16 (A binomial theorem for the commutation vector fields). For each i ≥ 1, there are
integers Cijkm ∈ Z, for j, k,m ∈ N0, such that(

M + 3p(1 + p2)
1
2

)i
=
∑
j,k,m

Cijkmp
j(1 + p2)

m
2 Mk. (1.29)

Moreover
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• Each Cijkm satisfies

0 ≤ Cijkm ≤ (4i)! for all j, k,m ∈ N0. (1.30)

• The non-vanishing Cijkm satisfy

Cijkm ̸= 0 ⇒ 0 ≤ j ≤ i, 0 ≤ k ≤ i, 0 ≤ m ≤ 3i. (1.31)

• The non-vanishing Cijkm moreover satisfy

Cijkm ̸= 0 ⇒ j +m+ 2k ≤ 2i. (1.32)

The fact that the non-vanishing terms in (1.29) satisfy the property (1.32) will be used to track the p
weight of each term in the summation (1.29). In order to treat the case of analytic f1 in Theorem 1.15, it is
important to characterise the behaviour of the constants as the number of derivatives i→ ∞. The property
(1.30) is used to estimate the constant for each such term, and the property (1.31) is used to estimate the
number of terms.

Proof of Proposition 1.16. Clearly (1.29) holds for i = 1 with

C1
010 = 1, C1

101 = 3, C1
jkm = 0 otherwise.

Suppose (1.29) holds for some i. Then(
M + 3p(1 + p2)

1
2

)( ∑
j,k,m

Cijkmp
j(1 + p2)

m
2 Mk

)
=
∑
j,k,m

Cijkm

(
jpj−1(1 + p2)

m+3
2 Mk

+mpj+1(1 + p2)
m+1

2 Mk + pj(1 + p2)
m
2 Mk+1 + 3pj+1(1 + p2)

m+1
2 Mk

)
,

and thus (1.29) holds for i+ 1 with

Ci+1
jkm = (j + 1)Cij+1,k,m−3 + (m+ 2)Cij−1,k,m−1 + Cij,k−1,m, (1.33)

where Cijkm := 0 if j < 0, k < 0 or m < 0. Thus, by induction, (1.29) holds for all i.

Consider now (1.31). Clearly (1.31) holds for i = 1. Suppose now (1.31) holds for some i. If Ci+1
jkm ̸= 0

then it must be the case that at least one of the terms on the right hand side of (1.33) is non-vanishing.
Thus j − 1 ≤ i, k − 1 ≤ i and m− 3 ≤ i, i.e. (1.31) holds for i+ 1, and thus for all i by induction.

Note now that the property (1.30) holds for i = 1. If (1.31) holds for some i ≥ 1 then, by (1.33) and the
property (1.31),

0 ≤ Ci+1
jkm ≤ i(4i)! + (3i+ 3)(4i)! + (4i)! = (4(i+ 1))!,

and so, by induction, (1.30) holds for all i.
Consider finally (1.32). Clearly (1.32) holds for i = 1. Suppose (1.32) holds for some i. If Cijkm ̸= 0

then at least one of the terms on the right hand side of (1.33) must be non-vanishing. If the first term is
non-vanishing, then j + 2k +m − 2 ≤ 2i. Similarly if the second or third terms are non-vanishing. Thus
(1.32) holds for i+ 1 and, by induction, for all i.

Proposition 1.16 — in particular the fact (1.29), together with the properties (1.30) and (1.32) — implies
that, for each i ≥ 1,

∣∣(M + 3p(1 + p2)
1
2 )if(t, x, p)

∣∣ ≤ 3(i+ 1)3(4i)!

i∑
k=0

(1 + |p|)2(i−k)|Mkf(t, x, p)|, (1.34)

where the property (1.31) is used to ensure that,

#{(j, k,m) | Cijkm ̸= 0} ≤ 3(i+ 1)3.
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The Sobolev inequality (1.14) then implies that

sup
x∈T

|ρ(t, x)− ρ(t)| ≲ 1√
k

k3(4k)!

tk

k∑
i=0

∥∥∥∫ (1 + |p|)2(k−i)|M if(t, ·, p)|dp
∥∥∥
L2(T)

.

Now since the vector field M commutes with the equation, the conservation laws (1.12) hold with M if in
place of f so that

sup
x∈T

|ρ(t, x)− ρ(t)| ≲ k3(4k)!

tk
√
k

∑
i1+i2≤k

(∫
T

∫
R
(1 + |p|2(k−i1−i2)+6i2+2)|∂i1x ∂i2p f1(x, p)|2dpdx

) 1
2

≲
k3(4k)!(6k + 2)!

tk
√
k

∥f1∥Hk
exp
, (1.35)

where the fact that |M if1| ≤
∑
i1+i2≤i(1 + |p|3i2)|∂i1x ∂i2p f1| has been used (along with the property (2.2) of

the norm ∥f1∥Hk
exp

), yielding (1.25).

If, moreover, f1 lies in the analytic space Hω
exp then (1.35) holds for all k ≥ 2 and thus, by definition of

the analytic norm, there is λ > 0 such that

sup
x∈T

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ k7(4k)!(6k)!k!

(λt)k
√
k

∥f1∥Hω
exp

≲
2k(11k)!

(λ
1
11 t

1
11 )11k

√
11k

∥f1∥Hω
exp
, for all k ≥ 2, (1.36)

where Proposition 2.4 below has been used in the final inequality, along with the fact that k7 ≲ 2k for all
k. Thus, for all times t ≥ 1, (1.26) follows from setting k = 1

11µt
1
11 in (1.36) (or the floor of this quantity, if

it is not an integer), with µ = λ
1
11 2−

1
11 , and recalling that n! en ≲

√
nnn for all n ∈ N (see Proposition 2.3

below).

1.2.4 The proof of Theorem 1.1 and Theorem 1.2

The main difference between the discussion of the toy problem (1.9) above, or of the relativistic free transport
equation (1.24), with the proof of Theorem 1.1 and Theorem 1.2 is the fact the commuting vector fields are
considerably more complicated in the latter cases. Indeed, the commuting vector fields used in the proof of
Theorem 1.1 take the form

Lk = Ak
i(t, p)∂xi +

1

t2q
∂pk , k = 1, 2, 3, (1.37)

where

Ak
i(t, p) = Gq

(
t |t2qp|−

1
q
)
|t2qp|

1−2q
q

(
δik +

1− 2q

q

t4qpipk

|t2qp|2

)
− 1

q

t1−q√
t2q + |t2qp|2

t4qpipk

|t2qp|2
, (1.38)

and Gq : [0,∞) → R is defined by

Gq(s) =

∫ s

0

1√
s̃4q + s̃2q

ds̃+Xq. (1.39)

Here Xq is a constant for each q (see (2.6) below). Note that the integral (1.39) cannot, in general, be
explicitly evaluated, and hence also the vector fields (1.37) are not explicit in general.

Suppose that t ≥ 1 is such that the matrix Ak
i(t, p) is invertible for all p (though it is not clear, a priori,

whether there is any such t). For such t, the analogue of the derivative relation (1.15) is

∂xiρ(t, x) =
1

t1−2q

∫
R3

(
Mi + η(t, p)i

)
f(t, x, p)dp,
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where
Mi = t1−2q(A−1)i

j
(t, p)Lj η(t, p)i = t1−4q∂pj (A

−1)i
j
(t, p),

Iterating gives, for any k ≥ 0 and any multi-index I with |I| = k,

∂Ixρ(t, x) =
1

tk(1−2q)

∫
R3

(
M + η(t, p)

)I
f(t, x, p)dp.

By analogy with the discussion for the non-relativistic problem discussed in Section 1.2.1, one would hope

to relate
(
M + η(t, p)

)I
to LI , so that the conservation laws (1.12) can be applied (which remain valid for

equation (1.2)).2 It is thus desirable to establish an inequality of the form∑
|I|=k

∣∣(M + η(t, p)
)I
f(t, x, p)

∣∣ ≤ Ck
∑
|I|≤k

∣∣LIf(t, x, p)∣∣, (1.40)

for some constants Ck ≥ 1 (cf. the inequality (1.34) for the q = 0 case). Indeed, after showing that the
matrix Ak

i(t, p) is invertible and establishing such an inequality, the proof proceeds much as in the the
non-relativistic problem.3

An inequality of the form (1.40), in which there are no growing t factors on the right hand side, in
particular encodes the fact t−k(1−2q) is the correct behaviour for f ∈ Hk

q . Further, in order to treat the case
of analytic solutions, it is important to characterise the rate at which the constants Ck grow as k → ∞.
The presence of the losses for analytic solutions, as compared to the non-relativistic problem (see Remark
1.6), is partly due to the presence of such growing constants (the other reason is due to further such growing
constants in the relation discussed in footnote 3).

After establishing the invertibility of Ak
i(t, p), the inequality (1.40) is established via another Binomial

Theorem-type result for the operator M + η, as in Proposition 1.16 for the q = 0 case. Such a statement is
indeed the main part of the analysis, and one of the main challenges is in finding a suitable analogue of the
ansatz (1.29) (which is necessarily more complex than that of Proposition 1.16).

The case q = 1
3

When q = 1
3 the vector fields are explicit. Indeed, the function G 1

3
can be expressed explicitly, and the

matrix Ak
i(t, p) takes the form

Ak
i(t, p) = 3(t

2
3 + |t 2

3 p|2) 1
2

(
δik +

t
4
3 pipk

t
2
3 + |t 2

3 p|2

)
.

It can directly be checked that Ak
i(t, p) is invertible for all t ≥ 1 and p ∈ R3, with explicit inverse (see (3.6)

below) and thus Mi and ηi take the form

Mi =
t
1
3

3(t
2
3 + |t 2

3 p|2) 1
2

(
δik −

t
2
3 pit

2
3 pk

t
2
3 + 2|t 2

3 p|2

)
Lk, η(t, p)i =

t
1
3 t

2
3 pi

3(t
2
3 + |t 2

3 p|2) 1
2

( 4|t 2
3 p|2

t
2
3 + 2|t 2

3 p|2
− 5
)
.

It can be shown (see Proposition 3.5) that the operator
(
M+η(t, p)

)I
can be expressed, for each multi-index

I, as a linear combination of terms of the form

t
l
3 (t

2
3 + |t 2

3 p|2)−m
2 (t

2
3 + 2|t 2

3 p|2)−n
2 (t

2
3 p)JLK ,

2Note a simplification which occurs when q = 0 (i.e. for the relativistic free transport equation, discussed in Section 1.2.3).
There (with d = 1), the vector fields factorise as

L = (1 + p2)−
3
2 M,

where M is as in (1.27). The function (1 + p2)−
3
2 is conserved by the operator in (1.24), and so the vector fields M also

commute with equation (1.24). It is thus unnecessary, for q = 0, to directly consider the L vector fields at all.
3A further step, essentially not present in the non-relativistic problem, involves relating LI |t=1 to the standard ∂x and ∂p

derivatives appearing in the spaces Hk
q (see, for example Proposition 3.6 in the case of q = 1

3
).
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for l,m, n ∈ N0, multi-indices K, and J ∈ (N0)
3. Furthermore, there are restrictions on l,m, n,K, J which

ensure that the inequality (1.40) holds for all k ≥ 0. The constants Ck can moreover be shown to satisfy

Ck ≲ 2k(146k)!,

yielding also a result in the analytic case (which is non-sharp, and improved in the treatment of general q).
Since the vector fields are explicit for q = 1

3 , a separate proof in this case is included in Section 3.1. See
Section 3.1 for more details.

The case q = 1
2

When q = 1
2 the function Gq defined by (1.39) is also explicit. There is again a collection of vector fields of

the form (1.37), where the analogue of the matrix (1.38) (see (3.24) below) is again explicitly invertible for
all t ≥ 1 and p ∈ R3. As such, the proof of Theorem 1.2 can be treated in a similar manner as the q = 1

3 case
of Theorem 1.1 discussed above, though most of the expressions, and thus the corresponding computations,
are more complicated. See Section 3.2 for details.

The case of general 0 < q < 1
2 with q ̸= 1

4 ,
1
6 , . . .

For general 0 < q < 1
2 the function Gq defined by (1.39) cannot be evaluated explicitly and, in particular, it

is difficult to determine good properties, such as invertibility, of the matrix (1.38). The quantities are more
accessible, however, when tq ≫ |t2qp|. Indeed, a computation reveals that the matrix (1.38) can be expressed
as

Ak
i(t, p) = t1−2q

[
Hq

(
t−2q|t2qp|2

)
δik + 2t−2qH ′

q(t
−2q|t2qp|2)t4qpipk

]
,

where Hq(s
2) = Gq(s

− 1
q )s

1−2q
q . Provided q ̸= 1

4 ,
1
6 , . . ., the function Hq is real analytic and has a convergent

power series around 0 (see Proposition 2.7 below). It follows from properties of Hq around 0 that Ak
i(t, p)

is invertible when tq ≫ |t2qp|. Moreover Mi and ηi take the form

Mi =
1

Hq(t−2q|t2qp|2)

(
δki − t−2qBq(t

−2q|t2qp|2)t2qpkt2qpi
)
Lk, η(t, p)i = Φq(t

−2q|t2qp|2)t−2qt2qpk,

for some functions Bq and Φq which are real analytic function around 0, provided again that q ̸= 1
4 ,

1
6 , . . .

(see Proposition 2.10 below). Using the power series expansions for Hq, Bq, and Φq around 0, it can be

shown (see Proposition 3.17) that, when tq ≫ |t2qp|, the operator
(
M + η(t, p)

)I
can be expressed, for each

multi-index I, as a power series with each term taking the form

t−lq(t−qt2qp)JLK .

for l ∈ N0, multi-indices K, and J ∈ (N0)
3. The summation is over infinitely many J , with summable

coefficients, but, for each fixed I, only finitely l and K. Furthermore, there are restrictions on l, J,K which
ensure that, for tq ≫ |t2qp|, the inequality (1.40) holds for all k ≥ 0. The constants Ck can moreover be
shown to satisfy

Ck ≲ 2k(4k)!,

which can be used to yield a result in the analytic case.
As noted, the above discussion applies only under the condition that

tq ≫ |t2qp|. (1.41)

The weight t2qp is preserved by the equation and so, if f1 is assumed to be compactly supported, there is a
constant R > 0 such that the solution at all later times has the support property

supp(f(t, x, ·)) ⊂ {|t2qp| ≤ R}.
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Thus, under this compact support assumption, (1.41) is guaranteed to hold in the support of f for t≫ R
1
q .

Since Theorem 1.1 is a statement about the long time behaviour of solutions, it is only necessary to consider
the L vector fields (and thus the above discussion) for such large t, and it suffices to consider only the
coordinate derivatives ∂xi as commutators prior to these late times.

In order to treat f1 which are not necessarily compactly supported (in particular, to treat non-trivial
examples of analytic f1) a dyadic physical space localisation of the solution f is considered. The solution is
written as f =

∑∞
n=0 f

n where each fn solves the Vlasov equation (1.2) and satisfies the support property

supp(fn) ⊂ {(t, x, p) | 2n−1 ≤ |t2qp| ≤ 2n+1}.

Each dyadic piece fn of the solution can then be treated as above — using the coordinate ∂xi as commutators
for t < Tn, and the Li vector fields for times t ≥ Tn, where {Tn}∞n=0 is a suitable sequence of times with
Tn → ∞ as n→ ∞. See Section 3.3 for further details.

The case of q = 1
4 ,

1
6 , . . .

