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Abstract

We consider the Vlasov equation on slowly expanding isotropic homogeneous tori, described by the
Friedmann-Lemaitre-Robertson—Walker cosmological spacetimes. For expansion rate t?, with 0 < ¢ < %
(excluding certain exceptional values), we show that the spatial density decays at the rate t~%¢ and
that, when the spatial average is removed, the density decays at an enhanced rate due to a phase
mixing effect. This enhancement is polynomial for Sobolev initial data and super-polynomial, but sub-
exponential, for real analytic initial data. We further show that, when the expansion rate is the borderline
t2 — the rate which describes a radiation filled universe — a degenerate phase mixing effect results in a
logarithmic enhancement for Sobolev initial data and a super-logarithmic enhancement (in fact, a gain
of exp(—p(logt)®) for some p,e > 0) for analytic initial data. The proof is based on a collection of
commuting vector fields, and certain combinatorial properties of an associated collection of differential
operators. The vector fields are not explicit, but are shown to have good properties when ¢ is large with
respect to the momentum support of the solution. A physical space dyadic localisation is employed to
treat non-compactly supported (in particular, non-trivial real analytic) but suitably decaying solutions.
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1 Introduction

Phase mixing effects for kinetic equations, and the phenomenon of Landau damping, have been famously
exhibited in homogeneous settings in plasma physics [47], and around inhomogeneous isolated systems in
gravitational physics [49] [50]. This article concerns a related mixing effect which occurs, in the gravitational
context, in homogeneous cosmology. For more on the Vlasov equation in cosmology, see [21], 22, 23] [61], [69].
The main results of this article concern the Vlasov equation on a Friedmann—-Lemaitre—Robertson—Walker
(FLRW) family of spacetimes. Each member of this family describes a homogeneous, isotropic cosmology,
evolving from a big bang singularity at ¢ = 0 and expanding indefinitely as t — oco. We exhibit a phase
mixing effect when the expansion rate is suitably slow.

1.1 The main results

For each given ¢ > 0, the FLRW spacetime (M, g), with expansion rate t9, is given by

M= (0,00) x T3, g=—dt® +t*((dz")* + (da?)* + (dz*)?), (1.1)
where (z!,2%, 2%) denote Cartesian coordinates on T3. Each such spacetime describes a homogeneous
isotropic universe. The Vlasov equation on (|1.1) takes the form

i 2 .
of + ]%8Wf o qulapif =0, pO = /1 +t%[p|?, (1.2)

where |p|> = (p')?+(p?)?+(p*)?. The summation convention is adopted throughout, whereby repeated Latin
indices indicate a summation over 1, 2,3, and repeated Greek indices indicate a summation over 0,1, 2, 3.
For given f: (0,00) x T3 x R? — [0, 00), the corresponding spatial density p: (0,00) x T3 — [0, c0) is defined
by

plto) = [ Stz

Each solution of (|1.2)) describes an ensemble of collisionless, unit mass particles, evolving with respect to the
fixed FLRW gravitational background (|L.1]).

1.1.1 Phase mixing on slowly expanding FLRW spacetimes
The first main result of this article concerns a mixing effect in solutions of (1.2) when 0 < ¢ < .

Theorem 1.1 (Phase mixing for the Vlasov equation on slowly expanding FLRW spacetimes). Consider
0<qg< % such that i is not an integer (i.e. q # %, %, %, ...), k>2, and some f; € H(’;('I[‘?’ x R3). Let f be
the unique solution of equation (1.2)) on [1,00) x T2 x R? such that f(1,z,p) = fi(z,p). The spatial density
of f satisfies, for all t > 1,

) il o
sup |p(t.2) = p(0)] < iy where o0 = 7 [ [ AGep)dpd (1.3)

€T3

If f1 lies in the analytic space f1 € HY (T3 x R3) (see Section then the spatial density satisfies, for all
t>1,

_ I fillay _ 2520
sup [t ) — (0)] < g et T (1.4)
z€eT3

for some > 0.

The spaces H, g('ﬂ‘3 xR3) are p-weighted versions of the standard Sobolev spaces (with p weights depending
on ¢), and H;J(’]I‘ x R3) is an associated space of analytic functions. The constant y is related to a radius
of convergence for the analytic norm. See Section below.
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Figure 1: The phase mixing effect in the absence of expansion.

1.1.2 Degenerate phase mixing on the radiation FLRW spacetime

The spacetime (1.1]) with ¢ = % is known as the radiation FLRW spacetime. The second main result concerns
a degenerate mixing effect for solutions of (|1.2)) when g = %

Theorem 1.2 (Degenerate phase mixing for the Vlasov equation on the radiation FLRW spacetime). Con-
sider some k > 2 and f; € H{f)g('ﬂ‘?’ x R3). Let f be the unique solution of equation (1.2)), with ¢ = %, on
[1,00) x T3 x R3 such that f(1,x,p) = fi(x,p). The spatial density of f satisfies, for all t > 1,

[P 1
tx)—pt)| S = h pt) == dpdx. 1.5
wsél’]lpe' |p( ,I) p( )| ~ t3(10g(1+t))k7 wnere p( ) 3 /IFS - fl(xap) par ( )

If f1 lies in the analytic space f € Hl‘gg(’]l‘?’ x R3) then the spatial density satisfies, for all t > 1,

£l &
sup [p(t, ) = p(t)| S =g IR, (1.6)
zeT3

Jor = (A\(f1)/2)5 (with X(f1) defined in S’ectz'on below).

The spaces Hllf)g (T3 xR3) are, again, p-weighted versions of the standard Sobolev spaces and Hy, (T3 xR3)
is an associated space of analytic functions, in which every 9, derivative is now weighted by an additional
log(2 + |p|) factor. See Section below.

1.1.3 Remarks on the main theorems

See Figurefor an illustration of the phase mixing phenomena in the ¢ = 0 (i.e. the standard, non-expanding)
case. Particles initially at the origin, with momentum p, evolve to position ¢p after time ¢, and thus eventually,
by periodicity, re-enter the picture on the left and right of the torus. The support of a solution f of ,
with ¢ = 0, which is initially localised around {z = 0} will therefore “mix” in evolution, as depicted in
Figure |1} For general ¢ > 0, the vectors t790,: and t~90), for i = 1,2, 3, have unit length and so particles
initially at the origin, with momentum p, evolve to position (t — 1) - t~9p at time ¢. Since the the torus is
now expanding at rate t?, a version of the above effect may occur if there are ¢ > 1 such that t9 < t179, i.e.
if ¢ < % See Figure
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Figure 2: The phase mixing effect in the presence of expansion. The support of a configuration initially
localised around the origin may catch the expanding boundary if 0 < ¢ < %

For each ¢ > 0, (|1.1) describes a cosmological spacetime which evolves from a big bang singularity as
t — 07 — at which the Kretschmann scalar

12
R Rapys = —0%(24" — 2 +1),

blows up at rate t~* — and expands indefinitely as t — oo. The spacetimes ((1.1]) arise as solutions of the
Einstein equations

, 1
Ric(g)uw — §R(9)guu =T, (1.7)

for various matter models. Some notable examples include

Einstein—Euler: % <¢qg< %;

1.
3

Einstein—scalar field: g =

Einstein—nonlinear scalar field ¢ > 0;

Einstein—massless Vlasov: ¢ = %;

e Einstein—massless Boltzmann: ¢ = %;
e Einstein—massive Vlasov: ¢ ~ %,
which are described in detail in Appendix [A] Many of these examples fall within the range of ¢ covered by
Theorem and Theorem In particular the case ¢ = %, considered in Theorem describes a radiation
filled universe and arises as a solution of Einstein—Euler with radiation equation of state and also of Einstein—
massless Vlasov. Accordingly, the case ¢ = % is typically used to describe the radiation dominated epoch of
the early universe [22] [45].

Remark 1.3 (Decay due to expansion and the case g > %) Theorem in particular implies that p(t, x)
decays at the rate t=%9. This t=59 decay rate is purely due to the expansion of the FLRW spacetime (1.1)). It
is the enhanced decay rate for for p(t,x) — p(t) of Theorem and Theorem which is due to the phase
mixing effect discussed above. Though the mizing effect of Theorem s not present in the case q > %, the
t=%¢ decay due to expansion remains present.

Remark 1.4 (The cases ¢ = i, %, %, o) Theorem contains the assumption that the expansion rate q is

such that i is not an integer (i.e. ¢ # %, é, %, ...). This assumption is made for a technical reason in order
to simplify the proof. Indeed, the proof of Theorem[I.1] relies on a collection of vector fields which are used
to commute the Viasov equation (1.2)) (see the discussion in Section below). The vector fields used are

smooth (in fact real analytic) if 2—1q s mot an integer, but not in Cratl if 2—1q 1s an integer. There is another



collection of smooth vector fields (see Remark which can be used, in particular in these remaining cases,
but, in order to simply the proof, these vector fields and these exceptional values of q are not considered here.
The vector fields used do, however, give a proof of a version of (1.3|) in these exceptional cases (provided

(12.6) below is suitably defined) for k < i.

Remark 1.5 (The relativistic free transport equation ¢ = 0). The case ¢ = 0, known as the relativistic free
transport equation, is also excluded from Theorem[I.1 One, of course, still has a mizing effect and similar

estimates (L.3)~(1.4) however. See Theorem[1.15 below.

Remark 1.6 (Loss in analytic case compared to non-relativistic equation). In Section and Section
below, equation will be compared to its non-relativistic counterpart. In the case of analytic initial
data fy, there is a loss in the rates of Theorem and Theorem compared to these non-relativistic
equations (exp(—utl%gq) compared to exp(—\(1 — 2¢)~1t1729) in Theorem and exp(—p(log(1 + t))5s)
compared to t— in Theorem . Though the rates and of Theorem and Theorem may
not be sharp, it seems that there is indeed some loss compared to the non-relativistic case. See the article [71]]
of Young where a related fact is discussed in the context of the relativistic Vlasov—Poisson system, compared
to the classical Vlasov—Poisson system.