The values q = 1
4 ,

1
6 , . . . are excluded from Theorem 1.1 as the function s 7→ Gq

(
s−

1
q
)
s

1−2q
q , with Gq defined

by (1.39) — and hence the vector fields (1.37) — are not smooth but slightly singular in these cases. In
Remark 3.16 below a different collection of vector fields, which are regular for all q, are given. We expect
that a version of Theorem 1.1, for all 0 < q < 1

2 , can be given using these vector fields but, in order to the
simplify the proof, do not do so here.

1.3 Outline of the paper

Section 2 contains certain preliminaries. The notation used throughout is introduced, various functional
inequalities are presented, and some conservation laws for equation (1.2) are given. In Section 3, the proofs
of Theorem 1.1 and Theorem 1.2 are given.

Acknowledgements

We acknowledge support through Royal Society Tata University Research Fellowship URF\R1\191409. We
are grateful to M. Tiba for helpful discussions.

2 Preliminaries

This section contains certain preliminaries to the proof of Theorem 1.1 and Theorem 1.2. In Section 2.1
some notation is introduced, which will be used throughout. In Section 2.2 certain functional inequalities
and combinatorial statments are presented. Section 2.3 concerns some basic properties of the functions Gq
and Hq, which feature later in the vector fields of Section 3. In Section 2.4 some conservation laws for
equation (1.2) are stated.

2.1 Notation

In this section the notation used throughout the paper is introduced.

2.1.1 Spatial average

For any function ϕ : T3 → R, the spatial average is denoted

ϕ =

∫
T3

ϕ(x)dx.
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2.1.2 Multi-indices

In what follows a collection of vector fields {L1, L2, L3} will be introduced. Given k ∈ N0, a multi-index
of length k is defined to be a collection I = (i1, i2 . . . , ik), with ij ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1)} for each
j = 1, . . . , k. Given such a multi-index I, define

∂Ix = ∂i1x . . . ∂
ik
x , ∂Ip = ∂i1p . . . ∂

ik
p , LI = Li1 . . . Lik ,

where

∂(1,0,0)x = ∂x1 , ∂(0,1,0)x = ∂x2 , ∂(0,0,1)x = ∂x3 , L(1,0,0) = L1, L(0,1,0) = L2, L(0,0,1) = L3,

etc. Define also, for p ∈ R3,
pI = pi1pi2 . . . pik ,

where
p(1,0,0) = p1, p(0,1,0) = p2, p(0,0,1) = p3.

For any function h(t, x, p), define(
L+ h(t, x, p) p

)I
=
(
Li1 + h(t, x, p) pi1

)(
Li2 + h(t, x, p) pi2

)
. . .
(
Lik + h(t, x, p) pik

)
.

For such I, define also |I| = k.
For J = (j1, j2, j3) ∈ (N0)

3, define |J | = j1 + j2 + j3 and, for p ∈ R3,

pJ = (p1)j1(p2)j2(p3)j3 .

Given a multi-index K = (i1, . . . , ik) with i1, . . . , ik ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, define

K − ei =


(i2, . . . , ik) if i1 = ei and k ≥ 2,

0 if i1 = ei and k = 1,

∅ otherwise.

Define also
K + ei = (ei, i1, . . . , ik).

If 0 = (0, 0, 0) is the zero vector, then define

(p1, p2, p3)0 = 1, L0 = 1. (2.1)

Thus, for example, if K = (ei, ej), then L
K−ei = Lj . If K = (ei), then L

K−ei = 1.

2.1.3 Function spaces

For k ∈ N and 0 < q < 1
2 , define the weighted Sobolev norms on functions h : T3 × R3 → R by

∥h∥2Hk
◦ (T3×R3) =

∑
|I|+|J|≤k

∫
T3

∫
R3

(|p|2 + |p|4)|∂Ix∂Jp h(x, p)|2dpdx,

∥h∥2Hk
q (T3×R3) =

∑
|I|+|J|≤k

∫
T3

∫
R3

(|p|2 + |p|4)(1 + |p|)|I|
1−2q

q |∂Ix∂Jp h(x, p)|2dpdx,

∥h∥2Hk
log(T3×R3) =

∑
|I|+|J|≤k

∫
T3

∫
R3

(|p|2 + |p|4)
(
log(2 + |p|)

)|I||∂Ix∂Jp h(x, p)|2dpdx,
∥h∥2Hk

exp(T3×R3) =
∑

|I|+|J|≤k

∫
T3

∫
R3

e2|p||∂Ix∂Jp h(x, p)|2dpdx,
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along with the corresponding homogeneous semi-norms

∥h∥2
H̊k

◦ (T3×R3)
=

∑
|I|+|J|=k

∫
T3

∫
R3

(|p|2 + |p|4)|∂Ix∂Jp h(x, p)|2dpdx,

∥h∥2
H̊k

q (T3×R3)
=

∑
|I|+|J|=k

∫
T3

∫
R3

(|p|2 + |p|4)(1 + |p|)|I|
1−2q

q |∂Ix∂Jp h(x, p)|2dpdx,

∥h∥2
H̊k

log(T3×R3)
=

∑
|I|+|J|=k

∫
T3

∫
R3

(|p|2 + |p|4)
(
log(2 + |p|2)

)|I||∂Ix∂Jp h(x, p)|2dpdx,
∥h∥2

H̊k
exp(T3×R3)

=
∑

|I|+|J|=k

∫
T3

∫
R3

e2|p||∂Ix∂Jp h(x, p)|2dpdx,

and the Sobolev spaces

Hk
◦ (T3 × R3) =

{
h : T3 × R3 → R

∣∣∣ ∥h∥Hk
◦ (T3×R3) <∞

}
,

Hk
q (T3 × R3) =

{
h : T3 × R3 → R

∣∣∣ ∥h∥Hk
q (T3×R3) <∞

}
,

Hk
log(T3 × R3) =

{
h : T3 × R3 → R

∣∣∣ ∥h∥Hk
log(T3×R3) <∞

}
,

Hk
exp(T3 × R3) =

{
h : T3 × R3 → R

∣∣∣ ∥h∥Hk
exp(T3×R3) <∞

}
.

Define also the analytic spaces of smooth functions

Hω
◦ (T3 × R3) =

{
h : T3 × R3 → R

∣∣∣ ∃λ > 0 such that ∥h∥H̊k
◦ (T3×R3) ≤

k!

λk
for all k ≥ 0

}
,

Hω
q (T3 × R3) =

{
h : T3 × R3 → R

∣∣∣∃λ > 0 such that ∥h∥H̊k
q (T3×R3) ≤

k!

λk
for all k ≥ 0

}
,

Hω
log(T3 × R3) =

{
h : T3 × R3 → R

∣∣∣ ∃λ > 0 such that ∥h∥H̊k
log(T3×R3) ≤

k!

λk
for all k ≥ 0

}
,

Hω
exp(T3 × R3) =

{
h : T3 × R3 → R

∣∣∣ ∃λ > 0 such that ∥h∥H̊k
exp(T3×R3) ≤

k!

λk
for all k ≥ 0

}
.

For h ∈ Hω
q (T3 × R3), define

λ(h) = sup
{
λ > 0

∣∣∣ ∥h∥H̊k
q (T3×R3) ≤

k!

(2λ)k
for all k ≥ 0

}
,

and similarly for h ∈ Hω
◦ , h ∈ Hω

log, and h ∈ Hω
exp. Define also the analytic norm

∥h∥Hω
q (T3×R3) =

∞∑
k=0

λ(h)k

k!
∥h∥H̊k

q (T3×R3),

so that

∥h∥H̊k
q (T3×R3) ≤

k!

λ(h)k
∥h∥Hω

q (T3×R3), for all k ≥ 0.

Similarly for h ∈ Hω
◦ (T3 × R3), h ∈ Hω

log(T3 × R3), and h ∈ Hω
exp(T3 × R3).

Recall that, for any l ∈ N,
(1 + |p|l)2 ≤ (l!)2 e2|p|,

and so, for any function h : T3 × R3 → R,∑
|I|+|J|=k

(∫
T3

∫
R3

(1 + |p|2l)|∂Ix∂Jp h(x, p)|2dpdx
) 1

2 ≤ l! ∥h∥H̊k
exp(T3×R3). (2.2)
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This fact was used in the proof of Theorem 1.15. (Some form of super-polynomial weight seems to be
necessary, for the the proof of Theorem 1.15, in the definition of the space Hω

exp. In the case of finite k,
however, the results of Theorem 1.15 still hold if this weight is suitably relaxed.)

Though the main results of the present work do not feature Gevrey spaces, the following spaces are
defined for the purposes of Remark 1.7. Given s ≥ 1, define the Gevrey space of smooth functions

Gsq (T3 × R3) =
{
h : T3 × R3 → R

∣∣∣ ∃λ > 0 such that ∥h∥H̊k
q (T3×R3) ≤

(k!)s

λk
for all k ≥ 0

}
,

along with the norm, for h ∈ Gsq (T3 × R3),

∥h∥Gs
q (T3×R3) =

∞∑
k=0

λs(h)
k

(k!)s
∥h∥H̊k

q (T3×R3), λs(h) = sup
{
λ > 0

∣∣∣ ∥h∥H̊k
q (T3×R3) ≤

(k!)s

(2λ)k
for all k ≥ 0

}
.

The space Gslog, along with its associated norm, is defined analogously.

2.1.4 Constants

The notation
A ≲ B,

will be used when there is a universal constant C such that

A ≤ CB.

When such notation is used, the constant C may depend on the value of q under consideration (and may
blow up as q approaches 1

4 ,
1
6 , . . .), but never on the value of the number of derivatives being considered.

2.2 Functional inequalities

In this section some functional inequalities are collected, which will be used in the sequel.

2.2.1 Sobolev inequality

The first functional inequality is a standard L∞–L2 Sobolev inequality.

Proposition 2.1 (L∞–L2 Sobolev inequality). For any smooth function ϕ : T3 → R, and any k ≥ 2,

sup
x∈T3

|ϕ(x)− ϕ| ≲ 1√
k

∑
|I|=k

∥∂Ixϕ∥L2(T3).

Proof. The function ϕ can be Fourier decomposed

ϕ(x) =
∑
ξ∈Z3

ϕ̂(ξ)e2πiξ·x, ϕ̂(ξ) =

∫
T3

ϕ(x)e−2πiξ·xdx,

and so

|ϕ(x)− ϕ| ≤
∑
|ξ|≠0

|ϕ̂(ξ)| ≤
( ∑

|ξ|≠0

|ξ|−2k
) 1

2
( ∑
ξ∈Z3

|ξ|2k|ϕ̂(ξ)|2
) 1

2

=
( ∑

|ξ|≠0

|ξ|−2k
) 1

2
∑
|I|=k

∥∂Ixϕ∥L2(T3),

by the Cauchy–Schwarz Inequality and the Plancherel Theorem. The proof follows from the fact that |ξ|−2k

is summable for k ≥ 2 and satisfies ∑
ξ∈Z3∖{0}

|ξ|−2k ≲
1

k
.
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2.2.2 Interpolation inequality

The next functional inequality is an interpolation inequality concerning the L2 norm of the momentum
average of a function h : T3 × R3 → R and certain weighted L2 norms of h.

Proposition 2.2 (Interpolation inequality). For any suitably decaying function h : T3 × R3 → R,∫
T3

|ρh(x)|2dx ≲

(∫
T3

∫
R3

|p|2|h(x, p)|2dpdx
) 1

2
(∫

T3

∫
R3

|p|4|h(x, p)|2dpdx
) 1

2

,

where

ρh(x) =

∫
R3

h(x, p)dp.

Proof. Note first that the integral ∫
R3

1

|p|2 + |p|4
dp,

is finite. Thus, for any suitably decaying function h : T3 × R3 → R,∫
T3

|ρh(x)|2dx ≲
∫
T3

∫
R3

(|p|2 + |p|4)|h(x, p)|2dpdx. (2.3)

Defining now
hλ(x, p) = h(x, λp),

it follows that∫
T3

|ρhλ
(x)|2dx = λ−6

∫
T3

|ρh(x)|2dx,
∫
T3

∫
R3

|p|2|hλ(x, p)|2dpdx = λ−5

∫
T3

∫
R3

|p|2|h(x, p)|2dpdx,

∫
T3

∫
R3

|p|4|hλ(x, p)|2dpdx = λ−7

∫
T3

∫
R3

|p|4|h(x, p)|2dpdx.

Applying (2.3) to hλ then gives∫
T3

|ρh(x)|2dx ≲ λ

∫
T3

∫
R3

|p|2|h(x, p)|2dpdx+ λ−1

∫
T3

∫
R3

|p|4|h(x, p)|2dpdx.

The proof follows from setting

λ =

(∫
T3

∫
R3

|p|2|h(x, p)|2dpdx
)− 1

2
(∫

T3

∫
R3

|p|4|h(x, p)|2dpdx
) 1

2

.

2.2.3 Combinatorial results

This section contains some combinatorial results which will be used in the proof of the main results.

Proposition 2.3 (Stirling’s formula). There is a sequence {rn}∞n=1 such that rn → 0 as n → ∞ and, for
any n ∈ N,

n!en

nn
√
2πn

= ern .

Proof. There are many proofs of this well known fact — see [60], for example.
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Proposition 2.4 (Products of factorials and polynomials). For any n1, n2 ∈ N,

(n1k)!(n2k)! ≤ ((n1 + n2)k)!,

for all k ∈ N.

Proof. Suppose, without loss of generality, that n1 ≤ n2. Then

((n1 + n2)k)!

(n2k)!
= (n2k + 1)× (n2k + 2)× . . .× (n2k + k)× (n2k + k + 1)× . . .× (n2k + n1k) ≥ (n1k)!,

and the proof follows.

Lemma 2.5 (Summation Lemma). For any integer k ≥ 1,

∞∑
j=0

(1 + j)ke−j ≲ k! · k 1
2 .

Proof. Note that the the function f(x) = (1 + x)ke−x agrees with the summand whenever x is an integer,
and has a global maximum at x = k − 1. It follows that the summation is uniformly bounded by

∞∑
j=0

(1 + j)ke−j ≲
∫ k

0

(1 + x)ke−xdx+

∫ ∞

k

xke1−xdx.

Now Proposition 2.3 implies that ∫ k

0

(1 + x)ke−xdx ≤ kkke1−k ≲ k! · k 1
2 ,

and, after integrating by parts k times,∫ ∞

k

xke−xdx = kke−k
k∑
l=0

k!

(k − l)!kl
≲ k! · k 1

2 ,

and the result follows.

2.3 The functions Gq and Hq

In this section, functions Gq and Hq are introduced, which will appear in the commutation vector fields
introduced in Section 3 below. Various analyticity properties of these functions are also collected.

Consider 0 < q < 1
2 such that 1

2q is not an integer (i.e. q ̸= 1
4 ,

1
6 ,

1
8 , . . .). Let Nq be the unique positive

integer such that
1

2(Nq + 2)
< q <

1

2(Nq + 1)
. (2.4)

Define Gq : [0,∞) → R by

Gq(s) =

∫ s

0

1√
s̃4q + s̃2q

ds̃+Xq, (2.5)

where

Xq = −
∫ 1

0

1√
s4q + s2q

ds+

Nq∑
n=0

an
1− 2q(n+ 1)

−
∫ ∞

1

1

s2q

( 1√
1 + s−2q

−
Nq∑
n=0

ans
−2qn

)
ds, (2.6)
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and

a0 = 1, an =
(−1)n

∏n
l=1(2l − 1)

2n n!
for n ≥ 1.

The coefficients an have the property that

1√
1 + x

=

∞∑
n=0

anx
n, for |x| < 1, (2.7)

and so it follows that the integrals in (2.6) are convergent (note, in particular, that the property (2.4) of Nq
implies that 2q(n + 1) > 1 for all n ≥ Nq + 1). This precise form of Xq is chosen so that Gq(s) takes the
form (2.11) below, and thus admits the expansion (2.12).

Remark 2.6 (Explicit expressions for Gq). For certain values of q the function Gq can be expressed explicitly.
For example when q = 1

3 , Gq takes the explicit form

G 1
3
(s) = 3

√
1 + s

2
3 , (2.8)

and when q = 1
4 (a case otherwise not considered in the present work), Gq takes the explicit form

G 1
4
(s) = X 1

4
+ 2

√
s+ s

1
2 − log

(
1 + 2s

1
2 + 2

√
s+ s

1
2

)
.

For general q, however, Gq cannot be expressed explicitly.

Define also Hq : [0,∞) → R by,

Hq(0) =
1

1− 2q
, Hq(s) =

Gq(s
− 1

2q )

s1−
1
2q

for s ̸= 0. (2.9)

so that

Hq(s
2) =

Gq(s
− 1

q )

s2−
1
q

= Gq(s
− 1

q )s
1−2q

q .

Proposition 2.7 (Analyticity of Hq). Consider 0 < q < 1
2 such that 1

2q is not an integer (i.e. q ̸=
1
4 ,

1
6 ,

1
8 , . . .). The function Hq : [0,∞) → R defined by (2.9) is real analytic (in fact, Hq extends to a real

analytic function Hq : (−1,∞) → R). Moreover, for any 0 ≤ s < 1,

Hq(s) =

∞∑
n=0

bns
n, b0 =

1

1− 2q
, bn =

an
1− 2q(n+ 1)

for n ≥ 1. (2.10)

Proof. Note that Hq satisfies the ordinary differential equation

d

ds
Hq(s) +

2q − 1

2q

Hq(s)

s
= − 1

2qs
√
1 + s

.

It follows from the Cauchy–Kovalevskaya Theorem that Hq is real analytic on (0,∞). Suppose now that
0 < s < 1. Note first that, for s > 1, using the expression (2.6) for Xq,

Gq(s) =

Nq∑
n=0

ans
1−2q(n+1)

1− 2q(n+ 1)
−
∫ ∞

s

1

s̃2q

( 1√
1 + s̃−2q

−
Nq∑
n=0

ans̃
−2qn

)
ds̃, (2.11)

where the fact that that the property (2.4) implies that 2q(n+ 1) < 1 for all 0 ≤ n ≤ Nq has been used. It
follows that, for 0 < s < 1,

Hq(s) =
Gq(s

− 1
2q )

s1−
1
2q

=

Nq∑
n=0

ans
n

1− 2q(n+ 1)
− 1

s1−
1
2q

∫ ∞

s
− 1

2q

1

s̃2q

[
1√

1 + s̃−2q
−

Nq∑
n=0

ans̃
−2qn

]
ds̃,
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Consider some N ≥ Nq. The property (2.7) implies that∣∣∣∣Hq(s)−
N∑
n=0

bns
n

∣∣∣∣ ≤ sN+1

2q(N + 2)− 1
, b0 =

1

1− 2q
, bn =

an
1− 2q(n+ 1)

for n ≥ 1.

Thus, letting N → ∞, the expansion (2.10) holds for any 0 ≤ s < 1 and so Hq is analytic around 0 (in fact,
Hq extends to a real analytic function Hq : (−1,∞) → R).

Remark 2.8 (Expansion for Gq). It follows from the proof of Proposition 2.7 that Gq admits the expansion,
for large s,

Gq(s) =

∞∑
n=0

ans
1−2q(n+1)

1− 2q(n+ 1)
=

∞∑
n=0

bns
1−2(n+1)q, for s > 1. (2.12)

The following proposition is used later when relating combinations of vector fields at t = 1 to the standard
∂x and ∂p derivatives appearing in the spaces Hk

q .

Proposition 2.9 (Hq for large |p|). There are real analytic functions ψq, ϕq : (−1, 1) → R such that, for all
|p| > 1,

Hq(|p|2) = Xq|p|
1−2q

q + ψq(|p|−1), 2H ′
q(|p|2) = Yq|p|

1−4q
q + ϕq(|p|−1),

where Yq =
1−2q
q Xq and

ψq(s) =

∞∑
n=0

cns
2n+1, ϕq(s) = −

∞∑
n=0

(2n+ 1)cns
2n+3, cn =

an
1 + (2n− 1)q

, for n ≥ 0. (2.13)

Proof. Recall that

Gq(s) = Xq +

∫ s

0

1

s̃q
1√

1 + s̃2q
ds̃,

and, recalling the expansion (2.7), it follows as in the proof of Proposition 2.7 that Gq admits the expansion,
for small s,

Gq(s) = Xq +

∞∑
n=0

cns
1+(2n−1)q, for |s| < 1,

with cn defined by (2.13). Thus

Hq(s
2) = Xqs

1−2q
q +

∞∑
n=0

cns
−(2n+1), for |s| < 1,

and the proof for Hq follows. Differentiating gives

2sH ′
q(s

2) =
1− 2q

q
Xqs

1−3q
q −

∞∑
n=0

(2n+ 1)cns
−(2n+2), for |s| < 1,

and the proof for 2H ′
q also follows.

The following proposition contains various functions, defined in terms of Hq, which also appear in the
proof of Theorem 1.1.

Proposition 2.10 (Analyticity of 1/Hq, Bq/Hq, and Φq). There exists δ > 0 such that the functions

1

Hq
,

1

H ′
q

,
Bq
Hq

, Φq : [0, δ) → R,
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where the latter two are defined by

Bq(s) =
2H ′

q(s)

2sH ′
q(s) +Hq(s)

, Φq(s) = − 2

Hq(s)

(H ′
q(s)

Hq(s)
− sBq(s)

H ′
q(s)

Hq(s)
+ sB′

q(s) + 2Bq(s)
)
, (2.14)

are well defined and real analytic (or, rather, extend to an real analytic functions on (−δ, δ)).
Proof. Note that H ′

q is real analytic and

H ′
q(s) =

∞∑
n=0

(n+ 1)bn+1s
n.

Since Hq(0) = 1
1−2q and H ′

q(0) = b1 = − 1
2(1−4q) , it follows that there exists δ > 0 such that Hq(s) ̸= 0

and H ′
q(s) ̸= 0 for all (−δ, δ). The fact that 1

Hq
, 1
H′

q
,
Bq

Hq
, and Φq are real analytic on (−δ, δ) then follows

from standard theory of analytic functions. Moreover, the coefficients of the corresponding power series
expansions around 0 can be expressed in terms of {bn}. See, for example, the textbook of Krantz–Parks
[46].

2.4 Conservation laws

In this section some conservation laws satisfied by solutions of (1.2) are given. The first conservation law
concerns the spatial average of ρ.

Proposition 2.11 (Conservation law for spatial average of ρ). For any q > 0, if f solves (1.2), then the
average of ρ satisfies the conservation law

t6q
∫
T3

ρ(t, x)dx =

∫
T3

∫
R3

f1(x, p)dpdx,

for all t ∈ (0,∞), where f1(x, p) = f(1, x, p).

Proof. After integrating equation (1.2) with respect to both x and p, the second term on the left hand side
vanishes and the third term can be integrated by parts in p to give

∂t

∫
T3

∫
R3

f(t, x, p)dpdx+
6q

t

∫
T3

∫
R3

f(t, x, p)dpdx = 0,

from which the result follows.

It follows from Proposition 2.11 that, for any solution f of (1.2),

ρ(t) =
1

t6q

∫
T3

∫
R3

f1(x, p)dpdx.

The next conservation law concerns p-weighted L2 norms of solutions.

Proposition 2.12 (Weighted L2 conservation law for f). For any q > 0, if f solves (1.2), then, for any
s ≥ 0,

t2q(s+3)

∫
T3

∫
R3

|p|s|f(t, x, p)|2dpdx =

∫
T3

∫
R3

|p|s|f1(x, p)|2dpdx,

for all t ∈ (0,∞), where f1(x, p) = f(1, x, p).

Proof. A simple computation gives

∂t

∫
T3

∫
R3

|p|s|f(t, x, p)|2dpdx = −2

∫
T3

∫
R3

|p|sf
( pi
p0
∂xif − 2q

t
pi∂pif

)
dpdx

= −2q(s+ 3)

t

∫
T3

∫
R3

|p|s|f(t, x, p)|2dpdx,

from which the result immediately follows.
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3 The proof of the main results

In this section the proofs of Theorem 1.1 and Theorem 1.2 are given. Many parts of the proof of Theorem
1.1 can be made more explicit when q = 1

3 . A more explicit proof of this special case is therefore first given
in Section 3.1. In Section 3.2 the proof of Theorem 1.2 is given. Finally, in Section 3.3 the proof of Theorem
1.1 in full generality is given.

3.1 The q = 1
3
FLRW spacetime

When q = 1
3 , the Vlasov equation (1.2) takes the form

∂tf +
pi

p0
∂xif − 2

3t
pi∂pif = 0, p0 =

√
1 + t

2
3 |p|2. (3.1)

This section concerns the following version of Theorem 1.1 for equation (3.1).

Theorem 3.1 (Phase mixing for the Vlasov equation on the q = 1
3 FLRW spacetime). Let f be a solution

of equation (3.1) on [1,∞)× T3 × R3 such that f(1, x, p) = f1(x, p) for some f1 ∈ Hk
1/3(T

3 × R3) for some
k ≥ 2. The spatial density satisfies, for all t ≥ 1,

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Hk

1/3

t2+
k
3

. (3.2)

If f1 lies in the analytic space f1 ∈ Hω
1/3(T

3 × R3) then the spatial density satisfies, for all t ≥ 1,

sup
x∈T3

∣∣ρ(t, x)− ρ(t)
∣∣ ≲ ∥f1∥Hω

1/3

t2
e−µ t

1
456 , (3.3)

where µ =
(
λ(f1)

) 1
152 /2.

3.1.1 Commutation vector fields

The proof of Theorem 3.1 is based on the following set of vector fields which commute with equation (3.1).
For k = 1, 2, 3, define

Lk = Ak
i(t, p)∂xi +

1

t
2
3

∂pk , (3.4)

where

Ak
i(t, p) = 3

√
t
2
3 + |t 2

3 p|2
(
δik +

t
4
3 pipk

t
2
3 + |t 2

3 p|2

)
. (3.5)

Proposition 3.2 (Commuting vector fields for equation (3.1)). The vector fields Lk, for k = 1, 2, 3, defined
by (3.4)–(3.5), satisfy [

∂t +
pi√

1 + t
2
3 |p|2

∂xi − 2

3t
pi∂pi , Lk

]
= 0, k = 1, 2, 3.

Proof. The proof is a direct computation.

Proposition 3.3 (Inverse of the matrix A). For all t ≥ 1 and all p ∈ R3, the matrix Ak
i(t, p), defined by

(3.5), is invertible. The inverse takes the form

(A−1)k
i
(t, p) =

1

3
√
t
2
3 + |t 2

3 p|2

(
δik −

t
2
3 pit

2
3 pk

t
2
3 + 2|t 2

3 p|2

)
, (3.6)
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Proof. The proof is a direct computation.

Remark 3.4 (Representation formula). Equation (3.1) admits the following representation formula for
solutions. For any solution, there is a function F : R3 × R3 → [0,∞) such that

f(t, x, p) = F
(
x− 3(t

2
3 + |t 2

3 p|2) 1
2 t

2
3 p, t

2
3 p
)
.

It follows that
F (x, p) = f

(
t, x+ 3(t

2
3 + |p|2) 1

2 p, t−
2
3 p
)
. (3.7)

The expression for the vector fields (3.4)–(3.5) can be obtained by applying ∂pk to (3.7).
There is a related representation formula for equation (3.1),

f(t, x, p) = f1

(
x− 3

(
(t

2
3 + |t 2

3 p|2) 1
2 − (1 + |t 2

3 p|2) 1
2

)
t
2
3 p, t

2
3 p
)
.

where f1(x, p) = f(1, x, p). It follows that

f1(x, p) = f
(
t, x+ 3

(
(t

2
3 + |p|2) 1

2 − (1 + |p|2) 1
2

)
p, t−

2
3 p
)
. (3.8)

Applying ∂pk to (3.8) gives rise to a related set of vector fields, again of the form (3.4) but now with

Ak
i(t, p) = 3

(√
t
2
3 + |t 2

3 p|2 −
√
1 + |t 2

3 p|2
)(

δik −
t
4
3 pipk√

(t
2
3 + |t 2

3 p|2)(1 + |t 2
3 p|2)

)
.

This related collection of vector fields will not be used in the present work, but will be commented on again
in Remark 3.16.

3.1.2 A binomial theorem for the commutation vector fields

In this section a Binomial Theorem-type result is given for certain operators related to the commutation
vector fields which arise when relating derivatives of ρ to vector field derivatives of f .

To ease notation, define

rk = t
2
3 pk, ∂rk =

1

t
2
3

∂pk , h(t, r) = 3

√
t
2
3 + |r|2, b(t, r) = t

2
3 + 2|r|2, (3.9)

so that

Lk = h(t, r)

(
δik +

9rirk

h(t, r)2

)
∂xi + ∂rk , (A−1)k

i
(t, p) =

1

h(t, r)

(
δik −

rirk

b(t, r)

)
, i, k = 1, 2, 3. (3.10)

Moreover, a computation gives

1

t
1
3

∂pi(A
−1)k

i
(t, p) =

4t
1
3 |r|2rk

h(t, r)b(t, r)2
− 5t

1
3 rk

h(t, r)b(t, r)
. (3.11)

Define the operators

Mi = t
1
3 (A−1)i

k
(t, p)Lk =

t
1
3

h(t, r)

(
δik −

rirk

b(t, r)

)
Lk, i = 1, 2, 3. (3.12)

As will be seen in the proof of Proposition 3.7 below, for any multi-index I,

(t
1
3 ∂x)

Iρ(t, x) =

∫ (
M +

4t
1
3 |r|2 r

h(t, r)b(t, r)2
− 5t

1
3 r

h(t, r)b(t, r)

)I
f(t, x, p)dp. (3.13)
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The following proposition is a Binomial Theorem-type result which relates the operator appearing on the
right side of (3.13) to combinations of the commutation vector fields. See (3.14). In the proof of Proposition
3.7, it is important to capture the fact that the coefficient of each such term is uniformly bounded in t, and
also to keep track of the r weight of each such term. The fact that the non-vanishing terms in (3.14) satisfy
the property (3.17) will be used to establish these facts. In order to treat the case of analytic f1 in Theorem
3.1, it is also important to characterise the behaviour of the constants in such estimates as the number of
derivatives |I| → ∞. The property (3.15) is used to estimate these constant for each such term, and the
property (3.16) is used to estimate the number of terms.

The notation is somewhat easier to navigate for the corresponding statement in one spatial dimension.
The reader is therefore encouraged to first read the treatment of the relativistic free transport equation in
one spatial dimension in Section 1.2.3.