Remark 1.7 (Gevrey regularity). Versions of Theorem and Theorem also hold for fi lying in a
suitable Gevrey space. Indeed it also follows from the proof that, for q as in Theoremu if fi € Q;;(']T?’ x R3)
for some s > 1, then
Ifillgy _, 2
t,z) —p(t)| < ——Le Ht 7"

;élqg!p(vw) )] S =g e ,
for some pu > 0, where the Gevrey space G5 (T? x R®) and associated norm are defined in Section below.
Similarly, for ¢ = %, it follows from the proof of Theorem that, for fi € leog(T?’ x R3) for some s > 1,
then
LA ——

sup |p(t,2) =p(t)] S —3

Remark 1.8 (Estimates for derivatives). As will be apparent from the proof, the derivatives of solutions of
(11.2) also admit similar behaviour. For example, in the case 0 < q < %, solutions of (1.2) satisfy, for any
k,01 >0,

I _ || full e+
S;fg E : |8$ (p(t,z) — /’(t))’ S 64+ (k+1)(1—2q) "
TEEI|1=1

Remark 1.9 (Weak convergence to spatial average). If f is a suitably regular solution of equation (1.2)),
then the quantity

g f(t,z,t 29p)dz = fi(p),

is independent of t. It follows from the proofs that, in the context of Theorem and Theorem the
rescaling of the solution f(t,z,t=29p) of (1.2) converges weakly to fi(p),

[tz t729p) = Fi(p) as t— oco.

See Remark[3.29 below. In particular, the statements of Theorem[I.1] and Theorem[1.9 extend to correspond-
ing statements for higher moments of f in place of p.

1.1.4 Related works

The phase mixing effect for the non-relativistic free transport equation ([1.8]) was exhibited in nonlinear
perturbations of homogeneous equilibria for the Vlasov—Poisson system by Mouhot—Villani [51], following
many previous works at the linearised level, for example [47], 55]. Since then there have been a number of



subsequent developments [3] [0, 10, 29, 30} [42]. See the recent notes of Bedrossian [4] for further discussion.
Note also the works of Young [71], [72] on the relativistic Vlasov—Poisson system. There have also been related
recent works on kinetic equations around homogeneous equilibria on R3 x R [7, 8, 136}, 35, 137, 41 43, 153, [54].
The phase mixing effect for has also been exhibited around shear flows for the incompressible Euler
equations. See for example [44] [5l [73], along with many other recent works.

Related mixing effects have also been exhibited in the Newtonian gravitational setting, around isolated
bodies at the linearised level [31], B2], and also nonlinearly [I7]. Such effects have also been discussed in
asymptotically flat settings in general relativity, for example by Rioseco—Sarbach [58] [59].

A related phenomenon to that of Theorem [I[.2] whereby each extra degree of differentiability assumed
for initial data results in an extra logarithmic factor of decay in the resulting solution, occurs in general
relativity for the Klein-Gordon equation (cf. equation (A.4)) on Kerr—AdS black holes [39, 40]. It has also
been shown by Benomio [I1] that, subject to an assumed energy boundedness statement, a similar effect
occurs for solutions of the wave equation on a class of black ring spacetimes.

There has been study of the Euler equations (see Appendix [A]) on FLRW spacetimes of the form
[26] 27, [63]. In particular, in [26] it is suggested that shock waves should form in much of the very slowly
expanding regime considered here.

There have been many works on the linear wave equation of the spacetime . For the case where
the spatial slices are flat copies of R3, and the combined effects of dispersion and expansion are relevant, see,
for example, the recent articles of Natdrio—Rossetti [52] and Haghshenas [33] and references within.

Some future-global results for the coupled Einstein—Vlasov system (see Appendix in cosmological
settings are known in certain symmetry classes — see the recent [65] for an example in spherical symmetry,
and [2, 67] for examples in 72 symmetry — and in the presence of a cosmological constant [57]. FLRW
solutions of the coupled Einstein—Vlasov—scalar field system have recently been shown to be stable in the
past direction (towards the big bang singularity) [28]. See also [].

Commuting vector field techniques, such as those of the present article (see Section below), have
recently been used in many works for kinetic and transport equations. See, for example, [9] 13| 14} [15] 16

(18, 20, 24} 25| 48] 62, 64, 68, [70].

1.2 Overview of the proof

In this section the main steps of the proofs of Theorem [I.I] and Theorem [[.2] are overviewed. In Section
the non-relativistic analogue of equation is considered. This non-relativistic equation serves as
a toy problem, which illustrates the basic strategy of the proof of Theorem [I.I] and Theorem in a much
simpler context. The ¢ = % case is discussed in Section Some relevant additional considerations arise
for the relativistic free transport (¢ = 0), which is discussed in Section m The main key steps in the
proofs of Theorem [1.1] and Theorem [1.2] are discussed in Section

1.2.1 A non-relativistic toy problem for 0 < g < %

When ¢ = 0, the spacetime (1.1]) describes a static torus, locally isometric to Minkowski space, and equation
reduces to the well known relativistic free transport equation. Even more well known is the non-
relativistic free transport equation,

O f +p'oyif =0, (1.8)

which is obtained by replacing p° with 1 in the ¢ = 0 case of equation (1.2]). The phase mixing phenomena
for equation (L.8) has been studied extensively (see [66] for a nice discussion). For all 0 < ¢ < 1, the equation

A 2 .
Ouf + 'Oy f — quzapif — 0. (1.9)

obtained by replacing p with 1 in equation (1.2), is the non-relativistic analogue of equation (1.2 and
provides a good toy model to present the phenomena exhibited in Theorem [T.1] and Theorem [I.2]in a much



simpler context [[]

Remark 1.10 (Non-relativistic limit). Equation (1.9)) arises as a non-relativistic analogue of equation ([1.2)).
Indeed, in equation (L.1)) the speed of light has been mormalised to unity. Restoring the speed of light ¢ > 0,
the FLRW spacetimes take the form

M = (0,00) x T3, g =—cdt* + t*9((dz")? + (da®) + (dz®)?).
The appropriately normalised mass shell takes the form
P ={(t,z,p) € TM | g(p,p) = —*},
and thus the Vlasov equation, for functions f: P — [0,00), takes the form

)

I
1+ e 2t2ap|?

Equation (1.9) thus arises in the formal limit ¢ — oco.

2
o f + aﬂff?qplapif:o.

The analogue of Theorem for equation (|1.9) takes the following form.

Theorem 1.11 (Phase mixing for the non-relativistic equation for 0 < ¢ < %) Consider some 0 < q < %,
some k > 2, and some fi € HE(T? xR3). Let f be the unique solution of equation (L1.9) on [1,00) x T? x R3
such that f(1,z,p) = f1(xz,p). The spatial density of f satisfies, for all t > 1,

[ /11l 1
— o] < S pt) = —
sup |p(t, ) = p(t)] < Gark(ozge  Where P(t) = /TS /RB fi(z, p)dpdz. (1.10)

If f1 lies in the analytic space f; € HY (T3 x R®) then the spatial density satisfies, for all t > 1,

sup [t ) — ()] 5 1Ll (xoz0te (111)
zeT3

for some A > 0.

The spaces HF(T? x R?) are p-weighted versions of the standard Sobolev spaces, and H%(T? x R?) is an
associated space of analytic functions. The constant A should be viewed as a radius of convergence for the
analytic norm. See Section for definitions.

Remark 1.12 (Representation formula). Equation (1.9) admits a representation formula which, for ¢ # 1/2,
takes the form

f(tvxap) =fi (l’ - (tzq - t)pa t2qp)~

1—2q
For g = 1/2, the representation formula takes the form
f(t,z,p) = fi(z —tlogtp, tp).

Though it can be helpful for gaining intuition, this representation formula does not feature in the proof of
Theorem given below.

The main ingredients in the proof of Theorem [I.11] are:

IThe fact that equation displays some of the phenomena seen in Theorem and Theorem is indicated by the
fact that, as will be seen later, for all 0 < ¢ < %, pY ~ 1 as t — oo along the characteristics of equation . Furthermore,
equation ([1.9) can independently be obtained by considering the nonlinear ordinary differential equations for the characteristics
of equatio and linearising around solutions with vanishing velocity.



e Conservation laws: For any solution f of equation ([1.9)), suitably decaying in p, and any s > 0, the
quantity

o1 [ 1) Pdpda, (112)
T3 JR3
is independent of t. (See Proposition below, for the analogue of this fact for equation ([1.2)).)
e Commutation vector fields: For all 0 < ¢ < %, the vector fields

tl 2q

Li=
1—2

azz + 17299, i=1,2,3, (1.13)

commute with equation (1.9). Thus, if f solves (1.9), then L’ f also solves (1.9) for each multi-index
1.

e Sobolev inequality: There is a constant C' > 0 such that, for any function p and any k > 2,

sup |p(t,z) —p(t)| < 7 D 0zt lzacrs). (1.14)

3
z €T =

See Proposition [2.1]

e Derivative relation: For each i = 1,2, 3, spatial derivatives of p are related to the vector fields (|1.13))

applied to f via
1—2¢q
Opip(t,x) = Ji2q /Lif(t,xap)dp (1.15)

Suppose thus that f is a solution of equation (T.9)) on [1, 00) x T? x R? such that f(1,-,-) = f1 € H¥(T3 xR?),
for some k > 2. It follows from the Sobolev inequality (1.14)) and the derivative relation (1.15) that

sup |p(t, z) — ()IN\F(EI(ZI Z H/L’ t,,p) p‘

z€T3

(1.16)

L2(T3)

For any multi-index I it follows from a general functional inequality (see Proposition [2.2]) that

| [eiseema|, o < ([ [ w1t e mfap) ([ [ e .o Papac)
(T) T3 T3 JR3

Now since the vector fields L; commute with equation (1.9)), the conservation laws (1.12]) hold with L f in
€T3 m &

place of f so that
([ L w2+ bz nn) dpdx> .
yielding (1.10]).

If, moreover, fi lies in the analytic space HY (see again the definition in Section then ((1.17) holds
for all k£ > 2 and thus, by definition of the analytic norm, there is A > 0 such that

1—29)%Kk! || f1llze
sup |p(t, x) — p(t)] < ( )

f 11k>2. 1.18
T3 ()\t(172q))k\/g 64 P or a = ( )

Thus, for all times ¢ > 1, (L.11]) follows from setting k = Alti;zq in (1.18]) (or the floor of this quantity, if it

is not an integer) and recalling that n!e™ < \/nn™ for all n € N (see Proposition [2.3| below).



1.2.2 A non-relativistic toy problem for the degenerate ¢ = % case

When ¢ = %, the non-relativistic problem (|1.9) takes the form
_ 1 .
Oef +0'0pi f — szapif =0. (1.19)

The analogue of Theorem for (1.19) takes the following form. (For convenience, for this non-relativistic
problem, it is helpful to consider initial data at some ¢y > 1 rather than at ¢ = 1.)