Proposition 3.5 (A binomial theorem for the commutation vector fields). For each multi-index |I| ≥ 1,
there are integers CIJKlmn ∈ Z, for l,m, n ∈ N0, multi-indices K, and J ∈ (N0)

3, such that(
M +

4t
1
3 |r|2rk

h(t, r)b(t, r)2
− 5t

1
3 rk

h(t, r)b(t, r)

)I
=

∑
J,K,l,m,n

CIJKlmnt
l
3h(t, r)−mb(t, r)−nrJLK . (3.14)

Moreover

• Each CIJKlmn satisfies

|CIJKlmn| ≲ (146|I|)! for all l,m, n ∈ N0, J ∈ (N0)
3, and multi-indices K. (3.15)

• The non-vanishing CIJKlmn satisfy

CIJKlmn ̸= 0 ⇒ 0 ≤ |J | ≤ 3|I|, 0 ≤ |K| ≤ |I|, 0 ≤ l ≤ |I|, 0 ≤ m ≤ 3|I|, 0 ≤ n ≤ 2|I|.
(3.16)

• The non-vanishing CIJKlmn moreover satisfy

CIJKlmn ̸= 0 ⇒ 0 ≤ l + |J | ≤ m+ 2n. (3.17)

Proof. Clearly (3.14) holds when |I| = 1 with, for e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1),

Cei0,ek,1,1,0 = δik, Ceiej1+ej2 ,ek,1,1,1
= −δij1δ

k
j2 , Cei2ec+ej ,0,1,1,2 = 4δij , Ceiej ,0,1,1,1 = −5δij ,

where the third holds for c = 1, 2, 3, and

CeiJKlmn = 0 otherwise,

for each i = 1, 2, 3.
Note that, for J = (j1, j2, j3),

Mi(h(t, r)
−m) =

−9mt
1
3 rk

h(t, r)m+3

(
δki −

rirk

b(t, r)

)
, Mi(b(t, r)

−n) =
−4n t

1
3 rk

h(t, r)b(t, r)n+1

(
δki −

rirk

b(t, r)

)
,

Mi(r
J) =

jit
1
3 rJ−ei

h(t, r)
− |J |t 1

3 rJ+ei

h(t, r)b(t, r)
.

26



Suppose now that (3.14) holds from some I. It follows that(
Mi +

4t
1
3 |r|2rk

h(t, r)b(t, r)2
− 5t

1
3 rk

h(t, r)b(t, r)

) ∑
J,K,l,m,n

CIJKlmnt
l
3h(t, r)−mb(t, r)−nrJLK

=
∑

J,K,l,m,n

CIJKlmn

(
− 9mt

l+1
3 h−(m+3)b−nrJ+eiLK + 9mt

l+1
3 h−(m+3)b−(n+1)

3∑
c=1

rJ+ei+2ecLK

− 4nt
l+1
3 h−(m+1)b−(n+1)rJ+eiLK + 4nt

l+1
3 h−(m+1)b−(n+1)

3∑
c=1

rJ+ei+2ecLK + jit
l+1
3 h−(m+1)b−nrJ−eiLK

− |J |t
l+1
3 h−(m+1)b−(n+1)rJ+eiLK + t

l+1
3 h−(m+1)b−nrJLiL

K − t
l+1
3 h−(m+1)b−(n+1)

3∑
c=1

rJ+ei+ecLcL
K

+ 4

3∑
c=1

t
l+1
3 h−(m+1)b−(n+2)rJ+2ec+eiLK − 5t

l+1
3 h−(m+1)b−(n+1)rJ+eiLK

)
,

and so (3.14) holds for I + ei with, for each l,m, n ∈ N0, multi-index K, and J ∈ (N0)
3,

CI+eiJKlmn = −9(m− 3)CIJ−ei,K,l−1,m−3,n + 9(m− 3)

3∑
c=1

CIJ−ei−2ec,K,l−1,m−3,n−1 (3.18)

− 4(n− 1)CIJ−ei,K,l−1,m−1,n−1 + 4(n− 1)

3∑
c=1

CIJ−ei−2ec,K,l−1,m−1,n−2 + (ji + 1)CIJ+ei,K,l−1,m−1,n

− (|J | − 1)CIJ−ei,K,l−1,m−1,n−1 + CIJ,K−ei,l−1,m−1,n −
3∑
c=1

CIJ−ei−ec,K−ec,l−1,m−1,n−1

+ 4

3∑
c=1

CIJ−2ec−ei,K,l−1,m−1,n−2 − 5CIJ−ei,K,l−1,m−1,n−1,

where CIJKlmn = 0 if j1 < 0, j2 < 0, j3 < 0, K = ∅, l < 0, m < 0 or n < 0 (using the multi-index conventions
of Section 2.1.2).

Consider now the property (3.16). Clearly (3.16) holds for |I| = 1. Suppose now that (3.16) holds
for some |I| ≥ 1. If CI+eiJKlmn ̸= 0 then at least one of the terms of the right hand side of (3.18) must be
non-vanishing. By the inductive hypothesis

|J | − 3 ≤ 3|I|, |K| − 1 ≤ |I|, l − 1 ≤ |I|, m− 3 ≤ 3|I|, and n− 2 ≤ 2|I|,

i.e. (3.16) holds for each |I|+ 1.
Note now that (3.15) holds for |I| = 1. Suppose (3.15) holds for some |I| ≥ 1. It follows from (3.18), and

the property (3.16), that

|CI+eiJKlmn| ≤ (146|I|+ 13)(146|I|)! ≤ (146(|I|+ 1))!,

i.e. (3.15) holds for |I|+ 1.
Finally, the property (3.17) follows from a similar induction argument using the relation (3.18). Indeed,

the (3.17) clearly holds for |I| = 1. Suppose (3.17) holds for some |I| ≥ 1. If CI+eiJKlmn ̸= 0 then at least one
of the terms of the right hand side of (3.18) must be non-vanishing. If the first term on the right hand side
of (3.18), namely −9(m− 3)CIJ−ei,K,l−1,m−3,n, is non-vanishing then, by the inductive hypothesis

l − 1 + |J | − 1 ≤ m− 3 + 2n.

In particular, J , l, m, n satisfy (3.17). It is similarly verified that J , l, m, n satisfy (3.17) if any of the other
terms on the right hand side of (3.18) are non-vanishing, and thus (3.17) holds for each |I|+ 1.
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The following proposition is shown in a similar way to Proposition 3.5, and is used to relate combinations
of vector fields at t = 1 to the standard ∂x and ∂p derivatives appearing in the spaces Hk

1/3.

Proposition 3.6 (Vector fields at t = 1). For any k ≥ 0,∑
|I|≤k

∣∣LI(f(t, x, p))|t=1

∣∣ ≲ (5k)!
∑

|I|+|J|≤k

(1 + |p|)|I|
∣∣∂Ix∂Jp f1(x, p)∣∣.

Proof. Note first that, for any multi-index I, there are constants CIJKLm ∈ Z such that

LI |t=1 =
∑

CIJKLm(1 + |p|2)m
2 pJ∂Kx ∂

L
p . (3.19)

(Note that m is now indexed by Z and so can take both positive and negative values.) Indeed, (3.19) clearly
holds for I = ek with constants

Cek0,ei,0,1 = 3δki , Cekej1+ej2 ,ei,0,−1 = 3δkj1δ
i
j2 , Cek0,0,ei,0 = δki .

The fact that (3.19) holds in general can be established by an induction argument, similar to that of the
proof of Proposition 3.5, by applying Li to (3.19) and checking that the form is preserved. Moreover, the
recursion relation

CI+eiJKLm = 3CIJ,K−ei,L,m−1 + 3

3∑
k=1

CIJ−ei−ek,K−ek,L,m+1 + (m+ 2)CIJ−ei,K,L,m+2

+ (ji + 1)CIJ+ei,K,L,m + CIJ,K,L−ei,m,

holds, where CIJKlm = 0 if j1 < 0, j2 < 0, j3 < 0, K = ∅, or L = ∅ (note though that CIJKlm may now
be non-zero for m < 0). As in the proof of Proposition 3.5, it is easily inductively shown that each CIJKLm
satisfies

|CIJKLm| ≲ (5|I|)! for all m ∈ Z, J ∈ (N0)
3, and multi-indices K,L.

and the non-vanishing CIJKLm satisfy

CIJKLm ̸= 0 ⇒ 0 ≤ |J | ≤ 2|I|, 0 ≤ |K|+ |L| ≤ |I|, −2|I| ≤ m ≤ |I|, |J |+m ≤ |N |.

The proof then follows.

3.1.3 Derivative relations

The proof of Theorem 3.1 involves taking derivatives of ρ. These derivatives can be related to combinations
of the above vector fields applied to f .

Proposition 3.7 (Derivatives of ρ and vector fields). For all k ≥ 0,

∑
|I|=k

∣∣∂Ixρ(t, x)| ≲ k9(146k)!

t
k
3

k∑
|I|=0

∫
R3

|LIf(t, x, p)|dp.

Proof. Note first that, for any function g and any i = 1, 2, 3,

t
1
3 ∂xi

∫
g(t, x, p)dp =

∫
t
1
3 (A−1)i

j
Ljg(t, x, p)− t

1
3 (A−1)i

j
∂pjg(t, x, p)dp

=

∫ (
t
1
3 (A−1)i

j
Lj + t

1
3 ∂pj (A

−1)i
j
)
g(t, x, p)dp.
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Recall the notation introduced in Section 3.1.2 and the facts (3.10)–(3.11). Applying the above repeatedly,
it follows that

(t
1
3 ∂x)

Iρ(t, x) =

∫ (
M +

4t
1
3 |r|2 r

h(t, r)b(t, r)2
− 5t

1
3 r

h(t, r)b(t, r)

)I
f(t, x, p)dp,

where the operators Mi are defined by (3.12). Proposition 3.5 implies that∣∣∣∣∣
(
M +

4t
1
3 |r|2 r

h(t, r)b(t, r)2
− 5t

1
3 r

h(t, r)b(t, r)

)I
f(t, x, p)

∣∣∣∣∣ ≲ ∑
J,K,l,m,n

|CIJKlmn|t
l
3h(t, r)−mb(t, r)−n|r||J||LKf(t, x, p)|.

Recall the property (3.17) of Proposition 3.5 and, accordingly, suppose that 0 ≤ l+ |J | ≤ m+2n. It follows
that

t
l
3 |r||J|h(t, r)−mb(t, r)−n ≤ t

l
3 |r||J|

(t
2
3 + |r|2)m+2n

2

≤ 1.

The property (3.17) of Proposition 3.5 therefore implies that∣∣∣∣∣
(
M +

4t
1
3 |r|2r

h(t, r)b(t, r)2
− 5t

1
3 r

h(t, r)b(t, r)

)I
f(t, x, p)

∣∣∣∣∣ ≲ ∑
J,K,l,m,n

|CIJKlmn||LKf(t, x, p)|.

If |I| = k, the property (3.16) in particular implies that

#{(J,K, l,m, n) | CIJKlmn ̸= 0} ≲ (3k)3 · k3 · k · (3k) · (2k) ≲ k9,

and so the result follows from the property (3.15).

3.1.4 The proof of Theorem 3.1

The proof of Theorem 3.1 can now be given.

Proof of Theorem 3.1. Consider some k ∈ N and suppose f1 ∈ Hk
1/3. The Sobolev inequality of Proposition

2.1 gives

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ 1√
k

∑
|I|=k

∥∂Ixρ(t, ·)∥L2(T3).

Proposition 3.7 and Proposition 2.2 give, for all t ≥ t0,

∑
|I|=k

∥∂Ixρ(t, ·)∥L2(T3) ≲
k9(146k)!

t
k
3

∑
|I|≤k

(∫
T3

∫
R3

|p|2|LIf(t, x, p)|2dpdx
) 1

4
(∫

T3

∫
R3

|p|4|LIf(t, x, p)|2dpdx
) 1

4

.

By Proposition 3.2 it follows that LIf solves (3.1) for all multi-indices I, and so it follows from Proposition
2.12, the Cauchy–Schwarz inequality, and Proposition 3.6 that, for any k ≥ 2,

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ k9(146k)!(5k)!

t2+
k
3

√
k

∑
|I|+|J|≤k

(∫
T3

∫
R3

(|p|2 + |p|4)(1 + |p|)|I||∂Ix∂Jp f1(x, p)|2dpdx
) 1

2

. (3.20)

The proof of (3.2) follows.
Suppose now that f1 ∈ Hω

1/3. Note that

∑
|I|+|J|≤k

(∫
T3

∫
R3

(|p|2 + |p|4)(1 + |p|)|I||∂Ix∂Jp f1(x, p)|2dpdx
) 1

2

≲
k!

λk
∥f1∥Hω

1/3
(T3×R3),
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for all k ≥ 0 and with λ = λ(f1). For all t ≥ 1, f satisfies (3.20) for all k ≥ 2, and so, noting that

k9(146k)!(5k)!k! ≲ 2k(152k)!,

it follows that

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ 1

t2
2k(152k)!

t
k
3 λk

√
k
∥f1∥Hω

1/3
≲

1

t2
2k(152k)!

(λt
1
3 )k

√
152k

∥f1∥Hω
1/3

=
1

t2
(152k)!

(µt
1

456 )152k
√
152k

∥f1∥Hω
1/3
,

(3.21)

for all k ≥ 2, where µ = λ
1

152 /2. In particular, for t̂(t) := ⌊ 1
152λ

1
152 t

1
456 ⌋, where ⌊·⌋ is the floor function,

(3.21) holds for k = t̂(t) and so (since n! en ≲
√
nnn for all n — see Proposition 2.3 — and e−⌊s⌋ ≤ ee−s for

all s ≥ 1),

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ 1

t2
(152 t̂(t))!

(152 t̂(t))152 t̂(t)+
1
2

∥f1∥Hω
1/3

≲
1

t2
e−152 t̂(t)∥f1∥Hω

1/3
≲

1

t2
e−µt

1
456 ∥f1∥Hω

1/3
,

which concludes the proof of (3.2).

3.2 The radiation q = 1
2
FLRW spacetime

In this section the proof of Theorem 1.2 is given. When q = 1
2 , the Vlasov equation (1.2) takes the form

∂tf +
pi

p0
∂xif − 1

t
pi∂pif = 0, p0 =

√
1 + t|p|2. (3.22)

3.2.1 Commutation vector fields

The main difference between the proof of Theorem 1.2 and that of Theorem 3.1 is the form that the com-
muting vector fields take. For k = 1, 2, 3, define vector fields

Lk = Ak
i(t, p)∂xi +

1

t
∂pk , (3.23)

where

Ak
i(t, p) = 2 log

(
t
1
2 +

√
t+ |tp|2

)
δik +

2t2pipk

(t
1
2 +

√
t+ |tp|2)

√
t+ |tp|2

. (3.24)

Proposition 3.8 (Commuting vector fields for equation (3.22)). The vector fields Lk, for k = 1, 2, 3, defined
by (3.23)–(3.24), satisfy [

∂t +
pi√

1 + t|p|2
∂xi − 1

t
pi∂pi , Lk

]
= 0, k = 1, 2, 3.

Proof. The proof is a direct computation.

Proposition 3.9 (Inverse of the matrix A). For all t ≥ 1 and p ∈ R3, the matrix Ak
i(t, p), defined by

(3.24), is invertible. The inverse takes the form

(A−1)k
i
(t, p) =

1

2 log(t
1
2 +

√
t+ |tp|2)

(
δik −

t2pipk

|tp|2 + (t
1
2 +

√
t+ |tp|2)

√
t+ |tp|2 2 log(t 1

2 +
√
t+ |tp|2)

)
,

for i, k = 1, 2, 3.

Proof. The proof is a direct computation.