Theorem 1.13 (Degenerate phase mixing for the non-relativistic equation with ¢ = %) Consider some
to > 1, some k > 2, and some fo € HF(T? x R?). Let f be the unique solution of equation (1.19) on

[to,00) x T2 x R? such that f(to,x,p) = fo(x,p). The spatial density of f satisfies, for all t > to,

sup |P(t,$) —p(t)| 5 ”fO”Hé

t?’
e h o(t) = 2 ,p)dpdz. 1.20

If fo lies in the analytic space fo € H (T3 x R®) then the spatial density satisfies, for all t > to,

| foll e
; tx) —p(t)] < E 1.21
sup |o(t: ) = p(1)] S 5 (1.21)

where A = A(fo) (see Section below).

When ¢ = %, the treatment of the non-relativistic problem (|1.9) is similar to the 0 < ¢ < % case discussed
above. The main difference is that the commuting vector fields now take the form

1
Lkzlogtaﬂ—&—;apk, k=1,2,3,
and these vector fields are used in place of (1.13)). The analogue of (1.17)) then takes the form

- 1 2 NES 2 :
o) =701 5 e 3 (L Lok e wnet s mPanis) . az2)

yielding (1.20]).
Suppose now that fy lies in the analytic space fo € HY(T? x R?). Then, by (1.22), there exists A > 0
such that

! w
sup |p(t,x) — p(t)| < M I follz for all k& > 2. (1.23)

z€ET3 (Mogt)kvVE 37

The inequality (1.21)) then follows by setting k = [Alogt| in (1.23)) and recalling again that n!e™ < /nn"
for all n € N.

behaviour of p(t,x) — p(t), for solutions of (1.9), as t — oco. There is an improvement in the behaviour of

p(t,z) —p(t) ast — O1 when q > %, however. Contrast with the case q < % where there is no improvement

ast — 0. When q = 5 there is a small improvement in p — p both as t — co and as t — 0. Note however

that equation (1.9) only seems to be a reasonable model for (1.2) as t — oo, and not as t — 0.

Remark 1.14 (The non-relativistic problem (1.9) as ¢ — 0). For ¢ > %, there is mo improvement in the

1.2.3 The relativistic free transport equation

The main difference between the non-relativistic problems discussed in Section[I.2.1]and Section and the
problem (1.2)) is the fact that the vector fields which commute with the equation (1.2 are more complicated
than (1.13]). This fact means that the derivative relation (1.15)) is no longer so simple.




In this section, in order to illustrate some of these new difficulties in a considerably simpler setting, the
relativistic free transport equation is considered (which is obtained by setting ¢ = 0 in ) In order to
make the notation easier to navigate, we restrict here to the case of one spatial dimension (though the proof,
of course, generalises to higher dimensions). Thus, for f: R x T x R — [0, 00), the equation takes the form

Ouf + ——= p28If=07 p(t,w)=/Rf(t7w,p)dp- (1.24)

Vi

Theorem 1.15 (Phase mixing for the relativistic free transport equation). Consider some k > 2 and f €
HE_(TxR). Let f be the unique solution of equation (1.24) on [1,00) x T x R such that f(1,z,p) = fi(z,p).

exp

The spatial density satisfies, for all t > 1,

1 f1ll ez

sup p(t,a) ~p| S . where p= [ [ filep)dpda, (1.25)
z€T T JR

If f1 lies in the analytic space f1 € HY,

exp

(T x R) then the spatial density satisfies, for all t > 1,

1
sup [p(t,2) = 7(0)| < 11l e (1.26)
TE

exp

for some p > 0.

The spaces H(fxp and Hg , are exponentially weighted versions of the standard Sobolev spaces. See
Section 2.1.3] for definitions.
The main ingredients in the proof of Theorem [1.15| are the conservations laws (1.12]), the Sobolev in-

equality (|1.14])), together with the following analogues of ([1.13]) and (1.15)):

e Commutation vector fields: The vector field

M = t0, + (1 +p?)3 0y, (1.27)

commutes with equation ([1.24]).

e Derivative relation: Spatial derivatives of p are related to the vector fields (1.27) applied to f via
1 1
Oupltia) = 7 [ Mf(t..0) + 3p(1+ )} (0, p)dp, (1.28)

The extra, zeroth order, term in (1.28)) (compared to (1.15])) arises from the p dependent factor multiplying
the 0, derivative in (1.27) (which has been integrated by parts). Applying repeatedly, it follows that, for
any ¢ > 1,

Oipltsa) = ;[ +3p(1+1%)) S 1.2 ).

Thus, in order to repeat the step (1.16]) above, one is lead to considering combinatorial properties of the
operator (M —+ 3p(1 +p?)2)’. The main such property is the following Binomial Theorem-type result, which
relates the operator to combinations of the commutation vector fields.

Proposition 1.16 (A binomial theorem for the commutation vector fields). For each i > 1, there are
integers C;km € Z, for j,k,m € Ny, such that

(M +3p(1+p9)%) = 3 O’ (1 +p7) % M-, (1.29)

Jik,m

Moreover

10



e Fach C;:k satisfies

m
0<Cjpn < (40)! forall j,k,meNo. (1.30)
e The non-vanishing CZ km SOtisfy
m 720 = 0<j<i, 0<k<i, 0<m<3i (1.31)

e The non-vanishing C’;km moreover satisfy
em £ 0 = j+m+2k < 2. (1.32)

The fact that the non-vanishing terms in satisfy the property will be used to track the p
weight of each term in the summation (1.29). In order to treat the case of analytic f; in Theorem [1.15] it is
important to characterise the behaviour of the constants as the number of derivatives ¢ — oo. The property
is used to estimate the constant for each such term, and the property is used to estimate the
number of terms.

Proof of Proposition[1.16 Clearly (1.29) holds for ¢ = 1 with
Coio=1, Clor =3, C}km = 0 otherwise.
Suppose (1.29) holds for some i. Then

(M +3p(1+ ) ) (Y Clit? (L4 P F M) = 37 Clp (37711497 F

J,k,m J,k,m

+mp T (14 p2) " MF 4 pI (14 p%) % Mk+1+3pj+1(1+p)m+le)

1n+ 1

and thus ([1.29) holds for i + 1 with

CJZ;;L = (] + 1)Cj+1 k,m—3 + (m + Q)Cj 1,k,m—1 + C‘;kfl,m) (133)

where C}km =0 ifj < 0, k < 0 or m < 0. Thus, by induction, holds for all 4.

Consider now . Clearly ([1.31)) holds for ¢ = 1. Suppose now ) holds for some 7. If C’H'1 #0
then it must be the case that at least one of the terms on the right hand s1de of is non- vamshlng
Thus j —1<i, k—1<7and m—3 <1, i.e. ) holds for ¢ + 1, and thus for allz by mductlon

Note now that the property holds for i =1.1f holds for some i > 1 then, by and the

property (1.31)), }
0 < O, <i(4i)! + (3i + 3)(4d)! + (40)! = (4(i + 1))!,

and so, by induction, (|1.30) holds for all s.
Consider finally (1.32]). Clearly - ) holds for ¢ = 1. Suppose ([1.32)) holds for some i. If C}km #0

then at least one of the terms on the right hand side of ([1.33]) must be non-vanishing. If the first term is
non-vanishing, then j + 2k +m — 2 < 2¢. Similarly if the second or third terms are non-vanishing. Thus
(1.32) holds for ¢ + 1 and, by induction, for all i. O

Propositionﬂ— in particular the fact (1.29)), together with the properties ((1.30) and (1.32)) — implies
that, for each i > 1,

(M +3p(1+p*)2) f(t,2,p)| < 3+ 1)°(40)! D (1 + [p]) P [M* f (¢, p), (1.34)
k=0

where the property (1.31)) is used to ensure that,

#{(j,k,m) | Clpp # 0} < 3(i + 1)°.

11



The Sobolev inequality ([1.14)) then implies that

1 k34
suplota) =01 S 75 ZH/HIPI“’“ s

Now since the vector field M commutes with the equation, the conservation laws (1.12)) hold with M*f in
place of f so that

vl

k‘3
sup p(t, ) (1) S 3 (/ / (14 [p[2b—i=i)+0i2+2) g iz £, (i )2 dpdm)

k
z€T t f i1+i2<k

3
W‘kz,fjmnfln%, (1.35)

(14 |p|*™)|821 82 f1| has been used (along with the property (2.2)) of

S

where the fact that |[M¢f;| <

Z b<i
the norm [ f1]| gy ), yielding (1
If, moreover, f1 lies in the analytlc space Hg,, then (1.35) holds for all k > 2 and thus, by definition of
the analytic norm, there is A > 0 such that

sup|p(t, z) = p(t)| < Wuﬁm 2(11k)!

1p S S (T Hf1||H for all k& > 2, (1.36)

exp’

where Proposition n 2.4/ below has been used in the final 1nequahty, along Wlth the fact that k7 < 2% for all
k. Thus, for all times t > 1, - follows from setting k = -pt71 in (1.36) (or the floor of this q quantity, if
it is not an integer), with u = AT12711 ) and recalling that nle™ < \/ﬁn for all n € N (see Proposition
below).

1.2.4 The proof of Theorem and Theorem

The main difference between the discussion of the toy problem (|1.9]) above, or of the relativistic free transport
equation , with the proof of Theorem and Theorem is the fact the commuting vector fields are
considerably more complicated in the latter cases. Indeed, the commuting vector fields used in the proof of
Theorem [[.1] take the form

L = AL (t,p)0yi + ﬁiqapk, k=1,2,3, (1.37)
where
. 1 _og ) 1—-2 t4q ik 1 tl—q t4q ik
Ai(t, p) = Gy (¢29p]~3) 29 (5,@ L= \tzfp]r2 ) i |t2§p1|’2 , (1.38)
and Gy: [0,00) — R is defined by
s 1 ]
5) = /0 el X, (1.39)

Here X, is a constant for each g (see below). Note that the integral cannot, in general, be
explicitly evaluated, and hence also the vector fields are not explicit in general.

Suppose that ¢t > 1 is such that the matrix Aki(t, p) is invertible for all p (though it is not clear, a priori,
whether there is any such t). For such ¢, the analogue of the derivative relation is

1
0 p(t.0) = gy [ (Miot nlt.p)i) )

12



where ) )
M; =t"7"2(A Y (t,p)L;  nt,p) =70, (A7) (t,p),

Iterating gives, for any k > 0 and any multi-index I with || = &,

1 I
I —
OLp(t.a) = gy | (1 +0(t.0)' e, ).
By analogy with the discussion for the non-relativistic problem discussed in Section [[:2.1], one would hope

to relate (M + n(t, p))I to LI, so that the conservation laws (1.12)) can be applied (which remain valid for
equation )E| It is thus desirable to establish an inequality of the form

S () fltz,p)| < Ce Y L f(t2.p)], (1.40)

[1|=k 1<k

for some constants Cx > 1 (cf. the inequality for the ¢ = 0 case). Indeed, after showing that the
matrix A;"(t,p) is invertible and establishing such an inequality, the proof proceeds much as in the the
non-relativistic problemﬂ

An inequality of the form , in which there are no growing ¢ factors on the right hand side, in
particular encodes the fact t=%(1=29) is the correct behaviour for f € H, 5. Further, in order to treat the case
of analytic solutions, it is important to characterise the rate at which the constants Cj grow as k — oo.
The presence of the losses for analytic solutions, as compared to the non-relativistic problem (see Remark
, is partly due to the presence of such growing constants (the other reason is due to further such growing
constants in the relation discussed in footnote .

After establishing the invertibility of Aki(t, p), the inequality is established via another Binomial
Theorem-type result for the operator M + n, as in Proposition for the ¢ = 0 case. Such a statement is
indeed the main part of the analysis, and one of the main challenges is in finding a suitable analogue of the
ansatz (L.29) (which is necessarily more complex than that of Proposition [L.16)).

The case ¢ = %

When ¢ = %
matrix A’ (t,p) takes the form

the vector fields are explicit. Indeed, the function G 1 can be expressed explicitly, and the

4
. 2 2 1 . tgplpk

A'(t,p) =3 t3 4 t§p2 é(él —|—>.
( ) ( | ‘ ) k t% |t%p‘2

It can directly be checked that A’ (t, p) is invertible for all t > 1 and p € R3, with explicit inverse (see (3.6))
below) and thus M; and n; take the form

1 2 5,2 1.2 2
ts , t3pitspk tst3pt 4|t5p|?
Mizw(é,g—w Ly ntp)i= a3 2;(2 |g ;T )
3(t3 + |t3p|?)z t3 + 2|t5p| 3(t3 + |t3p|2)2 \t3 4+ 2[t3p|

It can be shown (see Proposition ) that the operator (M +n(t, p))I can be expressed, for each multi-index
I, as a linear combination of terms of the form

m
2

E5 (5 + [tEp|?)TF (t5 + 2Jtip2)~E (tip) LK,

2Note a simplification which occurs when ¢ = 0 (i.e. for the relativistic free transport equation, discussed in Section [1.2.3)).
There (with d = 1), the vector fields factorise as
3
L=(1+4p*)"2M,
3
where M is as in (T.27). The function (1 + p?)~ 2 is conserved by the operator in (T.24)), and so the vector fields M also
commute with equation (1.24)). It is thus unnecessary, for ¢ = 0, to directly consider the L vector fields at all.

3A further step, essentially not present in the non-relativistic problem, involves relating L |;—; to the standard 8, and Op
derivatives appearing in the spaces Hé“ (see, for example Proposition in the case of ¢ = %)
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for I,m,n € Ny, multi-indices K, and J € (Np)3. Furthermore, there are restrictions on I,m,n, K, J which
ensure that the inequality (1.40)) holds for all £ > 0. The constants C}, can moreover be shown to satisfy

Cr < 27(146k)!,

yielding also a result in the analytic case (which is non-sharp, and improved in the treatment of general q).
Since the vector fields are explicit for ¢ = %, a separate proof in this case is included in Section See
Section B.1] for more details.

The case ¢ = %

When ¢ = £ the function G, defined by is also explicit. There is again a collection of vector fields of
the form , where the analogue of the matrix (1.38]) (see below) is again explicitly invertible for
allt > 1 and p € R3. As such, the proof of Theorem can be treated in a similar manner as the ¢ = % case
of Theorem discussed above, though most of the expressions, and thus the corresponding computations,
are more complicated. See Section for details.

11

The case of general 0 < ¢ < 3 with ¢ # 1, %,...

For general 0 < g < % the function G, defined by (1.39) cannot be evaluated explicitly and, in particular, it
is difficult to determine good properties, such as invertibility, of the matrix (|1.38)). The quantities are more
accessible, however, when t? > [t29p|. Indeed, a computation reveals that the matrix (1.38) can be expressed
as

Ayl (t,p) =t [Hq (t24|t%7p[?) 6, + 2t‘2qHé(t_2"IthPIQ)t‘“‘p"pk} :

where H,(s?) = Gq(s_%)s%. Provided g # %, %, ..., the function H, is real analytic and has a convergent
power series around 0 (see Proposition below). It follows from properties of H, around 0 that AL (L, p)
is invertible when ¢9 > |#29p|. Moreover M; and 7; take the form

1

M=
H,(t=24t2ap|?)

(511; _ t—Zqu(t—Qq|t2qp|2)t2qpkt2qpi)L/ﬁ n(t, p); = q)q(t—Qq|t2qp|2)t—2qt2qpk’

for some functions B, and ®, which are real analytic function around 0, provided again that g # i, %, .
(see Proposition below). Using the power series expansions for H,, B,, and ®, around 0, it can be

shown (see Proposition ) that, when t7 > [t29p|, the operator (M + n(t,p))l can be expressed, for each
multi-index I, as a power series with each term taking the form

t=l (=92 LK

for I € Ny, multi-indices K, and J € (Np)?. The summation is over infinitely many J, with summable
coeflicients, but, for each fixed I, only finitely { and K. Furthermore, there are restrictions on [, J, K which
ensure that, for t7 > [t29p|, the inequality holds for all & > 0. The constants Cj can moreover be
shown to satisfy

Cr S 20 (ak)!,

which can be used to yield a result in the analytic case.
As noted, the above discussion applies only under the condition that

7> |t2p|. (1.41)

The weight ¢29p is preserved by the equation and so, if f; is assumed to be compactly supported, there is a
constant R > 0 such that the solution at all later times has the support property

supp(f(t,z,-)) C {|t*'p| < R}.

14



Thus, under this compact support assumption, is guaranteed to hold in the support of f for t > Ri.
Since Theorem [L.1]is a statement about the long time behaviour of solutions, it is only necessary to consider
the L vector fields (and thus the above discussion) for such large ¢, and it suffices to consider only the
coordinate derivatives 0,: as commutators prior to these late times.

In order to treat f; which are not necessarily compactly supported (in particular, to treat non-trivial
examples of analytic f;) a dyadic physical space localisation of the solution f is considered. The solution is
written as f = ZZO:O f™ where each f™ solves the Vlasov equation and satisfies the support property

supp(f™) C {(t,z,p) | 2"~" < [t*9p| < 2"H1}

Each dyadic piece f™ of the solution can then be treated as above — using the coordinate 0,: as commutators
for t < T, and the L; vector fields for times ¢ > T,,, where {T,,}22, is a suitable sequence of times with
T, — 00 as n — 0o0. See Section [3.9] for further details.

The case ofq:%,%,...

The values ¢ = 1, ¢, . .. are excluded from Theoremu as the function s — G, (37%)3%, with G, defined
by — and hence the vector fields — are not smooth but slightly singular in these cases. In
Remark below a different collection of vector fields, which are regular for all ¢, are given. We expect
that a version of Theorem forall 0 < ¢ < %, can be given using these vector fields but, in order to the
simplify the proof, do not do so here.

1.3 Outline of the paper

Section [2| contains certain preliminaries. The notation used throughout is introduced, various functional
inequalities are presented, and some conservation laws for equation (|1.2)) are given. In Section |3} the proofs
of Theorem and Theorem are given.
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2 Preliminaries

This section contains certain preliminaries to the proof of Theorem and Theorem In Section [2.1
some notation is introduced, which will be used throughout. In Section certain functional inequalities
and combinatorial statments are presented. Section concerns some basic properties of the functions G
and H,, which feature later in the vector fields of Section [8} In Section [2.4] some conservation laws for

equation (1.2]) are stated.

2.1 Notation

In this section the notation used throughout the paper is introduced.

2.1.1 Spatial average

For any function ¢: T3 — R, the spatial average is denoted

3= /T ola)da.
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2.1.2 Multi-indices

In what follows a collection of vector fields {L;, L2, Lg} will be introduced. Given k € Ny, a multi-index
of length k is defined to be a collection I = (iy,iz...,1), with i; € {(1,0,0),(0,1,0),(0,0,1)} for each
j=1,..., k. Given such a multi-index I, define

ol =0 .0, ~ of=0r...0F  L'=L". . L%
where
3:9’0’0) = 0,1, 8&0’1’0) = 0,2, 8;0,0,1) = 0,3, La00 —p, - 010 _ g, 00 _ .

etc. Define also, for p € R3,

where
p(1,070) _ pl, p(O,l,U) =p

For any function h(t,z,p), define

(L+ h(t,z,p)p)’ = (L' + h(t,z,p) p*) (L2 + h(t,z,p) p2) ... (L** + h(t,z,p) p™*).

For such I, define also |I| = k.
For J = (j1, j2,j3) € (No)3, define |J| = j1 + ja + j3 and, for p € R3,

p’ =@ (°)2 (7).
Given a multi-index K = (iy,...,i;) with 41,...,4 € {(1,0,0),(0,1,0),(0,0,1)}, define

(iQ,...,ik) 1f11:el andk22,
K—-—e¢=X0 ifiy =¢; and k=1,

0 otherwise.

Define also
K—i—ei = (6i7i1,...,ik).

If 0 = (0,0,0) is the zero vector, then define
(P, p*p)° =1, L'=1. (2.1)
Thus, for example, if K = (e;,e;), then LE=¢ = L;. If K = (e;), then LK~ =1.

2.1.3 Function spaces

For ke Nand 0 < ¢ < %, define the weighted Sobolev norms on functions h: T2 x R? — R by

sy = 30 [ [ (0P + 0100 h(w.p) P,
[I+171<k

1-24
Ml oy = Y /TS/RE;(IplzﬂLIp\4)(1+lp|)‘” @ 0207 h(z,p)*dpdz,

1+ 1TI<k
B2 - 2 4 1p[Y) (log(2 holaln 2dpd
IRl roxpey = D (IpI* + 1p1*) (log(2 + |p])) "' |020; h(, p) |*dpda,
' 14| <k 7 T IR
MollZrs, vy = D / / P19 h(w, p) [Pdpda,
1]+ <k T IR
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along with the corresponding homogeneous semi-norms

[
|| +]J|=k

IR ]1%
[I|+]J|=k

D S B e TR eI

1—2q
e = 0 [ [ (0P )V 020 (. p) P

1]
g oy = 3 [ [ ol 1) s+ 92) 020 b ) P,

H+|J1=Fk

s o = = [ [ 00w, ) P

|11+ |=k

and the Sobolev spaces

||h||H§(T3><R3) < OO},
g o iy < o0},

1Al croxrsy < o0},

1l s, (29 o) < 00}

Define also the analytic spaces of smooth functions

HY(T® x R?) = {h: T3 x R® - R
HE(T? x R?) = {h: T3 x R® - R
HE, (T? x R?) = {h: T3 x R® - R
e

exp

(T3XR3):{h:T3xR3—>R

For h € HY(T? x R?), define

M) = b {A > 0| I g s i) <

and similarly for h € H', h € H,, and h € H,

IRl pre s sy = D i

so that

Similarly for h € HY(T? x R3), h € Hl"j)g(T3 x R?), and h € H,

Recall that, for any [ € N,

k!