30



Remark 3.10 (Representation formula for equation (3.22)). The expressions for the vector fields of Propo-
sition 3.8 can be obtained from the following representation formula for solutions of equation (3.22):

f(t, x, p) = F
(
x− tp 2 log

(
t
1
2 +

√
t+ |tp|2

)
, tp
)
.

The representation formula for the solution in terms of the initial data f1 takes the form

f(t, x, p) = f1

(
x− tp 2 log

(
t
1
2 +

√
t+ |tp|2

1 +
√

1 + |tp|2

)
, tp

)
,

and can be used to obtain a related collection of commutation vector fields of the form (3.23), now with

Ak
i(t, p) = δik2 log

(
t
1
2 +

√
t+ |tp|2

1 +
√
1 + |tp|2

)
+

2t2pipk

(t
1
2 +

√
t+ |tp|2)

√
1 + |tp|2

− 2t2pipk

(1 +
√
1 + |tp|2)

√
1 + |tp|2

.

These latter vector fields will not be used in the proof of Theorem 1.2.

3.2.2 A binomial theorem for the commutation vector fields

As in the previous section, the main step in the proof of Theorem 1.2 is establishing the following Binomial
Theorem-type result for an operator associated to the commuting vector fields.

Define

rk = tpk, ∂rk =
1

t
∂pk , h(t, r) = 2 log

(
t
1
2 +

√
t+ |r|2

)
,

b(t, r) = |r|2 +
(
t
1
2 +

√
t+ |r|2

)√
t+ |r|2 log(t

1
2 +

√
t+ |r|2), c(t, r) =

√
t+ |r|2.

It follows that

Lk = h(t, r)
(
δik+

rirk

b(t, r)− |r|2
)
∂xi +∂rk , (A−1)k

i
(t, p) =

1

h(t, r)

(
δik−

rirk

b(t, r)

)
, i, k = 1, 2, 3. (3.25)

Moreover, a computation gives

log(1 + t)

t
∂pi(A

−1)k
i
(t, p) = rk η(t, r), (3.26)

where

η(t, r) = log(1 + t)

(
3|r|2

h(t, r)b(t, r)2
− 5

h(t, r)b(t, r)
+

|r|2

b(t, r)2
+

t
1
2 |r|2

2b(t, r)2c(t, r)

)
. (3.27)

Define the operators

Mi = log(1 + t)(A−1)i
k
(t, p)Lk =

log(1 + t)

h(t, r)

(
δik −

rirk

b(t, r)

)
Lk, i = 1, 2, 3. (3.28)

As will be seen in the proof of Proposition 3.13 below, for any multi-index I,(
log(1 + t) ∂x

)I
ρ(t, x) =

∫ (
M + η(t, r) r

)I
f(t, x, p)dp.

The following proposition is a Binomial Theorem-type result which relates the operator appearing on the
right side to combinations of the commutation vector fields.

Proposition 3.11 (A binomial theorem for the commutation vector fields). For each multi-index |I| ≥ 1,
there are CIJKl1l2mn1n2

∈ R, for l1, l2,m, n1, n2 ∈ N0, multi-indices K, and J ∈ (N0)
3, such that(

M + η(t, r) r
)I

=
∑

J,K,l1,l2,m,n1,n2

CIJKl1l2mn1n2

(
log(1 + t)

)l1
t
l2
2 h(t, r)−mb(t, r)−n1c(t, r)−n2rJLK . (3.29)

Moreover

31



• Each CIJKlmn satisfies

|CIJKl1l2mn1n2
| ≲ (51|I|)! for all l1, l2,m, n1, n2 ∈ N0, J ∈ (N0)

3, and multi-indices K.
(3.30)

• The non-vanishing CIJKlmn satisfy

CIJKl1l2mn1n2
̸= 0 ⇒ 0 ≤ |J | ≤ 3|I|, 0 ≤ |K| ≤ |I|, 0 ≤ l1 ≤ |I|, 0 ≤ l2 ≤ |I|, (3.31)

0 ≤ m ≤ |I|, 0 ≤ n1 ≤ 2|I|, 0 ≤ n2 ≤ 2|I|.

• The non-vanishing CIJKl1l2mn1n2
moreover satisfy

CIJKl1l2mn1n2
̸= 0 ⇒ l2 + |J | ≤ 2n1 + n2, l1 + l2 + |J | ≤ m+ 2n1 + n2. (3.32)

Proof. Clearly (3.29) holds when |I| = 1 with, for e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1),

Cei0,ek,1,0,1,0,0 = δik, Ceiej1+ej2 ,ek,1,0,1,1,0
= −δij1δ

k
j2 ,

Ceiej1+2ej2 ,0,1,0,1,2,0
= 4δij1 , Ceiej ,0,1,0,1,1,0 = −6δij , Ceiej1+2ej2 ,0,1,0,0,2,0

= 2δij1 , Ceiej1+2ej2 ,0,1,1,0,2,1
= δij1 ,

and
CeiJKl1l2mn1n2

= 0 otherwise,

for each i = 1, 2, 3.
Note that

Mi

(
h(t, r)−m

)
= − m log(1 + t) ri

b(t, r)h(t, r)m+1
,

Mi

(
b(t, r)−n1

)
= −n1

log(1 + t)
(
b(t, r)− |r|2

)
ri

b(t, r)n1+2

(
1 +

3

h(t, r)
+

t
1
2

2c(t, r)

)
,

Mi

(
c(t, r)−n2

)
= n2

log(1 + t) |r|2ri

h(t, r)b(t, r)c(t, r)n2+2
− n2

log(1 + t) ri

h(t, r)c(t, r)n2+2

Mi(r
J) = ji

log(1 + t) rJ−ei

h(t, r)
− |J | log(1 + t) rJ+ei

h(t, r)b(t, r)
.
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Suppose now that (3.29) holds from some I. Thus, it follows that(
Mi + η(t, r)ri

)(∑
CIJKl1l2mn1n2

(
log(1 + t)

)l1
t
l2
2 h−mb−n1c−n2rJLK

)
=
∑

CIJKl1l2mn1n2

(
log(1 + t)

)l1+1
(
−mt

l2
2 h−(m+1)b−(n1+1)c−n2rJ+eiLK

− n1

[
t
l2
2 h−mb−(n1+1)c−n2rJ+ei + 3t

l2
2 h−(m+1)b−(n1+1)c−n2rJ+ei

+
1

2
t
l2+1

2 h−mb−(n1+1)c−(n2+1)rJ+ei −
3∑
d=1

(
t
l2
2 h−mb−(n1+2)c−n2rJ+ei+2ed

+ 3t
l2
2 h−(m+1)b−(n1+2)c−n2rJ+ei+2ed +

1

2
t
l2+1

2 h−mb−(n1+2)c−(n2+1)rJ+ei+2ed
)]
LK

+ n2

3∑
d=1

t
l2
2 h−(m+1)b−(n1+1)c−(n2+2)rJ+ei+2edLK − n2t

l2
2 h−(m+1)b−n1c−(n2+2)rJ+eiLK

+ jit
l2
2 h−(m+1)b−n1c−n2rJ−eiLK − |J |t

l2
2 h−(m+1)b−(n1+1)c−n2rJ+eiLK

+ t
l2
2 h−(m+1)b−n1c−n2rJLK+ei −

3∑
d=1

t
l2
2 h−(m+1)b−(n1+1)c−n2rJ+ei+edLK+ed

− 5t
l2
2 h−(m+1)b−(n1+1)c−n2rJ+eiLK +

3∑
d=1

[
3t

l2
2 h−(m+1)b−(n1+2)c−n2rJ+ei+2edLK

+ t
l2
2 h−mb−(n1+2)c−n2rJ+ei+2edLK +

1

2
t
l2+1

2 h−mb−(n1+2)c−(n2+1)rJ+ei+2edLK
])
,

and so (3.29) holds for I + ei with, for each l,m, n ∈ N0, multi-index K, and J ∈ (N0)
3,

CI+eiJKl1l2mn1n2
= −(m− 1)CIJ−ei,K,l1−1,l2,m−1,n1−1,n2

− (n1 − 1)
[
CIJ−ei,K,l1−1,l2,m,n1−1,n2

(3.33)

+ 3CIJ−ei,K,l1−1,l2,m−1,n1−1,n2
+

1

2
CIJ−ei,K,l1−1,l2−1,m,n1−1,n2−1

]
+ (n1 − 2)

3∑
d=1

[
CIJ−ei−2ed,K,l1−1,l2,m,n1−2,n2

+ 3CIJ−ei−2ed,K,l1−1,l2,m−1,n1−2,n2
+

1

2
CIJ−ei−2ed,K,l1−1,l2−1,m,n1−2,n2−1

]
+ (n2 − 2)

3∑
d=1

CIJ−ei−2ed,K,l1−1,l2,m−1,n1−1,n2−2 − (n2 − 2)CIJ−ei,K,l1−1,l2,m−1,n1,n2−2

+ (ji + 1)CIJ+ei,K,l1−1,l2,m−1,n1,n2
− (|J | − 1)CIJ−ei,K,l1−1,l2,m−1,n1−1,n2

+ CIJ,K−ei,l1−1,l2,m−1,n1,n2

− 5CIJ−ei,K,l1−1,l2,m−1,n1−1,n2
+

3∑
d=1

[
− CIJ−ei−ed,K−ed,l1−1,l2,m−1,n1−1,n2

+ 3CIJ−ei−2ed,K,l1−1,l2,m−1,n1−2,n2
+ CIJ−ei−2ed,K,l1−1,l2,m,n1−2,n2

+
1

2
CIJ−ei−2ed,K,l1−1,l2−1,m,n1−2,n2−1

]
.

Consider now the property (3.31). Clearly (3.31) holds for |I| = 1. Suppose now that (3.31) holds for
some |I| ≥ 1. If CI+eiJKl1l2mn1n2

̸= 0 then at least one of the terms of the right hand side of (3.33) must be
non-vanishing. By the inductive hypothesis

|J | − 3 ≤ 3|I|, |K| − 1 ≤ |I|, l1 − 1 ≤ |I|, l2 − 1 ≤ |I|, m− 1 ≤ |I|, n1 − 2 ≤ 2|I|, n2 − 2 ≤ 2|I|,

i.e. (3.31) holds for each |I|+ 1.
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Note now that (3.30) holds for |I| = 1. Suppose (3.30) holds for some |I| ≥ 1. It follows from (3.33), and
the property (3.31), that

|CI+eiJKl1l2mn1n2
| ≤ (51|I|+ 23)(51|I|)! ≤ (51(|I|+ 1))!,

i.e. (3.30) holds for |I|+ 1.
Finally, the property (3.32) follows from a similar induction argument using the relation (3.33).

Again, combinations of the vector fields at t = 1 can be related to the standard ∂x and ∂p derivatives in
a similar manner.

Proposition 3.12 (Vector fields at t = 1). For any k ≥ 0,∑
|I|≤k

∣∣LI(f(t, x, p))|t=1

∣∣ ≲ (6k)!
∑

|I|+|J|≤k

(
log
(
1 +

√
1 + |p|2

))|I|∣∣∂Ix∂Jp f1(x, p)∣∣.
Proof. Note that

Lk|t=1 = Ak
i(1, p)∂xi + ∂pk , Ak

i(1, p) = 2 log
(
1 +

√
1 + |p|2

)
δik +

2pipk

(1 +
√

1 + |p|2)
√

1 + |p|2
,

Now, for any multi-index I, there are constants CIJKLabc ∈ N0 such that

LI |t=1 =
∑

CIJKLabc

(
log
(
1 +

√
1 + |p|2

))a(
1 + (1 + |p|2) 1

2

)−b(
1 + |p|2

)− c
2 pJ∂Kx ∂

L
p . (3.34)

Indeed, (3.34) clearly holds for I = ek with constants

Cek0,ei,0,1,0,0 = 2δki , Cekej1+ej2 ,ei,0,0,1,1
= 2δkj1δ

i
j2 , Cek0,0,ei,0,0,0 = δki .

The fact that (3.34) holds in general can be established by an induction argument, similar to that of the
proof of Proposition 3.11, by applying Li to (3.34) and checking that the form is preserved. Moreover, the
recursion relation

CI+eiJKLabc = 2CIJ,K−ei,L,a−1,b,c + 2

3∑
k=1

CIJ−ei−ek,K−ek,L,a,b−1,c−1 + (a+ 1)CIJ−ei,K,L,a+1,b−1,c−1

− (b− 1)CIJ−ei,K,L,a,b−1,c−1 − (c− 2)CIJ−ei,K,L,a,b,c−2 + (ji + 1)CIJ+ei,K,L,a,b,c + CIJ,K,L−ei,a,b,c,

holds, where CIJKlabc = 0 if j1 < 0, j2 < 0, j3 < 0, a < 0, b < 0, c < 0, K = ∅, or L = ∅. As in the proof of
Proposition 3.11, it is easily inductively shown that each CIJKLabc satisfies

|CIJKLabc| ≲ (6|I|)! for all a, b, c ∈ N0, J ∈ (N0)
3, and multi-indices K,L.

and the non-vanishing CIJKLabc satisfy

CIJKLabc ̸= 0 ⇒ 0 ≤ |J | ≤ 2|I|, 0 ≤ |K|+ |L| ≤ |I|, a ≤ |K|, b ≤ |I|, c ≤ 2|I|, |J | ≤ b+ c.

The proof then follows.

3.2.3 Derivative relations

Derivatives of ρ can be related to combinations of the above vector fields applied to f as follows.

Proposition 3.13 (Derivatives of ρ and vector fields). For all k ≥ 0,

∑
|I|=k

∣∣∂Ixρ(t, x)| ≲ k11(51k)!(
log(1 + t)

)k k∑
|I|=0

∫
R3

|LIf(t, x, p)|dp.
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Proof. Note first that, for any function g and any i = 1, 2, 3,

∂xi

∫
g(t, x, p)dp =

∫
(A−1)i

j
Ljg(t, x, p)− (A−1)i

j
∂pjg(t, x, p)dp

=

∫ (
(A−1)i

j
Lj + ∂pj (A

−1)i
j
)
g(t, x, p)dp.

Recall the notation introduced in Section 3.2.2 and the facts (3.25)–(3.26). Applying the above repeatedly,
it follows that

(log(1 + t)∂x)
Iρ(t, x) =

∫ (
M + η(t, r)r

)I
f(t, x, p)dp,

where the operators Mi are defined by (3.12) and η(t, r) is defined by (3.27). Proposition 3.11 implies that∣∣∣(M+η(t, r)r
)I
f(t, x, p)

∣∣∣ ≲∑ |CIJKl1l2mn1n2
|(log(1+t))l1t

l2
2 h(t, r)−mb(t, r)−n1c(t, r)−n2 |r||J||LKf(t, x, p)|.

Recall the property (3.32) of Proposition 3.11 and, accordingly, suppose that l2 + |J | ≤ 2n1 + n2 and
l1 + l2 + |J | ≤ m+ 2n1 + n2. By the former, there exists 0 ≤ a ≤ 2n1 + n2 such that

l2 + |J | = 2n1 + n2 − a,

and thus, by the latter,
l1 ≤ m+ a.

Recall the definitions of h(t, r), b(t, r) and c(t, r) and note that

h(t, r) ≥ log(1 + t), b(t, r) ≥ c(t, r)2 = t+ |r|2,

for all t ≥ 1, r ∈ R3. It in particular follows that,

t
l2
2 |r||J|

b(t, r)n1c(t, r)n2
≤ t

l2
2 |r||J|

(|r|2 + t)
2n1+n2

2

=
t
l2
2 |r||J|

(|r|2 + t)
l2+|J|

2

1

(|r|2 + t)
a
2
≤ 1

t
a
2
.