3\ > 0 such that A g xgsy < 35 for all k> o},
!

3\ > 0 such that Ao xgsy < 35 for all k> 0},

k!
3\ > 0 such that [bll e (gsuge) < 35 for all k> o},

k!
9\ > 0 such that [|Al s (rsxgs) < 3 for all k > 0}.

g forall k2 s

exp- Define also the analytic norm
o A"
||hHI§I§(']1‘3><]R3)’
k=0

k!
HhHﬁg(was) < WH’“LHH;(WxRS),

for all k> 0.

(T3 x R3).

exp

(1+1p)? < ()2 e,

and so, for any function h: T3 x R3 — R,

11+17|=k

Z </11'3 /Ra(l + |p|21)|8£85h($,p)|2dpdx) < Hh”ﬁljxp(TsxRS)'
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This fact was used in the proof of Theorem m (Some form of super-polynomial weight seems to be
necessary, for the the proof of Theorem in the definition of the space HY . In the case of finite k,

exp*
however, the results of Theorem still hold if this weight is suitably relaxed.)
Though the main results of the present work do not feature Gevrey spaces, the following spaces are
defined for the purposes of Remark Given s > 1, define the Gevrey space of smooth functions
s (m3 3 3 3 (k1)*
G2(T3 x R?) = {h: T3 x R® = R ‘ 3\ > 0 such that [|h] . go sy < 35 for all k > o},

along with the norm, for h € G5(T? x R?),

7]

o As(h) (k1)*
Gs(T3xR3) = Z (k')s ||h||IfI§(T3><R3)7 )‘S(h) = sup {)‘ > O‘ ||thI§(T3><R3) < (2/\)k for all k > 0}'
k=0

The space gfog, along with its associated norm, is defined analogously.

2.1.4 Constants

The notation
AS B,

will be used when there is a universal constant C' such that

A<CB.
When such notation is used, the constant C' may depend on the value of ¢ under consideration (and may
blow up as ¢ approaches i, %, ...), but never on the value of the number of derivatives being considered.
2.2 Functional inequalities

In this section some functional inequalities are collected, which will be used in the sequel.

2.2.1 Sobolev inequality
The first functional inequality is a standard L>°—L? Sobolev inequality.

Proposition 2.1 (L>°-L? Sobolev inequality). For any smooth function ¢: T?> — R, and any k > 2,

1
sup |6(z) — 4l < —= > 1058l 2 ).

3
z €T |[|=Fk

Proof. The function ¢ can be Fourier decomposed

o) = D HOSTE, () = | olw)e* T d,

£ezs
and so
1 1 1
o) =31 < D161 < (30 1e7) (X2 IeP19F) " = (D2 167*)T Y 19kbllaacrs).
|€1#0 |€1#0 §€Z3 |€1#0 [I|=k
by the Cauchy-Schwarz Inequality and the Plancherel Theorem. The proof follows from the fact that |¢|~2*
is summable for &k > 2 and satisfies
> s
£€z3~{0}

O
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2.2.2 Interpolation inequality

The next functional inequality is an interpolation inequality concerning the L? norm of the momentum
average of a function h: T3 x R3 — R and certain weighted L? norms of h.

Proposition 2.2 (Interpolation inequality). For any suitably decaying function h: T3 x R — R,

[m@pass ([ [ P pPapa)” ([ [ P
T3 T3 JR3 T3 JR3

pn(z) = [ h(z,p)dp.
R3

1
TP
/]R3 pI? + pl*

is finite. Thus, for any suitably decaying function h: T x R? — R,

where

Proof. Note first that the integral

[ on@Pdrs [ [ o2+ bl (e ) P (2.3

Defining now
ha(z,p) = h(z, Ap),
it follows that

/ IR / ()P, / / Ip2lha (. p) Pdpdz = A~ / / Ip2Ih(e, p) 2dpde,
T3 T3 T3 JR3 T3 JR3

[ [t pPapds =37 [ [ ipltinge.p)Papas.
T JR3 T3 JRS
Applying (2.3)) to hy then gives

/|ph(x)|2da§§/\/ / \p|2|h(x,p)|2dpdx+x1/ / ip|*1h(z, p)[2dpda.
T3 T3 JR3 T3 JR3

The proof follows from setting
1
4 2 :
([ [ttt napz )
T3 JR3

a= ([ [, 1wPinte. ) Ppac)

[N

2.2.3 Combinatorial results

This section contains some combinatorial results which will be used in the proof of the main results.

Proposition 2.3 (Stirling’s formula). There is a sequence {r,}>2, such that r, — 0 as n — oo and, for
any n €N,

n

nle -
——=c"".
n"\/2mn
Proof. There are many proofs of this well known fact — see [60], for example. O
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Proposition 2.4 (Products of factorials and polynomials). For any ny,ng € N,
for all k € N.

Proof. Suppose, without loss of generality, that n; < ng. Then

((n1 + n2)k)!

and the proof follows. O

:(n2k+1)><(n2k+2)x...><(n2k+k)x(n2k+k+1)><...><(n2k+n1k)2(n1k)!,

Lemma 2.5 (Summation Lemma). For any integer k > 1,
(o)
; 1
Z (1+5) e <kl k2.
7=0

Proof. Note that the the function f(x) = (1 + x)¥e™® agrees with the summand whenever z is an integer,
and has a global maximum at x = k — 1. It follows that the summation is uniformly bounded by

Z 1+5)ke™? </ (1+x)ke*zdx+/ el =% dz,
J=0 k

Now Proposition [2.3] implies that
k 1
/ (1+x)fe ®de < kkFel =% < k! k2,
0

and, after integrating by parts k times,

k

T _ 1k -k L
/kxe dr = k%e Z 'klN!~k,

and the result follows. O

2.3 The functions G, and H,

In this section, functions Gy and H, are introduced, which will appear in the commutation vector fields
introduced in Section [3] l below. Various analyticity properties of these functions are also collected.
Consider 0 < ¢ < 3 L such that 5 is not an integer (i.e. ¢ £ 1 8> L1, Let N, be the unique positive

8
integer such that

1 1
— << . 2.4
2N, +2) ~ 1S a(N, +1) (24)
Define G,: [0,00) — R by
S 1 B

where

1 o0
1 a 1
S L RN < N SR (o N B o PR PR
/0 519 4 524 S+n:0172Q(n+1) /1 520 \\/T+ 52 Za (26)
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and
()", (20— 1)

om ] for n > 1.
nn.

ag =1, anp =

The coefficients a,, have the property that

Zan , for |x| < 1, (2.7)

1+x o

and so it follows that the integrals in ([2.6)) are convergent (note, in particular, that the property (2.4) of N,
implies that 2¢(n + 1) > 1 for all n > N, + 1). This precise form of X, is chosen so that G4(s) takes the

form (2.11) below, and thus admits the expansion (2.12]).

Remark 2.6 (Explicit expressions for G). For certain values of ¢ the function G, can be expressed explicitly.
For example when q = %, G, takes the explicit form

Gi(s) =3\/1+s3, (2.8)

and when q = i (a case otherwise not considered in the present work), G, takes the explicit form

G%(s):Xi—l—Q\/s—i—s%—log<1+2s%+2\/s+s%).

For general q, however, G, cannot be expressed explicitly.

Define also H,: [0,00) — R by,

H,(0) = < _12 C o Hs) = G ) s, (2.9)
q S 2q
so that )
G (s 4 1. 1-2¢
Hy(s?) = S5 ) g sy
s 4

Proposition 2.7 (Analyticity of H,). Consider 0 < ¢ < % such that ﬁ is not an integer (i.e. q #

%, %, %7...). The function Hy: [0,00) — R defined by (2.9) is real analytic (in fact, H, extends to a real

analytic function Hy: (—1,00) = R). Moreover, for any 0 <s < 1,

1 a
_ n — = > 1. 2.1
s) = g b,s", bo by, =2+ 1) forn > (2.10)

Proof. Note that H, satisfies the ordinary differential equation

d 29 — 1 H,(s) 1

—H,(s) + L2 = — .

ds o®) 2q s 2gqsv1+s
It follows from the Cauchy—Kovalevskaya Theorem that H, is real analytic on (0,00). Suppose now that
0 < s < 1. Note first that, for s > 1, using the expression (2.6)) for X,

N 1-2q(n+1) %
ans 1
G = L ( nS 2‘1”)d~ 2.11
q(S) ngo 1— 2q(n + 1) / §2q 14 8_2q ZCL ( )

where the fact that that the property (2.4)) implies that 2¢(n 4+ 1) < 1 for all 0 < n < N, has been used. It
follows that, for 0 < s < 1,

Gyls %) & ans"™ 1 > 1 1 >
u " e n~—2qn ds
q(S) 1 T Zl_Qq(n+1) 172%1 /s_i §2q [m nZ_Oa ’ :| §

2q 2q
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Consider some N > N,. The property (2.7)) implies that

sN+H1 1
2q(N+2)—-1’

an

by = ——————
1—2¢(n+1)

for n > 1.

Hq(S) - Z bys"| <

n=0

‘ N

Thus, letting N — oo, the expansion (2.10) holds for any 0 < s < 1 and so H, is analytic around 0 (in fact,
H, extends to a real analytic function Hy;: (—1,00) — R). O

Remark 2.8 (Expansion for G,). It follows from the proof of Proposition that G, admits the expansion,

for large s,
1 2g(n+1)

Zl—2qn+1 st An+1)a, for s > 1. (2.12)

The following proposition is used later when relating combinations of vector fields at ¢ = 1 to the standard
0, and 0, derivatives appearing in the spaces H, (’; .