Thus
(log(1 + t))l1t

l2
2 |r||J|

h(t, r)mb(t, r)n1c(t, r)n2
≤ (log(1 + t))l1−mt−

a
2 ≤ 1.

The property (3.32) of Proposition 3.11 therefore implies that∣∣∣(M + η(t, r)r
)I
f(t, x, p)

∣∣∣ ≲∑ |CIJKl1l2mn1n2
||LKf(t, x, p)|,

If |I| = k, the property (3.31) in particular implies that

#{(J,K, l1, l2,m, n1, n2) | CIJKl1l2mn1n2
̸= 0} ≲ (3k)3 · k3 · k · k · k · (2k) · (2k) ≲ k11,

and so the result follows from the property (3.30).

3.2.4 The proof of Theorem 1.2

The proof of Theorem 1.2 can now be given.

Proof of Theorem 1.2. Consider some k ∈ N and suppose f1 ∈ Hk
log. Proposition 3.13 and Proposition 2.2

give, for all t ≥ 1,∑
|I|=k

∥∂Ixρ(t, ·)∥L2(T3)

≲
k11(51k)!

(log(1 + t))k

∑
|I|≤k

(∫
T3

∫
R3

|p|2|LIf(t, x, p)|2dpdx
) 1

4
(∫

T3

∫
R3

|p|4|LIf(t, x, p)|2dpdx
) 1

4

.
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By Proposition 3.2 it follows that LIf solves (3.22) for all multi-indices I, and so it follows from Proposition
2.12, the Sobolev inequality of Proposition 2.1, and the Cauchy–Schwarz inequality, along with Proposition
3.12, that, for any k ≥ 2,

sup
x∈T3

|ρ(t, x)−ρ(t)| ≲ k11(51k)!(6k)!

t3(log(1 + t))k
√
k

∑
|I|+|J|≤k

(∫
T3

∫
R3

(|p|2 + |p|4)(log(2 + |p|2))|I||∂Ix∂Jp f1(x, p)|2dpdx
) 1

2

.

(3.35)
The proof of (1.5) follows.

Suppose now that f1 ∈ Hω
log(T3 × R3). Note that

∑
|I|+|J|≤k

(∫
T3

∫
R3

(|p|2 + |p|4)(log(2 + |p|2))|I||∂Ix∂Jp f1(x, p)|2dpdx
) 1

2

≲
k!

λk
∥f1∥Hω

log(T3×R3),

for all k ≥ 0 and with λ = λ(f1). For all t ≥ 1, f satisfies (3.35) for all k ≥ 2, and so

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ 1

t3
k11(51k)!(6k)!k!

(log(1 + t))kλk
√
k
∥f1∥Hω

log
≲

1

t3
(58k)!

(µ(log(1 + t))
1
58 )58k

√
58k

∥f1∥Hω
log
, (3.36)

for all k ≥ 2, where µ = λ
1
58 2−

1
58 and the fact that

k11(51k)!(6k)!k! ≲ 2k(58k)!,

has been used (see Proposition 2.4). In particular, for t̂(t) := ⌊ 1
58µ(log t)

1
58 ⌋, where ⌊·⌋ is the floor function,

(3.36) holds for k = t̂(t) and so (using Proposition 2.3),

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ 1

t3
(58 t̂(t))!

(58 t̂(t))58 t̂(t)+
1
2

∥f1∥Hω
log

≲
1

t3
e−58 t̂(t)∥f1∥Hω

log
≲

1

t3
e−µ(log t)

1
58 ∥f1∥Hω

log
,

which concludes the proof of (1.6).

3.3 The proof of Theorem 1.1

In this section the proof of Theorem 1.1 is given. The proof is similar to that of Theorem 3.1, presented in
Section 3.1. The commuting vector fields are not explicit, however, and their relevant properties are only
exhibited for a certain range of t and p. The analytic properties of the functions Gq and Hq, discussed in
Section 2.3, are exploited. It is assumed throughout this section that 0 < q < 1

2 , q ̸=
1
4 ,

1
6 , . . ., is fixed.

3.3.1 Commutation vector fields

Recall the function Gq : [0,∞) → [0,∞) defined by (2.5). For k = 1, 2, 3, define vector fields

Lk = Ak
i(t, p)∂xi +

1

t2q
∂pk , (3.37)

where

Ak
i(t, p) = Gq

(
t |t2qp|−

1
q
)
|t2qp|

1−2q
q

(
δik +

1− 2q

q

t4qpipk

|t2qp|2

)
− 1

q

t1−q√
t2q + |t2qp|2

t4qpipk

|t2qp|2
(3.38)

= t1−2q
[
Hq

(
t−2q|t2qp|2

)
δik + 2t−2qH ′

q(t
−2q|t2qp|2)t4qpipk

]
.

Note that, for q = 1
3 , the function G 1

3
is explicit (see (2.8)) and the vector fields (3.37)–(3.38) reduce to

the vector fields (3.4)–(3.5) introduced in Section 3.1. Unlike in the previous sections, however, the vector

fields (3.37)–(3.38) are only considered when t |t2qp|−
1
q is sufficiently large and the behaviour of Proposition

2.10 can be utilised. For the remaining region, the standard coordinate derivatives ∂xk are used.
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Proposition 3.14 (Commuting vector fields for equation (1.2)). The vector fields Lk, for k = 1, 2, 3, defined
by (3.37)–(3.38), satisfy [

∂t +
pi√

1 + t2q|p|2
∂xi − 2q

t
pi∂pi , Lk

]
= 0, k = 1, 2, 3.

Moreover, the standard coordinate derivatives ∂xk also satisfy[
∂t +

pi√
1 + t2q|p|2

∂xi − 2q

t
pi∂pi , ∂xk

]
= 0, k = 1, 2, 3.

Proof. The proof is a direct computation.

Proposition 3.15 (Inverse of the matrix A). There is a constant υ > 1 such that, if tq ≥ υ|t2qp|, the matrix
Ak

i(t, p), defined by (3.38), is invertible. The inverse takes the form

(A−1)k
i
(t, p) =

1

t1−2q

1

Hq(t−2q|t2qp|2)

(
δik − t−2qBq(t

−2q|t2qp|2)t4qpkpi
)

i, k = 1, 2, 3,

where Bq is as in Proposition 2.10.

Proof. Note that if

Ak
i(t, r) = h(t, r)

(
δik +

rirk

b(t, r)− |r|2
)
,

for some functions h(t, r), b(t, r), then

(A−1)k
i
(t, p) =

1

h(t, r)

(
δik −

rirk

b(t, r)

)
, i, k = 1, 2, 3.

The proof follows from setting

h(t, r) = t1−2qHq

(
t−2q|t2qp|2

)
, b(t, r) = |r|2 +

t2qHq

(
t−2q|r|2

)
2H ′

q

(
t−2q|r|2

) ,
noting that

1

b(t, r)
= t−2qBq(t

−2q|t2qp|2),

and recalling (see Proposition 2.10) that 1/Hq and Bq/Hq are well defined (in fact real analytic) on
(−υ−2, υ−2) if υ is sufficiently large.

Remark 3.16 (Representation formula). As in the q = 1
3 case (see Remark 3.4), the expression for the

vector fields of Proposition 3.14 can be obtained applying ∂pk to the representation formula

f(t, x, p) = F
(
x−Gq

(
t |t2qp|−

1
q
)
|t2qp|

1−2q
q t2qp, t2qp

)
.

As in the q = 1
3 case (see Remark 3.4), there is also a representation formula in terms of f1, which takes

the form

f(t, x, p) = f1

(
x−

(
Gq
(
t |t2qp|−

1
q
)
−Gq

(
|t2qp|−

1
q
))
|t2qp|

1−2q
q t2qp, t2qp

)
.

A related collection of vector fields can be obtained using this representation formula, which again take the
form (3.37), where now

Ak
i(t, p) =

(
Gq
(
t |t2qp|−

1
q
)
−Gq

(
|t2qp|−

1
q
))

|t2qp|
1−2q

q

(
δik +

1− 2q

q

t4qpipk

|t2qp|2

)
− 1

q

(
t1−q√

t2q + |t2qp|2
− 1√

1 + |t2qp|2

)
t4qpipk

|t2qp|2
.
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These vector fields have the advantage that they are regular, even for the values q = 1
4 ,

1
6 ,

1
8 , . . ., in contrast

to (3.37)–(3.38). In order to simply the proof, however, only the vector fields (3.37)–(3.38) are used in the
present work, and thus these exceptional values of q are excluded.

3.3.2 A binomial theorem for the commutation vector fields

Consider some t ≥ 1 and p ∈ R3 such that tq ≥ υ|t2qp|, where υ > 1 is as in Proposition 3.15. Define

r = t2qp.

and define the operators

Mi = t1−2q(A−1)i
k
(t, p)Lk =

1

Hq(t−2q|r|2)

(
δki − t−2qBq(t

−2q|r|2)rkri
)
Lk, i = 1, 2, 3.

A computation gives
t1−2q

t2q
∂pi(A

−1)i
k
= Φq(t

−2q|r|2)t−2qrk,

where Φq : (−υ−2, υ−2) → R is defined by (2.14). As will be seen in the proof of Proposition 3.18 below, it
follows that, for any multi-index I,

(t1−2q∂x)
Iρ(t, x) =

∫ (
M +Φq(t

−2q|r|2) t−2q r
)I
f(t, x, p)dp.

The following proposition is a Binomial Theorem-type result which relates the operator appearing on the
right side to combinations of the commutation vector fields.

Proposition 3.17 (A binomial theorem for the commutation vector fields). If υ is sufficiently large then,
for each multi-index |I| ≥ 1, there are dIJKl ∈ R, for l ∈ N0 and multi-indices K, and J ∈ (N0)

3, such that,
for all tq ≥ υ|r|, (

M +Φq(t
−2q|r|2) t−2q r

)I
=
∑
K,l

∞∑
|J|=0

dIJKlt
−lq(t−qr)JLK . (3.39)

Moreover

• There are constants C, C̃ > 0 such that each dIJKl satisfies

|dIJKl| ≲ C̃ |I|C |J|(1 + |J |)4|I| for all l ∈ N0, J ∈ (N0)
3, and multi-indices K. (3.40)

• The non-vanishing dIJKl satisfy

dIJKl ̸= 0 ⇒ 0 ≤ |K| ≤ |I|, 0 ≤ l ≤ |I|. (3.41)

Proof. By Proposition 2.10, 1/Hq, Bq/Hq and Φq are real analytic on (−υ−2, υ−2) and thus there are
hN , bN , ϕN ∈ R, for each N ∈ N3

0, satisfying

|hN | ≲ C |N |, |bN | ≲ C |N |, |ϕN | ≲ C |N |, (3.42)

for some constant C > 0, such that

1

Hq(t−2q|r|2)
=

∞∑
|N |=0

hN (t−qr)N ,
Bq(t

−2q|r|2)
Hq(t−2q|r|2)

=

∞∑
|N |=0

bN (t−qr)N , Φq(t
−2q|r|2) =

∞∑
|N |=0

ϕN (t−qr)N ,

for all tq > υ|r|. It follows that (3.39) holds for I = ei with

deiJ,0,ek = hJδ
i
k, deiJ+ej1+ej2 ,0,ek

= −bJδij1δk,j2 , deiJ+ej ,1,0 = ϕJδ
i
j , dIJKl = 0 otherwise.
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The estimates (3.40), for I = ei, follow from (3.42). Suppose now that (3.39) holds for some |I| ≥ 1 for dIJKl
satisfying (3.40)–(3.41). Then

(
M +Φq(t

−2q|r|2) t−2q r
)I+ei

=
∑
K,l

∞∑
|J|=0

dIJKl

[
t−(l+1)q

∞∑
|N |=0

hN ji(t
−qr)J+N−eiLK

− |J |t−(l+1)q
∞∑

|N |=0

bN (t−qr)J+N+eiLK + t−lq
∞∑

|N |=0

hN ji(t
−qr)J+NLK+ei

− t−lq
3∑
c=1

∞∑
|N |=0

bN (t−qr)J+N+ei+ecLK+ec + t−(l+1)q
∞∑

|N |=0

ϕN (t−qr)J+N+eiLK
]
,

and so (M +Φq(t
−2q|r|2)t−2qr)I+ei takes the form (3.39) with

dI+eiJKl = (ji + 1)

J+ei∑
J′=0

dIJ′,K,l−1hJ−J′+ei − (|J | − 1)

J−ei∑
J′=0

dIJ′,K,l−1hJ−J′−ei +

J∑
J′=0

dIJ′,K−ei,lhJ−J′

+

3∑
c=1

J−ei−ec∑
J′=0

dIJ′,K−ec,lbJ−J′−ei−ec +

J−ei∑
J′=0

dIJ′,K,l−1ϕJ−J′−ei ,

where
∑J
J′=0 is interpreted component-wise, and

∑J
J′=0 = 0 if jc < j′c for some c = 1, 2, 3. Moreover the

inductive assumption (3.40), together with the estimates (3.42), implies that

|dI+eiJKl | ≤ C̃ |I|
(
2(1 + |J |)

J+ei∑
J′=0

(1 + |J ′|)4|I|C |J′|C |J|−|J′|+1 + 5

J∑
J′=0

(1 + |J ′|)4|I|C |J′|C |J|−|J′|
)

≤ C̃ |I|C |J|(1 + |J |)4|I|
(
2C(1 + |J |)4 + 5(1 + |J |)3

)
≤ C̃ |I|+1C |J|(1 + |J |)4(|I|+1),

where the latter follows if C̃ ≥ 2C +5. Thus dI+eiJKl satisfies (3.40). Finally, (3.41) again follows by induction
from the above recursion.

3.3.3 Dyadic decomposition of f

Let χ : R → R be a smooth cut off function satisfying |χ| ≤ 1,

χ(z) =

{
1 if |z| ≤ 1

2 ,

0 if |z| ≥ 1,

and, for all k ≥ 0,
sup
z

|∂kzχ(z)| ≲ (2k)!, (3.43)

and define, for each n ≥ 1, and z ≥ 0,

χn(z) = χ
( z

2n+1

)
− χ

( z
2n

)
, χ0(z) = χ

(z
2

)
.

Note that,
supp(χ0) ⊂ {|z| ≤ 2},

and, for all n ∈ N and z ≥ 0,

supp(χn) ⊂ {2n−1 ≤ |z| ≤ 2n+1},
n∑

m=0

χm(z) = χ
( z

2n+1

)
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Define then
fn(t, x, p) = f(t, x, p)χn

(
|t2qp|

)
.

Note that each fn solves the Vlasov equation (1.2), and, for n ≥ 1,

supp(fn) ⊂ {(t, x, p) | 2n−1 ≤ |t2qp| ≤ 2n+1}, supp(f0) ⊂ {(t, x, p) | 0 ≤ |t2qp| ≤ 2}. (3.44)

Define also the corresponding average,

ρn(t, x) =

∫
R3

fn(t, x, p)dp,

and initial condition
fn1 (x, p) = fn(1, x, p) = f1(x, p)χn

(
|p|
)
.

Note that
N∑
n=0

ρn → ρ, uniformly as N → ∞.

3.3.4 Derivative relations

For each n, the ∂x derivatives of ρn can be related to the above vector fields applied to fn.

Proposition 3.18 (Derivatives of ρ and vector fields). For υ sufficiently large, there is a constant C > 1
such that, for each n ∈ N, for all k ≥ 0, and for any tq ≥ υ 2n+1,

∑
|I|=k

∣∣∂Ixρn(t, x)| ≲ Ck(4k)!

t(1−2q)k

k∑
|I|=0

∫
R3

|LIfn(t, x, p)|dp.