Proposition 2.9 (H, for large |p|). There are real analytic functions g, ¢q: (—1,1) = R such that, for all
lp| > 1,

Hy(1p?) = Xlpl = +4q(pI™),  2HL(Ip?) = Yolpl = + ¢4(Ipl ™),
where Y, = %Xq and

oo (oo}

Pe(s) = Z Cps2m L $q(s) = — Z(Zn + 1)cn52”+3, Cp =

n=0 n=0

forn>0. (2.13)

Proof. Recall that
1 1

— ——=ds
0o 31V1+ 5%
and, recalling the expansion ([2.7)), it follows as in the proof of Propositionthat G4 admits the expansion,
for small s,

Gols) = X +

Gy(s) =X, + Z st TEn=Da, for |s| < 1,
n=0

with ¢, defined by (2.13). Thus

H,(s*) = qu% + Z cps~ Bt for |s| < 1,
n=0

and the proof for H, follows. Differentiating gives

1-2 R
28Hé($2) = . qus% — Z(2n+ Deps™ 32 for |s| < 1,
n=0
and the proof for 2H; also follows. O

The following proposition contains various functions, defined in terms of H,, which also appear in the
proof of Theorem

Proposition 2.10 (Analyticity of 1/H,, B,/H,, and ®,). There exists 6 > 0 such that the functions

1 1 B,
—, =, —, 9,:[0,0) = R
an (;qu7 q [a)
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where the latter two are defined by

2H/(s) 2 (H(’I(s) B H,(s)

B =gmerme MY T Ee \Ee P

+ Bl (s) + ZBq(s)), (2.14)

are well defined and real analytic (or, rather, extend to an real analytic functions on (—6,0)).

Proof. Note that H, is real analytic and

H)(s) =Y (n+ 1)bpi1s™
n=0
Since H,(0) = 17—1211 and H;(0) = by = —ﬁ, it follows that there exists 6 > 0 such that H,(s) # 0

and Hy(s) # 0 for all (—§,5). The fact that - - 7 I%’ and @, are real analytic on (—d,6) then follows
q

from standard theory of analytic functions. Moreover, the coefficients of the corresponding power series
expansions around 0 can be expressed in terms of {b,}. See, for example, the textbook of Krantz—Parks
[446]. O
2.4 Conservation laws

In this section some conservation laws satisfied by solutions of ([1.2]) are given. The first conservation law
concerns the spatial average of p.

Proposition 2.11 (Conservation law for spatial average of p). For any q > 0, if f solves (1.2), then the
average of p satisfies the conservation law

th/ (tmdx—//flxpdpdx
T3

for allt € (0,00), where fi(x,p) = f(1,x,p).

Proof. After integrating equation (1.2]) with respect to both = and p, the second term on the left hand side
vanishes and the third term can be integrated by parts in p to give

6
8,5/ f(t,z,p)dpdx + i} / f(t,z,p)dpdx = 0,
T3 JR3 t Jrs Jgrs
from which the result follows. O

It follows from Proposition that, for any solution f of (1.2)),

)= [, [ fiapips

The next conservation law concerns p-weighted L? norms of solutions.

Proposition 2.12 (Weighted L? conservation law for f). For any q > 0, if f solves (1.2)), then, for any

s>0,
s [ plreepPpdo = [ [ 1l Pdpde,
T3 JR3 T3 JR3
for allt € (0,00), where f1(x,p) = f(1,z,p).

Proof. A simple computation gives

o[ [ whlstapPipie=—2 [ [ e i(50.7 2o, ) dpas
= 2D [ el Papds,

from which the result immediately follows. O
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3 The proof of the main results

In this section the proofs of Theorem [[.1] and Theorem [[.2] are given. Many parts of the proof of Theorem

can be made more explicit when ¢ = % A more explicit proof of this special case is therefore first given

in Section [3:1} In Section [3.2] the proof of Theorem [I.2]is given. Finally, in Section [3.3] the proof of Theorem
in full generality is given.

3.1 The q= % FLRW spacetime
When ¢ = %, the Vlasov equation (|1.2]) takes the form

i 2
atf + ]%azlf - gplaqu = 0, pO = \/ 1 +t%‘p|2 (31)

This section concerns the following version of Theorem for equation (3.1)).

Theorem 3.1 (Phase mixing for the Vlasov equation on the ¢ = % FLRW spacetime). Let f be a solution
of equation (3.1) on [1,00) x T x R3 such that f(1,z,p) = fi(x,p) for some f1 € Hf/3(']1‘3 x R3) for some
k > 2. The spatial density satisfies, for allt > 1,

N 117 .
sup [p(t,2) = (1) £ g™ (3.2)
If f1 lies in the analytic space fi € Hf/g (T2 x R3) then the spatial density satisfies, for all t > 1,
1l ik
sup {p(tvx) - p(t)| 5 721/36_Nt4007 (33)
xe’]rii t

where p = ()\(fl))lg’iz/l

3.1.1 Commutation vector fields

The proof of Theorem is based on the following set of vector fields which commute with equation (3.1]).
For k = 1,2, 3, define

; 1
L = Ay (t,p)dyi + t—zapk, (3.4)
3

4
) 2 2 ) tgpzpk

A (¢, :3\/t2 tipl2( ot + —2 2 ). 3.5

k( p) 3+|3p| k+t%+‘t%p|2 ( )

Proposition 3.2 (Commuting vector fields for equation (3.1))). The vector fields Ly, for k =1,2,3, defined
by (3.4)—(3.5), satisfy

where

%

92
[at b 5. Qplapi,Lk} —0, k=1,2,3.
V1+t3pf2
Proof. The proof is a direct computation. O

Proposition 3.3 (Inverse of the matrix A). For all t > 1 and all p € R®, the matriz Ay’ (t,p), defined by
(13.5)), is invertible. The inverse takes the form

N 1 ; 13 pits pk
(A (1) = (% Pip ) (3.6)

-2 2
3\/t3 + [t3p[ B 20t pP
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Proof. The proof is a direct computation. O

Remark 3.4 (Representation formula). Equation (3.1) admits the following representation formula for
solutions. For any solution, there is a function F: R? x R® — [0, 00) such that

f(t,x,p) = F(x — 3(15% + |t%p|2)%t%p,t§p>.

It follows that ) ) )
F(z,p) = f(t,x +3(t> +[p]*)2p,t "5 p). (3.7)

The expression for the vector fields (3.4) ~(3.5) can be obtained by applying O, to (3.7).
There is a related representation formula for equation (3.1)),

f(tw,p) = iz =3((F + 113 — (14 Ep2)d)edp,edp).
where f1(z,p) = f(1,2,p). It follows that
filep) = £tz +3((83 +1p2)} = 1+ p)F)p, ¢~ 3p). (3.8)
Applying O,r to (3.8) gives rise to a related set of vector fields, again of the form (3.4) but now with
i 2 2 2 ; t%pipk
Ai(p) = 3 \/1F + 1e3pP — 1t P ) 6 - —— ).
V(EE 13 p12) (1 + [t pf2)

This related collection of vector fields will not be used in the present work, but will be commented on again
in Remark|3.16.

3.1.2 A binomial theorem for the commutation vector fields

In this section a Binomial Theorem-type result is given for certain operators related to the commutation
vector fields which arise when relating derivatives of p to vector field derivatives of f.
To ease notation, define

1
P =tEpF O = O, h(tr) = 335 4+ |rf2,  b(t,r) =15 +2rf, (3.9)
so that
; 9rirk 1y i 1 ; rr )
Ly = h(t,r) <<5}c + W)aﬂ- Fom,  (AY)(tp) = 7(5; - 7) ik=1,2,3. (3.10)

Moreover, a computation gives

1 1y d 43 |r|2rk 5t3 1k
—0pi (AN (t,p) = - : 11
i3 0 A (08) = Fa R T R e (8-11)
Define the operators
1 ts ; rirk
M; = t5 (A (t,p)Ly = —— (6, — —— )L i =1,2,3. 12
3( ) (ap) k h(t,?")( k b(tﬂ“)) k> ? y 73 (3 )
As will be seen in the proof of Proposition below, for any multi-index I,
1 1 I
1, 4ts|r2r 5ts r
t39,) p(t,z)= [ (M - t,z,p)dp. 1
(0. oita) = [ (314 T - P Heandy (313)
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The following proposition is a Binomial Theorem-type result which relates the operator appearing on the
right side of to combinations of the commutation vector fields. See . In the proof of Proposition
[3:7 it is important to capture the fact that the coefficient of each such term is uniformly bounded in ¢, and
also to keep track of the r weight of each such term. The fact that the non-vanishing terms in satisfy
the property will be used to establish these facts. In order to treat the case of analytic f; in Theorem
it is also important to characterise the behaviour of the constants in such estimates as the number of
derivatives |I| — oo. The property is used to estimate these constant for each such term, and the
property is used to estimate the number of terms.

The notation is somewhat easier to navigate for the corresponding statement in one spatial dimension.
The reader is therefore encouraged to first read the treatment of the relativistic free transport equation in
one spatial dimension in Section [1.2.3

Proposition 3.5 (A binomial theorem for the commutation vector fields). For each multi-index |I| > 1,
there are integers Cﬁmmn € Z, for l,m,n € Ny, multi-indices K, and J € (Ng)?, such that

M+ 4t%|7"27’k B 5t% 'f’k ! . Z C[ t%h(t T)_mb(t ’I")_nTJLK (3 14)
h(t,r)b(t,r)2  h(t,r)b(t,r)) e JKImn ’ ’ ’ :
Moreover
o Each Cly,. satisfies
IO et < (146]1])! forall 1,m,n €Ny, JeNo)? and multi-indices K. (3.15)

o The non-vanishing C%y,.  satisfy

3.16

e The non-vanishing Cf,Klmn moreover satisfy

Cliimn #0 = 0<1+|J] <m+2n. (3.17)

Proof. Clearly (3.14) holds when |I]| = 1 with, for e; = (1,0,0), ez = (0,1,0), e5 = (0,0, 1),
[ e; i sk €; €;
Co7ek,171,o = Oik; Cej1+ej27ek,1,1,1 = _6;’15j2’ C2ec+ej,0,1,1,2 = 45ij7 Cej,0,171,1 = —551‘3‘,
where the third holds for ¢ = 1,2, 3, and

Cimn =0 otherwise,

for each 1 =1,2,3.
Note that, for J = (j1, j2, j3),

Lob(t,r)

—-m —9mt§rk k rirk -n —4’)’Lt%’l°k k rirt
Mi(h(t,7) FW( JRCCY ):h(t,r)b(t,r)"“((si_b(tﬂ"))7

jitsrd=er | Jjgapdte

Mi(T’J) h(t,'f") h(t’r)b(t,'f")
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Suppose now that (3.14]) holds from some I. It follows that

At |r|2rk 5t3 ]
M; - Clitmnt b, ) ~"(t, )" LR
( R rE RGN JK;W Gt (&) 7b(t, )
3
_ Z O§Klmn ( . gmt% po(mA3)p—nJte p K gmt% - (m+3)p—(n+1) Z plteit2ec K
J,K,l,)mn c=1
3
_ 4m‘% hf(m+1)b7(n+1),r,J+eiLK + 4ﬂt% hf(m+1)b7(n+1) Z plteit2ec [ K + ]zt% hf(erl)bfn,reriLK
c=1

3
_ ‘J|t%h7(m+1)b7(n+1)rJ+eiLK + t% hf(m+1)b7n,rJLiLK _ t%hf(erl)bf(n%»l) Z T,J+ei+echLK

c=1

3
44 Z t% hf(m+1)b7(n+2)7,]+2ec+ei LK _ 5tl+Tl hf(m+1)b7(n+1),,,.]+ei LK) ,
c=1

and so (3.14) holds for I + e; with, for each I,m,n € Ny, multi-index K, and J € (Ny)?,

3
Cﬁ:ﬂm =—9(m — 3)C§—ei,K,l—1,m—3,n +9(m — 3) Z C§—ei—26¢,K,l—1,m—3,n—1 (3.18)
c=1
3
—4(n - 1)C§—ei,K,l—1,m—1,n—1 +4(n—-1) Z Cf—ei—2ec,K,l—1,m—1,n—2 + (J: + 1)C§+51,K,l—1,m—l,n
c=1
3
- (|J| - 1)C§—ei,K,l—1,m—1,n—1 + CiK—ei,l—l,m—l,n - Z C(g—ei—ec,K—ec,l—l,m—l,n—l
c=1
3
I I
+4 Z Corsep—eiii—1,m—1n-2 —9CT ¢, Ki—1m—1n—1>
c=1

where CLry = 0if j; <0, j2 <0,43 <0, K=10,1<0,m<0orn <0 (using the multi-index conventions

of Section [2.1.2]).
Consider now the property (3.16). Clearly (3.16) holds for |I| = 1. Suppose now that (3.16) holds
3-18)

for some |I| > 1. If Cﬂrﬁmn # 0 then at least one of the terms of the right hand side of ( must be
non-vanishing. By the inductive hypothesis

[J|=3<3|I|, |K|-1<|I|, I-1<]|I], m—-3<3|I|, and n—2<2||

i.e. (3.16) holds for each |I| + 1.
Note now that (3.15) holds for |I| = 1. Suppose (3.15) holds for some |I| > 1. It follows from (3.18)), and
the property (3.16[), that

|C K| < (146]1] + 13) (146]1])! < (146(|1] + 1)L,

ie. holds for |I]+ 1.

Finally, the property follows from a similar induction argument using the relation . Indeed,
the clearly holds for |I| = 1. Suppose holds for some |I] > 1. If C4 1% £ 0 then at least one
of the terms of the right hand side of must be non-vanishing. If the first term on the right hand side
of , namely —9(m — 3)05761_’[{’171”73’“, is non-vanishing then, by the inductive hypothesis

I—1+|J]|—1<m—3+2n.

In particular, J, I, m, n satisfy (3.17)). It is similarly verified that J, I, m, n satisfy (3.17) if any of the other
terms on the right hand side of (3.18) are non-vanishing, and thus (3.17) holds for each |I| 4 1.
O
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The following proposition is shown in a similar way to Proposition [3.5] and is used to relate combinations
of vector fields at ¢ = 1 to the standard d, and &, derivatives appearing in the spaces Hf/g.

Proposition 3.6 (Vector fields at t = 1). For any k > 0,

Yo LGz p)lm] S GO Y 1+ p)"018) fi(x,p)].

[I1|<k [I|+|J|<k

Proof. Note first that, for any multi-index I, there are constants C},., € Z such that
L=y = Z Clrrm(1+ |p|2)%p‘]6£(8£. (3.19)

(Note that m is now indexed by Z and so can take both positive and negative values.) Indeed, (3.19) clearly
holds for I = e, with constants

€l _ k €k
Co,ei,(),l - 351 ’ C

€j; tejy,€i,0,

_ k i €k _ <k
-1 = 3075, 0; OO,O,ei,O - 61 .

J17792°

The fact that (3.19) holds in general can be established by an induction argument, similar to that of the
proof of Proposition by applying L; to (3.19) and checking that the form is preserved. Moreover, the

recursion relation

3

Ite;  opl 1 I
Cikim =3C1k—c, Lm-1t3 E Cheimenf—enpmt1 T (M+2)CT o g r o
k=1

. 1 1
+ (]i + 1)Oj+ei,K,L,m + OJ,K,L—ei,mv

holds, where Cly, = 0if j; <0, j2 <0, j3 <0, K =0, or L =0 (note though that C}, = may now
be non-zero for m < 0). As in the proof of Proposition it is easily inductively shown that each C%,
satisfies

I, e S (B|T))! forall meZ, Je(Np)® and multi-indices K, L.
and the non-vanishing C4 ., satisfy

Clkim 70 = 0| <21], 0<IK|+[LI <], —2I[<m <1, |J|+m<|N|.

The proof then follows. O

3.1.3 Derivative relations

The proof of Theorem involves taking derivatives of p. These derivatives can be related to combinations
of the above vector fields applied to f.

Proposition 3.7 (Derivatives of p and vector fields). For all k > 0,

k2 (146k)! <&
> ottt s SRS [ (et plap
)=k ts =0 /R

Proof. Note first that, for any function g and any i = 1, 2, 3,
150, / g(t,, p)dp = / t5 (A7) Lyg(t,w,p) = 5 (A7), 0y gt 2, p)dp

:/(t%(A_l)iij+téapj(A_l)ij)g(ﬂ%P)dp
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Recall the notation introduced in Section |3.1.2] “ and the facts - Applying the above repeatedly,
it follows that . L
4t3|r|%r 5ts r

I
1
t30,) p(t,x) = | (M - t d
( 3 ) p( "T) / ( + h(t, T)b(t77‘)2 h(t,T)b(t,’]")) f( axap) P,
where the operators M; are defined by (3.12). Proposition implies that

4t%|r|2r 5t3 r 4
‘(M—’_ h(t,r)b(t,r)? B h(t,r)b(t,r)) f(t,%p) <

Recall the property (3.17) of Proposition [3.5 and, accordingly, suppose that 0 < [+ [J| < m + 2n. It follows
that

> C KimaEF Rt )b )T LE £ (2 2, p)]-
J, K, l,m,n

l
t3|r| 1]
e 1) (e, )bt ) < — T
(5 +r?) 7=
The property (3.17)) of Proposition therefore implies that

At |r|2r 5t3 1 !
_ <
MM R R ()] S

If |I| = k, the property (3.16) in particular implies that

J, K, l,m,n

#{(Ja Kvlam’ n) | C§Klmn 7& O} 5 (3k)3 : ks k- (3k) . (2k) 5 kgv

and so the result follows from the property ([3.15]). O

3.1.4 The proof of Theorem
The proof of Theorem [3.1] can now be given.

Proof of Theorem[3.1 Consider some k € N and suppose f; € H1 /3 The Sobolev inequality of Proposition

2] gives
sup [p(t, ) — Z 192(¢, )l (x)-

3
xz €T |I\ k

Proposition 3.7 and Proposition [2.2] give, for all ¢ > ¢,

k9 146k
S 02p(t, ey < T LAGK)! (/ / pPIL £ txp|dpdx) (/ / PP L f (2, 2.p) dpdx).
T3

|I1=Fk |I|<k
By Proposition it follows that L’ f solves (3.1]) for all multi-indices I, and so it follows from Proposition
the Cauchy—Schwarz inequality, and Proposition that, for any k& > 2,

1

sup [p(t, 2) — p(e)] < FLAOR)(GR)! (/ / (bl + 1ol*)( 1+Ipl)”If?’@;'fl(:r,p)l2dpdx>2-(3-20)

24k
3
z€T t \F |41 | <k

The proof of . ) follows.
Suppose now that f; € H1/3 Note that

2 gl
S (L 0P )+ D 1007 ) P ) S gl
T3

HI+IJ1<k

29



for all k > 0 and with A = A(fy). For all t > 1, f satisfies (3.20) for all £ > 2, and so, noting that
k9 (146K)!(5k) k! < 28 (152K)!,

it follows that

1 2k(152k)! 1 (152k)!
S B

1 28(152k)!
sup |p(t, z) — p(¢) 2 (M) T52k ||f1HH1/3 12 (ut e ) 152k /152

N fi H,
sup I N Th | fll

I filles,,
(3.21)

for all k > 2, where yu = A2 /2. In particular, for #(t) := L1,2A1o2t4osj, where |-| is the floor function,

(3-21)) holds for k = £(t) and so (since n!e™ < /nn™ for all n — see Proposmion— and e~ 5] < ee™* for
all s > 1),

, _ 1 (1524(1))! L _1s2i() L s
S 1p0:2) = P01 S g3 e s S e Ol S e Wil
which concludes the proof of (3.2]). O

3.2 The radiation g = % FLRW spacetime

In this section the proof of Theorem is given. When ¢ = %, the Vlasov equation (|1.2)) takes the form

o f + a f—-p'0uf=0, p°=/1+t[p|2 (3.22)

3.2.1 Commutation vector fields

The main difference between the proof of Theorem and that of Theorem is the form that the com-
muting vector fields take. For k = 1,2, 3, define vector fields

i 1
Lk = Ak (t7p)8mb + gapk, (323)
where .
2t2pzpk
(t2 +/t + [tp]?)\/t + [tp]?
Proposition 3.8 (Commuting vector fields for equation (3.22))). The vector fields Ly, for k = 1,2, 3, defined

by (3-23)-(3.24), satisfy

Ai(t,p) = 2log (t% FEF |tp|2)5,i + (3.24)

1 .
[at TR S S fp’api,Lk} -0, k=123

V14 tp|? Cot
Proof. The proof is a direct computation. O

Proposition 3.9 (Inverse of the matrix A). For all t > 1 and p € R3, the matriz Ay'(t,p), defined by
(3.24), is invertible. The inverse takes the form

(AN (¢,p) =

1 < . t2pip )
§i— ,
2log(ts + I+ [P\ © [tp|2 + (t3 + L+ |tplP) I+ |tp? 21og(t3 + \/t + [tp]?)
fori,k=1,2,3.

Proof. The proof is a direct computation. O
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Remark 3.10 (Representation formula for equation (3.22))). The expressions for the vector fields of Propo-
sition can be obtained from the following representation formula for solutions of equation (3.22)):

flt,x,p) = F(xfthIOg (t% + W),tp).