Proof. From the assumption that tq ≥ υ 2n+1, and the support property (3.44), it follows that tq ≥ υ |r| in
supp(fn). The results of Proposition 3.17 therefore apply. Now, for any function g and any i = 1, 2, 3,

t1−2q∂xi

∫
g(t, x, p)dp =

∫
t1−2q(A−1)i

j
Ljg(t, x, p)− t1−4q(A−1)i

j
∂pjg(t, x, p)dp

=

∫ (
t1−2q(A−1)i

j
Lj + t1−4q∂pj (A

−1)i
j
)
g(t, x, p)dp

=

∫ (
Mi +Φq(t

−2q|r|2) t−2q ri
)
g(t, x, p)dp.

Applying the above repeatedly, it follows that, for any multi-index I,

(t1−2q∂x)
Iρn(t, x) =

∫ (
M + η(t, r) r

)I
fn(t, x, p)dp.

Proposition 3.17 implies that

∑
|I|=k

∣∣(M + η(t, r) r
)I
fn
∣∣ ≤∑

K,l

∞∑
|J|=0

|dIJKl|t−lqυ−|J||LKfn|

≤ k C̃k
∑

|K|≤k

|LKfn|
∞∑

|J|=0

(C/υ)|J|(1 + |J |)4|I| ≲ Ck(4k)!
∑

|K|≤k

|LKfn|, (3.45)

where the latter follows from Lemma 2.5, provided C/υ ≤ e−1, and the proof follows.
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3.3.5 Vector fields at t = 1

The main result of this section is the following proposition, which relates L2 norms of the vector fields applied
to fn, at t = 1, to the Hk

q norms of f1 (see Section 2.1.3).

Proposition 3.19 (Vector fields at t = 1). There is a constant C > 1 such that, for any k ≥ 0, and any
n ≥ 0,

∑
|I|≤k

(∫
R3

(|p|2 + |p|4)
∣∣LI(fn(t, x, p))|t=1

∣∣2dp) 1
2

≲ Ck(5k)!
∑

|I|+|J|≤k

(∫
2n−1≤|p|≤2n+1

(|p|2 + |p|4)(1 + |p|)|I|(
1−2q

q )
∣∣∂Ix∂Jp f1(x, p)∣∣2dp) 1

2

.

The main parts of the proof of Proposition 3.19 is divided into the following two lemmas. The first relates
LI |t=1 to ∂x and ∂p on compact sets.

Lemma 3.20 (LI |t=1 on compact sets). For any p∗ ∈ R3, there exists ϵ > 0, B,C > 0, and constants
dIJMN ∈ R, satisfying

|dIJNM | ≤ C |J|(B + |J |)2|I||I|!, (3.46)

such that

LI |t=1 =
∑

|N |+|M |≤|I|

∞∑
|J|=0

(p− p∗)
JdIJNM∂

N
x ∂

M
p , for |p− p∗| < ϵ. (3.47)

Proof. By Proposition 2.7 the matrix components Ak
i(1, p) are real analytic functions, and thus, for each

p∗ ∈ R3, there is a C > 0, ϵ > 0 such that

Ak
i(1, p) =

∞∑
|J|=0

akiJ (p− p∗)
J ,

where akiJ satisfy

|akiJ | ≲ C |J|,

for all J . It follows that, for I = ei, Li|t=1 has the form (3.47) with

deiJ,ek,0 = akiJ , deiJ,0,el = δil , deiJKL = 0 otherwise.

Suppose now that LI |t=1 takes the form (3.47) for some |I| ≥ 1, with dIJKL satisfying

|dIJNM | ≤ C |J|(B + |J |)2|I| (|I|+ |J |)!
|J |!

, (3.48)

for all J , N , M . Then

LiL
I |t=1 =

∞∑
|J|=0

∑
|N |+|M |≤|I|

dIJKM

(
ai,kJ′ (p− p∗)

J+J′
∂N+ek
x ∂Mp + ji(p− p∗)

J−ei∂Nx ∂
M
p + (p− p∗)

J∂Nx ∂
M+ei
p

)

=

∞∑
|J|=0

∑
|N |+|M |≤|I|

(p− p∗)
J
( J∑
J′=0

ai,kJ−J′d
I
J′,N−ek,M + (ji + 1)dIJ+ei,N,M + dIJ,N,M−ei

)
∂Nx ∂

M
p ,

where 0 ≤ J ′ ≤ J is interpreted component wise. Thus (3.47) holds for I + ei, with

dI+eiJ,N,M =

J∑
J′=0

ai,kJ−J′d
I
J′,N−ek,M + (ji + 1)dIJ+ei,N,M + dIJ,N,M−ei .
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Suppose now inductively that, for some I, the estimate (3.48) holds for all J,K,L. Then

|dI+eiJ,N,M | ≤ (B + |J |)2|I|
( J∑
J′=0

C |J|−|J′|C |J′| (|I|+ |J ′|)!
|J ′|!

+ (|J |+ 1)C |J|+1 (|I|+ |J |+ 1)!

(|J |+ 1)!
+ C |J| (|I|+ |J |)!

|J |!

)
≤ (B + |J |)2|I|C |J| (|I|+ 1 + |J |)!

|J |!

( (|J |+ 1)3

|I|+ 1 + |J |
+ C +

1

|I|+ 1 + |J |

)
≤ (B + |J |)2(|I|+1)C |J| (|I|+ 1 + |J |)!

|J |!
,

where the latter inequality holds provided B ≥ C + 2, and the fact that

(|I|+ |J ′|)!
|J ′|!

≤ (|I|+ |J |)!
|J |!

,

for each 0 ≤ |J ′| ≤ |J | has been used in the previous step. Thus (3.48) holds for I + ei, and hence for all I
by induction. Now (3.48) implies that (3.46) holds, for new constants. Indeed, for all I, J ,

(|I|+ |J |)!
|J |!

= |I|! (|I|+ |J |)!
|I|!|J |!

= |I|!
(
|I|+ |J |

|I|

)
≤ 2|I|+|J||I|!.

The next lemma relates LI |t=1 to ∂x and ∂p for large p.

Lemma 3.21 (LI |t=1 for large p). For any R > 1 and all p ∈ R3 with |p| ≥ R, there exists C > 0, and
constants dIklJMN ∈ R, satisfying

|dIklJNM | ≤ Ck+|I|(1 + k)|I||I|!, (3.49)

and
dIklJNM ̸= 0 ⇒ |J | ≤ k, l ≤ |N |, |N |+ |M | ≤ |I|, |J | ≤ 2|I|, (3.50)

such that

LI |t=1 =
∑

l,J,N,M

∞∑
k=0

pJdIklJNM |p|l(
1−2q

q )−k∂Nx ∂
M
p . (3.51)

Proof. By Proposition 2.9 there are hk and h′k such that

Li|t=1 =
((
Xq|p|

1−2q
q +

∞∑
k=1

hk|p|−k
)
δji +

(
Yq|p|

1−4q
q +

∞∑
k=3

h′k|p|−k
)
pipj

)
∂xj + ∂pi .

It follows that, for I = ei, Li|t=1 has the form (3.51) with

dei0,1,0,en,0 = Xqδ
i
n, deik,0,0,en,0 = hkδ

i
n, dei2,1,ej1+ej2 ,en,0

= Yqδ
i
j1δn,j2 ,

deik,0,ej1+ej2 ,en,0
= h′kδ

i
j1δn,j2 , dei0,0,0,0,em = δim, deiklJNM = 0 otherwise,

where h0 = h′0 = h′1 = h′2 = 0. (Note that this is not the unique way to express Li|t=1 in this form.) Suppose
now that LI |t=1 takes the form (3.51) for some |I| ≥ 1, with dIklJNM satisfying (3.49)–(3.50). Then

LI+ei |t=1 =
∑

l,J,N,M

∞∑
k=0

dIklJNM

[
Xqp

J |p|(l+1)( 1−2q
q )−k∂N+ei

x ∂Mp +

∞∑
k′=1

hk′p
J |p|l(

1−2q
q )−(k+k′)∂N+ei

x ∂Mp

+

3∑
c=1

Yqp
J+ei+ec |p|(l+1)( 1−2q

q )−(k+2)∂N+ec
x ∂Mp +

3∑
c=1

∞∑
k′=3

h′k′p
J+ei+ec |p|l(

1−2q
q )−(k+k′)∂N+ec

x ∂Mp

+ jip
J−ei |p|l(

1−2q
q )−k∂Nx ∂

M
p +

(
l
(1− 2q

q

)
− k
)
pJ+ei |p|l(

1−2q
q )−(k+2)∂Nx ∂

M
p + pJ |p|l(

1−2q
q )−k∂Nx ∂

M+ei
p

]
,
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and thus LI+ei |t=1 also takes the form (3.51) with

dI+eiklJNM = (ji + 1)dIk,l,J+ei,N,M +
(
l
1− 2q

q
− (k − 2)

)
dIk−2,l,J−ei,N,M + dIk,l,J,N,M−ei +Xqd

I
k,l−1,J,N−ei,M

+

k−1∑
k′=0

dIk′,l,J,N−ei,Mhk−k′ +

3∑
c=1

(
Yqd

I
k−2,l−1,J−ei−ec,N−ec,M +

k−3∑
k′=0

dIk′,l,J−ei−ec,N−ec,Mh
′
k−k′

)
, (3.52)

where
∑K
k′=0 := 0 if K ≤ −1 and dIklJNM := 0 if k < 0, l < 0, j1, j2, j3 < 0, or N,M = ∅.

The properties (3.50) easily follow by induction from the recursion (3.52). Suppose now that |I| ≥ 1
is such that the estimate (3.49) holds for all k, l, J,N,M . The recursion (3.52), along with (3.50) (which
implies that ji ≤ k), implies that

|dI+eiklJNM | ≤ C |I|(1 + k)|I||I|!
(
Ck(1 + k) + C |k−2||I|1− 2q

q
+ C |k−2||k − 2|+ Ck + Ck|Xq|

+

k−1∑
k′=0

Ck
′
Ck−k

′
+ 3C |k−2||Yq|+ 3

k−3∑
k′=0

Ck
′
Ck−k

′
)

≤ Ck+|I|(1 + k)|I|+1|I|!
(
7 + |I|1− 2q

q
+ |Xq|+ 3|Yq|

)
≤ Ck+|I|+1(1 + k)|I|+1(|I|+ 1)!,

where the final inequality holds if C ≥ 1−2q
q + 7 + |Xq| + 3|Yq|. Thus (3.49) holds for I + ei and hence, by

induction, for all I.

The proof of Proposition 3.19 can now be given.

Proof of Proposition 3.19. Note that

Lk|t=1 = Ak
i(1, p)∂xi + ∂pk , Ak

i(1, p) = Hq

(
|p|2
)
δik + 2H ′

q(|p|2)pipk.

We first show that, for any k ≥ 0, and any n ≥ 0,∑
|I|≤k

∣∣LI(fn(t, x, p))|t=1

∣∣ ≲ Ck(3k)!
∑

|I|+|J|≤k

(1 + |p|)|I|(
1−2q

q )
∣∣∂Ix∂Jp f1(x, p)∣∣. (3.53)

Given v ∈ R3 and R > 0, define

B(v,R) = {w ∈ R3 | |v − w| < R}, B(v,R) = {w ∈ R3 | |v − w| ≤ R}.

Consider some R > 1. For any p∗ ∈ B(0, R), let ϵ = ϵ(p∗) be as in Lemma 3.20. By compactness, there are
finitely many p1∗, . . . , p

N
∗ ∈ B(0, R) such that

B(0, R) ⊂ B(p1∗, ϵ(p
1
∗)) ∪ . . . ∪B(pN∗ , ϵ(p

N
∗ )).

Thus, for any p ∈ B(0, R), there is 1 ≤ n ≤ N such that p ∈ B(pn∗ , ϵ(p
n
∗ )). Lemma 3.20 then implies that

∣∣LI(fn(t, x, p))|t=1

∣∣ ≲ |I|!
∞∑

|J|=0

(ϵ(pn∗ )C)
|J|(B + |J |)2|I|

∑
|N |+|M |≤|I|

|∂Nx ∂Mp fn1 (x, p)|,

and so, by Lemma 2.5, the estimate (3.53) holds for all p ∈ B(0, R) (since γq ≥ 2) if max{ϵ(p1∗), . . . , ϵ(pN∗ )}
is sufficiently small.
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Suppose now that |p| > R. By Lemma 3.21, for fixed l, N,M ,

∑
J

∞∑
k=0

|p||J|−k|dIklJNM | =
2|I|∑

|J|=0

∞∑
k=|J|

|p||J|−k|dIklJNM | =
∞∑
k=0

2|I|∑
|J|=0

|dIk+|J|,l,J,N,M ||p|−k

≲ (2|I|+ 1)C |I||I|!
∞∑
k=0

(C/R)k(1 + k + 2|I|)|I| ≲ C |I||I|!
∞∑
k=0

(C/R)k
(
(1 + k)|I| +

(2|I|)!
|I|!

)
≲ C |I|(2|I|)!,

where C varies from line to line, the fact that |I||I| ≤ (2|I|)!/|I|! has been used, and the latter holds by
Lemma 2.5, provided C/R ≤ 1/e. Thus, by Lemma 3.21,

∣∣LI(fn(t, x, p))|t=1

∣∣ ≲ ∑
l≤2|I|

∑
|N |+|M |≤|I|

|p||N |( 1−2q
q )

∑
J

∞∑
k=0

|p||J|−k|dIklJNM ||∂Nx ∂Mp fn1 (x, p)|

≲ C |I|(2|I|)!
∑

|N |+|M |≤|I|

|p||N |( 1−2q
q )|∂Nx ∂Mp fn1 (x, p)|.

In particular, (3.53) holds.
Note that, for any I, J with |I|+ |J | ≤ k,∣∣∂Ix∂Jp fn1 (x, p)∣∣ ≲ ∑

|J1|+|J2|=|J|

∣∣∂J1p χn∣∣∣∣∂Ix∂J2p f1(x, p)∣∣
≲ (2|J |)! 2|J|12n−1≤|p|≤2n+1

∑
|J′|≤|J|

|p|−(|J|−|J′|)∣∣∂Ix∂J′

p f1(x, p)
∣∣

≲ 2k(2k)!12n−1≤|p|≤2n+1

∑
|J′|≤|J|

∣∣∂Ix∂J′

p f1(x, p)
∣∣,

using the property (3.43). Together with (3.53), by Proposition 2.4, this completes the proof.

3.3.6 The proof of Theorem 1.1

The proof of Theorem 1.1 can now be given.

Proof of Theorem 1.1. For n ∈ N, define

An = {2n−1 ≤ |p| ≤ 2n+1}, A0 = {|p| ≤ 2}.

Suppose n ∈ N0, and consider first some tq ≤ υ 2n+1. Now, for any multi index I,

∂Ixρ
n(t, x) =

∫
An

∂Ixf
n(t, x, p)dp,

and so, by Proposition 2.2, for any k ≥ 0,∑
|I|=k

∥∂Ixρn(t, ·)∥L2(T3) ≲
∑
|I|=k

(∫
T3

∫
R3

|p|2|∂Ixfn(t, x, p)|2dpdx
) 1

4
(∫

T3

∫
R3

|p|4|∂Ixfn(t, x, p)|2dpdx
) 1

4

≲
1

t6q

∑
|I|=k

(∫
T3

∫
An

(|p|2 + |p|4)|∂Ixf1(x, p)|2dpdx
) 1

2

.

where the latter follows from the fact that ∂Ix commutes with the Vlasov equation (see Proposition 3.14).
Now, for tq ≤ υ 2n+1 and 2n−1 ≤ |p| ≤ 2n+1,

1 ≤ (υ 2n+1)
(1−2q)k

q

t(1−2q)k
≤ (4υ)

(1−2q)k
q

t(1−2q)k
|p|

(1−2q)k
q .
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(When n = 0, and thus tq ≤ 2υ and 0 ≤ |p| ≤ 2, then trivially 1 ≤ (2υ)
(1−2q)k

q t−(1−2q)k.) Thus, by the
Sobolev inequality of Proposition 2.1, for any k ≥ 2,

sup
x∈T3

|ρn(t, x)−ρn(t)| ≲ (4υ)
(1−2q)k

q

t6q+(1−2q)k
√
k

∑
|I|=k

(∫
T3

∫
An

(|p|2 + |p|4)(1 + |p|)
(1−2q)k

q |∂Ixf1(x, p)|2dpdx
) 1

2

. (3.54)

Consider now some tq ≥ υ 2n+1. The results of Proposition 3.18 then hold and so, using again Proposition
2.2, ∑

|I|=k

∥∂Ixρn(t, ·)∥L2(T3) ≲
Ck(4k)!

t6q+(1−2q)k

∑
|I|≤k

(∫
T3

∫
An

(|p|2 + |p|4)
∣∣LI(fn(t, x, p))|t=1

∣∣2dpdx) 1
2

.

Thus Proposition 2.1 and Proposition 3.19 imply that, for any k ≥ 2,

sup
x∈T3

|ρn(t, x)− ρn(t)| ≲ Ck(9k)!

t6q+(1−2q)k
√
k

∑
|I|+|J|≤k

(∫
T3

∫
An

(|p|2 + |p|4)(1 + |p|)|I|
1−2q

q |∂Ix∂Jp f1(x, p)|2dpdx
) 1

2

.

(3.55)
Combining (3.54) and (3.55) and summing over all n then gives

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ Ck(9k)!

t6q+(1−2q)k
√
k
∥f1∥Hk

q
, (3.56)

for all k ≥ 2, which completes the proof of (1.3).
Suppose now that f1 ∈ Hω

q (T3 × R3). Note that

∥f1∥Hk
q
≲
k!

λk
∥f1∥Hω

q
,

for all k ≥ 0 and with λ = λ(f1). For all t ≥ 1, f satisfies (3.56) for all k ≥ 2, and so

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ 1

t6q
Ck(10k)!

t(1−2q)kλk
√
k
∥f1∥Hω

q
=

1

t6q
(10k)!

(µt
1−2q
10 )10k

√
10k

∥f1∥Hω
q
, (3.57)

for all k ≥ 2, where

µ =
(λ(f1)

C

) 1
10

.

In particular, for t̂(t) := ⌊ 1
10µt

1−2q
10 ⌋, where ⌊·⌋ is the floor function, (3.57) holds for k = t̂(t) and so (since

n! en ≲
√
nnn for all n — see Proposition 2.3 — and e−⌊s⌋ ≤ ee−s for all s ≥ 1),

sup
x∈T3

|ρ(t, x)− ρ(t)| ≲ 1

t6q
(10 t̂(t))!

(10 t̂(t))10 t̂(t)+
1
2

∥f1∥Hω
q
≲

1

t6q
e−10 t̂(t)∥f1∥Hω

q
≲

1

t6q
e−µt

1−2q
10 ∥f1∥Hω

q
,

which concludes the proof of (1.4).

Remark 3.22 (Weak convergence to spatial average). Recall the weak convergence statement of Remark 1.9.
For any k ≥ 0, any smooth compactly supported function ϕ : R3 → R, and any multi-index I with |I| = k, it
follows as in the proof of Theorem 1.1 above that∣∣∣∂Ix ∫

R3

f(t, x, t−2qp)ϕ(p)dp
∣∣∣ = ∣∣∣t6q∂Ix ∫

R3

f(t, x, p)ϕ(t2qp)dp
∣∣∣

=
∣∣∣ t6q

tk(1−2q)

∑
I1+I2=I

∫ (
M +Φq(t

−2q|r|2) t−2q r
)I1
f(t, x, p)

(
M +Φq(t

−2q|r|2) t−2q r
)I2

(ϕ(t2qp))dp
∣∣∣

≲
t6q

tk(1−2q)

∑
|I1|,|I2|≤k

∫ ∣∣(M +Φq(t
−2q|r|2) t−2q r

)I1
f(t, x, p)

∣∣∣∣(∂I2ϕ)(t2qp))∣∣dp,
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(for the final step recall the inequality (3.45) and note that Li(ϕ(t
2qp)) = (∂iϕ)(t

2qp) for i = 1, 2, 3) so that,
for k ≥ 2,

sup
x∈T3

∣∣∣ ∫
R3

(
f(t, x, t−2qp)− f1(p)

)
ϕ(p)dp

∣∣∣ ≲ ∑
|I|=k

∥∥∥∂Ix ∫
R3

f(t, ·, t−2qp)ϕ(p)dp
∥∥∥
L2

x

≤ Ck
∥f1∥Hk

q

tk(1−2q)

∑
|I|≤k

∥∂Iϕ∥L∞ .

This statement can be used to obtain the weak convergence statement of Remark 1.9.

A FLRW solutions of the Einstein equations

There are many examples of matter models for which the Einstein equations (1.7) admit solutions of the
form (1.1) — often with q in the range covered by Theorem 1.1 and Theorem 1.2. Some notable examples
are listed here.

Einstein–Euler: 1
3
≤ q ≤ 2

3

The Euler equations on a given spacetime (M, g) concern a fluid four velocity — a vector field u ∈ X(M),
normalised so that gµνu

µuν = −1 — and fluid pressure and density p, ρ : M → [0,∞). The pressure and
density are typically related by an equation of state, which we assume here to be linear:

p = c2sρ, (A.1)

for some c2s ∈ [0, 1]. The constant cs is known as the speed of sound. The Euler equations result from
equating to zero the spacetime divergence of the energy momentum tensor

Tµν = (ρ+ p)uµuν + pgµν . (A.2)

The Einstein–Euler system — namely the Euler equations coupled to the Einstein equations (1.7) with
this definition of T — admits the FLRW solution,

g = −dt2 + t
4
3γ
(
(dx1)2 + (dx2)2 + (dx3)2

)
, uµ = δµ0 , ρ =

4

3γ2
t−2, (A.3)

on M = (0,∞)× T3, where γ = 1 + c2s ∈ [1, 2].

Einstein–scalar field: q = 1
3

The Einstein–scalar field system on a spacetime (M, g) consists of the scalar wave equation

□gψ = 0, (A.4)

coupled to the Einstein equations (1.7) via

Tµν = ∂µψ∂νψ − 1

2
gµνg

αβ∂αψ∂βψ. (A.5)

The system admits an FLRW solution of the form

g = −dt2 + t
2
3

(
(dx1)2 + (dx2)2 + (dx3)2

)
, ψ =

√
2

3
log t. (A.6)

The Einstein–scalar field system arises, as an appropriate special case, from the above Einstein–Euler system
when the fluid is irrotational, and stiff, so that cs = 1.
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Einstein–nonlinear scalar field: q > 0

Given V : R → R, consider the scalar field equation with potential on a given spacetime (M, g),

□gψ − V ′(ψ) = 0. (A.7)

Define

Tµν [ψ] = ∂µψ∂νψ −
(1
2
gαβ∂αψ∂βψ + V (ψ)

)
gµν . (A.8)

Note that T is divergence free if ψ satisfies (A.7). The Einstein–nonlinear scalar field system then consists
of the Einstein equations (1.7) coupled to (A.7). Given q > 0, if V takes the exponential form

V (ψ) = q(3q − 1)e
−ψ

√
2
q , (A.9)

then system admits an FLRW solution of the form

g = −dt2 + t2q
(
(dx1)2 + (dx2)2 + (dx3)2

)
, ψ =

√
2q log t. (A.10)

Such solutions are often known as power law inflationary spacetimes. See, for example, [34, 38, 56, 12]. Note
that, when q = 1

3 , the potential (A.9) vanishes, equation (A.7)–(A.8) reduces to the previous (A.4)–(A.5),
and the solution (A.10) is equal to the previous solution (A.6).

Einstein–massless Vlasov: q = 1
2

For a fixed particle mass m ≥ 0, the Einstein–Vlasov system consists of the Vlasov equation

p0∂tf + pi∂xif − pµpνΓiµν∂pif = 0, gµνp
µpν = −m2, Γαµν =

gαβ

2

(
∂µgβν + ∂νgµβ − ∂βgµν

)
, (A.11)

for f : P → [0,∞), where P = {(t, x, p) ∈ TM | g(p, p) = −m2}, coupled to the Einstein equations (1.7)
with

Tµν(t, x) =

∫
P(t,x)

f(t, x, p)pµpν
√
−det g

−p0
dp1dp2dp3, (A.12)

When the particle mass m = 0, the system is known as the Einstein–massless Vlasov system. In this
case, there is an infinite dimensional family of explicit FLRW solutions, where the metric g takes the form
(1.1) with q = 1

2 . Indeed, for any smooth, sufficiently decaying function F : R3 → [0,∞) satisfying the
integral conditions∫

R3

F (p)pidp = 0, i = 1, 2, 3, and

∫
R3

F (p)
pipj

|p|
dp =

ϱ

3
δij , i, j = 1, 2, 3.

such that F ̸≡ 0, the metric and particle density

g = −dt2 + a(t)2
(
(dx1)2 + (dx2)2 + (dx3)2

)
, f(t, x, p) = F (a(t)2p),

where

a(t) = t
1
2

(
4ϱ

3

) 1
4

, ϱ =

∫
|p|F (p)dp,

solve the Einstein–massless Vlasov system.
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Einstein–massless Boltzmann: q = 1
2

The Einstein–massless Boltzmann system consists of the Boltzmann equation

p0∂tf + pi∂xif − pµpνΓiµν∂pif = Q(f, f), gµνp
µpν = 0,

coupled to the Einstein equations (1.7) with Tµν defined again by (A.12). Here

Q(f, f) =

∫
P(t,x)(q)

∫
Σp,q

(
f(p′)f(q′)− f(p)f(q)

)
A(p, q, p′, q′)dVol,

is a collision operator, involving an integral on the space Σp,q = {(p′, q′) ∈ P(t,x) × P(t,x) | p′ + q′ = p + q}
equipped with a suitable volume form, and A(p, q, p′, q′) is a suitable cross-section (for more details see, for
example, the textbook of Choquet-Bruhat [19]). This system admits an FLRW solution, with f a Maxwell–
Jüttner distribution,

g = −dt2 + 2t
(
(dx1)2 + (dx2)2 + (dx3)2

)
, f(t, x, p) =

1

8π
e−|2tp|.

Einstein–massive Vlasov: q ∼ 2
3

The system obtained from coupling (1.7) to (A.11)–(A.12) when m > 0 is known as the Einstein–massive
Vlasov system. There is again an infinite dimensional family of FLRW solutions, but they are no longer
explicit. Indeed, for any suitably decaying function µ : [0,∞) → [0,∞) such that µ ̸≡ 0, there exists an
FLRW solution

g = −dt2 + a(t)2
(
(dx1)2 + (dx2)2 + (dx3)2

)
, f(t, x, p) = µ(|a(t)2p|2),

on (0,∞)× T3, where a(t) is no longer explicit but solves the ordinary differential equation

a′(t) = a(t)ϱ(a(t))
1
2

√
1

3
, ϱ(a) :=

∫ √
m2 + |p|2µ(|ap|2)dp1dp2dp3. (A.13)

Solutions a(t) of (A.13) behave like t
2
3 as t→ ∞ (and like t

1
2 as t→ 0).
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[52] José Natário and Flavio Rossetti. Explicit formulas and decay rates for the solution of the wave equation
in cosmological spacetimes. Journal of Mathematical Physics, 64(3), 2023.

[53] Toan T Nguyen. Landau damping and survival threshold. arXiv preprint arXiv:2305.08672, 2023.

[54] Toan T Nguyen. Landau damping below survival threshold. arXiv preprint arXiv:2412.18620, 2024.

[55] Oliver Penrose. Electrostatic instabilities of a uniform non-Maxwellian plasma. The Physics of Fluids,
3(2):258–265, 1960.

[56] Hans Ringström. Power law inflation. Communications in Mathematical Physics, 290(1):155–218, 2009.

[57] Hans Ringström. On the topology and future stability of the universe. OUP Oxford, 2013.

[58] Paola Rioseco and Olivier Sarbach. Phase space mixing in an external gravitational central potential.
Classical and Quantum Gravity, 37(19):195027, 2020.

[59] Paola Rioseco and Olivier Sarbach. Phase space mixing of a Vlasov gas in the exterior of a Kerr black
hole. Communications in Mathematical Physics, 405(4):105, 2024.

[60] Herbert Robbins. A remark on Stirling’s formula. The American mathematical monthly, 62(1):26–29,
1955.

[61] Michael P Ryan and Lawrence C Shepley. Homogeneous relativistic cosmologies. Princeton University
Press, 2015.

[62] Volker Schlue and Martin Taylor. Inverse modified scattering and polyhomogeneous expansions for the
Vlasov–Poisson system. Nonlinearity, 38(9):095019, 2025.

[63] Jared Speck. The stabilizing effect of spacetime expansion on relativistic fluids with sharp results for
the radiation equation of state. Archive for Rational Mechanics and Analysis, 210(2):535–579, 2013.

[64] Martin Taylor. The global nonlinear stability of Minkowski space for the massless Einstein–Vlasov
system. Annals of PDE, 3(1):9, 2017.

51



[65] Martin Taylor. Future stability of expanding spatially homogeneous FLRW solutions of the spherically
symmetric Einstein–massless Vlasov system with spatial topology R3. Journal of Mathematical Physics,
65(2), 2024.

[66] Cédric Villani. Landau damping. Notes de cours, CEMRACS, 2010.

[67] Marsha Weaver. On the area of the symmetry orbits in T 2 symmetric spacetimes with Vlasov matter.
Classical and Quantum Gravity, 21(4):1079, 2004.

[68] Dongyi Wei, Zhifei Zhang, and Hao Zhu. Linear inviscid damping for the β-plane equation. Communi-
cations in Mathematical Physics, 375(1):127–174, 2020.

[69] Steven Weinberg. Cosmology. Oxford University Press, 2008.

[70] Willie Wai Yeung Wong. A commuting-vector-field approach to some dispersive estimates. Archiv der
Mathematik, 110(3):273–289, 2018.

[71] Brent Young. On linear Landau damping for relativistic plasmas via Gevrey regularity. Journal of
Differential Equations, 259(7):3233–3273, 2015.

[72] Brent Young. Landau damping in relativistic plasmas. Journal of Mathematical Physics, 57(2), 2016.

[73] Christian Zillinger. Linear inviscid damping for monotone shear flows. Transactions of the American
Mathematical Society, 369(12):8799–8855, 2017.

52


	Introduction
	The main results
	Overview of the proof
	Outline of the paper

	Preliminaries
	Notation
	Functional inequalities
	The functions Gq and Hq
	Conservation laws

	The proof of the main results
	The q=13 FLRW spacetime
	The radiation q=12 FLRW spacetime
	The proof of Theorem 1.1

	FLRW solutions of the Einstein equations