The representation formula for the solution in terms of the initial data fy, takes the form
t2 4/t + [tp]?
f(t,l',p):fl I—tp210g —2 7tp )
1+ /1+|tp|
and can be used to obtain a related collection of commutation vector fields of the form (3.23)), now with
1 . .
; : t2 4+ \/t + |tp|? 2t2piph 2t2piph
A (1,p) = 32108 B+ v - vy .
L+ +/1+|tp|? (t7 +t+ [tpP)V1+[tp2 (1+ 1+ [tp]2)/1+ [tp]?
These latter vector fields will not be used in the proof of Theorem[1.9

3.2.2 A binomial theorem for the commutation vector fields

As in the previous section, the main step in the proof of Theorem [I.2]is establishing the following Binomial
Theorem-type result for an operator associated to the commuting vector fields.
Define

1
k= tp”, Opk = Eapk, h(t,r) = 2log (t% +Vt+[r?),

b(t,r) = |r? + (12 + i+ [rP)VE+ [P log(tz + e+ |r?),  c(t,r) = i+ [

It follows that

. rirk i 1 ook
Ly = h(t,r)(6f + ———— ) Oui AN (t,p) = 5 — ik =1,2,3. (3.2
i (’T)(’“+b(t,r)—|r\2)a”” +0e, (AT (Ep) h(t,r)(k b(t,r))’ bk =1,2,3. (3.25)
Moreover, a computation gives
log(1+t¢ 1y @
%aﬂm Ut p) = R, r), (3.26)
e () =logl 4o 5 WP, t4rf* (3.27)
e, =08 R(t,r)o(t,r)2  h(t,r)b(t,r)  b(t,7)2 = 2b(t,7)2c(t,r) ) '
Define the operators
_ log(14+1t) /.,  rirk _
M; = log(1 4+ (A=Y, (tp) L = 22T Y (5i T\ —1,2,3. 2
og(1+ (A (6 p) e = =P (0 - s )l i=1.23 (3.28)

As will be seen in the proof of Proposition [3.13] below, for any multi-index I,

I I
(1og(1+0)0.)"p(t.) = [ (3 +n(t. 1)) (0. ),
The following proposition is a Binomial Theorem-type result which relates the operator appearing on the
right side to combinations of the commutation vector fields.
Proposition 3.11 (A binomial theorem for the commutation vector fields). For each multi-index |I| > 1,
there are C§Klll2mmn2 € R, for ly,la,m,ny,ny € Ng, multi-indices K, and J € (No)3, such that
1
(M +n(t,r)r)’ = 3 Ol retitamming (10g(1+ 1))t 3 h(t,r)~™b(t,r) "™ e(t,r)"2r LK. (3.29)
J,K,l1,la,m,n1,n2

Moreover
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e Each Cty,  satisfies

I Kt tamning| S (BLI))! for all 1y,lo,m,ny,ny € Ng, J € (No)®,  and multi-indices K.

e The non-vanishing CLy.,  satisfy

Clkiiymmmn, 70 = 0 [J| <3|, 0<|K[<|I|, 0<i<|I|, 0<Iy <],
0<m<|Il, 0<n; <2/, 0<ny<2|I.

1

TKllamnyn, TOTEOVET Salisfy

e The non-vanishing C
Oj'Klllzmnan?éO = lg+‘J| < 2n1 + no, l1+l2+|J| <m+2n1 + no.

Proof. Clearly (3.29) holds when |I| = 1 with, for e; = (1,0,0), es = (0, 1,0), e3 = (0,0, 1),

€; <t €; _ i ok
Coler1,0,1,0,0 = Ok O teyyen1,01,1,0 = —05, 05,
e _ 7 €; _ 0 e _ 7 €;
Ce;1+2ej2,o,1,0,1,2,0 =405, C¢lo101,1,0= 605, e, +2€5,,0,1,0,0,2,0 = 207, , Ce;1+26j2,0,1,1,0,2,1
and
€4 _— :
Ckiy1ymnyn, = 0 otherwise,

for each 1 =1,2, 3.
Note that

mlog(1l+t)rt

M) = 5 agg e

o log(1+8) (b2, ) — [r]?)r? 3 &
Mi(b(t,r)™™) = —m b(t,r)mt? (1+ At 20(1%7"))’
oy log(1 4 1) | log(1 + 1)’

Mielt:m)™") =2 g mett, e~ " R(E r)e(t )T

M) = g, log(1+t)r/—% | |10g(1 +t)r/te
1 ) h(t r)b(t, )
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Suppose now that (3.29) holds from some I. Thus, it follows that

(M +n(t,r)r )(ZCJKlll2mnm2(log(l+ )) Fpompm e "QTJLK)

_ Z C5Klll2mn1n2(10g(1 + t))11+1 < B mt%?hf(erl)bf(n1+1)cfn2,r.]+e~;LK

—ny |:tl72 hfmbf(nr#l)cfng TJJrei + 3t%2 hf(m+1)b7(n1+l)cfn2,r,J+ei

3
ltu;l h,mbf(nl+1)Cf(n2+1),r,]+ei _ Z ( Fpmmp (n1+2) 7n27,J+ei+2ed
d=1
13t F - (mAD) = (na42) n2 T te 1 ) o= (na+1) J+el+26d)}LK
2

3
Ty Z t% = (m+1) p=(na+1) = (n2+2) T +ei+2ea [ K _ nzt% p— (M) p=n1 = (n242),.J+es [ K
d=1
+ Jzt% h_(m+1)b_n10_"2rJ_e"LK _ |J‘tl72 h_(m+1)b_(n1+1)c_"27“J+eiLK
3
+ t% h—(m+l)b—n1 C_n2’f'JLK+ei _ Z t% h—(m+1)b—(n1+1)c—n2 ,r,J-l-ei-‘redLK-‘red
d=1

3
_ 5tl72 p—(mAD) p=(na+1) —na Jtei p K | Z [325’72 B (mA1) p=(n1+2) ,—na T eit2eq [ K
d=1

+t2h mp— (n1+2) —no J+el+2edLK+1

(n1+2)Cf(n2+1)rJ+€i+2€dLK:| )

and so (3.29) holds for I + e; with, for each I,m,n € Ny, multi-index K, and J € (Np)?,

I+e _ 1
CJKllZanlnz - _(m - 1)CJ7€,£,K,1171,12,’)7171,77,171,77,2 - (nl - 1) |:C] e, K,l1—1,lo,mn;—1,no (333)
1 3
1 1
+ 30‘]_617}(7[1_17127m—1a"1—17”2 + QCJ—emKJl—lJz—l,m,nl—an—l} + (nl - 2) Z [
d=1

I I 1
Cei—2eq Kl —1dmmi—2ms T 30T —e;—2e0 Ky —1.02.m—1m1—2ms T ichei726{1,K,l171,1271,m,n172,n271:|
3

2 I I
+ <n2 - 2) Ceri72€d,K,ll71,[2,7’7171,71171,71272 - (n2 - 2)Ceri)K,l171,l2,m71,n1,711272
d=1

, I 1 I
+ (i + DO e, kit —100m—1m1m2 — U= DCI e, ki —11m—1m1-1.m0 T CI K —eili—1.0n.m—1,m1 12
3

I 1
- SCJ*EuKJl*1712,7’”*1,711*1,712 + 2 : [_ CerifecuK*EdJl*1712,771*1,711*1,712
d=1

1
I I I
+ 3CJ—ei—Zed,K,l1—1,l2,m—1,n1—2,n2 + CJ—ei—Zed,K,ll—l,lg,m,nl—2,n2 + §CJ—€i—26d,K,l1—1,[2—1,m,’n1—2,’n2—1:| N

Consider now the property (3.31)). Clearly (3.31)) holds for |I| = 1. Suppose now that (3.31)) holds for
some |I| > 1. If C1Hei 7é O then at least one of the terms of the right hand side of (3.33]) must be

JKlilomning
non-vanishing. By the inductive hypothesis

|‘]|_3§3|I|7 |K‘_1§|I|v 11_1S|I|7 12_1S|I|7 m_1§‘1‘7 n1—2§2|f|, n2_2§2|1|a

i.e. (3.31) holds for each |I| + 1.
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Note now that (3.30) holds for |I| = 1. Suppose (3.30) holds for some |I| > 1. It follows from (3.33)), and
the property (3.31)), that

lezsx2 | < (51| +23)(51|1])! < (51(]I| + 1)),

JKlilamning
i.e. (3.30) holds for |I| + 1.
Finally, the property (3.32) follows from a similar induction argument using the relation (3.33]). O

Again, combinations of the vector fields at ¢ = 1 can be related to the standard 0, and 9, derivatives in
a similar manner.

Proposition 3.12 (Vector fields at t = 1). For any k > 0,
> ()| S 6k > (log (14 VT bl )) 020, f1(,p)].
<k [+ 1<k

Proof. Note that

i i i 2p'p*
Lilims = A (L)0ss+ B A1) = 2log (14 VI BP o+ ey e

Now, for any multi-index I, there are constants C4,.; . € Ny such that

—b _e
Uit = 3 Chicpae (10w (L4 VIFTP) ) (14 (1 1p)3) 1+ 1pl2) "2 p7 0K 0%, (3.34)

Indeed, (3.34) clearly holds for I = ej, with constants

ek _ofk €k % ek _ sk
Cole,0,1,00 = 207 o benen0011 = 205,05, Cily 000 =0

The fact that (3.34) holds in general can be established by an induction argument, similar to that of the
proof of Proposition by applying L; to (3.34) and checking that the form is preserved. Moreover, the

recursion relation

3

Itei  _ opnl I I
Ciktave = 2C) k—ei L a—1bc T2 § CheimenK—enLap—1,e-1 T (@+1)CT_c k1 ai1p—1.c-1
k=1

—(b— 1)C§7ei,K,L,a,b71,cfl —(c— 2)C§7ei,K,L,a,b,c72 + (Ji + 1)C§+ei,K,L,a,b,c + CiK,Lfei,a,b,cv

holds, where CL, . =0if j; <0, j2 <0, j3<0,a<0,b<0,c<0, K=0,or L=0{. As in the proof of
Proposition it is easily inductively shown that each C’§ K Labe Satisfies

1O e rapel S (B]I))! forall a,b,ceNy, Je(Ng)? and multi-indices K, L.
and the non-vanishing C4 .., . satisfy
Clkrae 70 = 0<|J[ <2, O<S[K|+|LI<|I], a<|K|, b<|I], c<2ll], [J<b+ec

The proof then follows. O

3.2.3 Derivative relations
Derivatives of p can be related to combinations of the above vector fields applied to f as follows.

Proposition 3.13 (Derivatives of p and vector fields). For all k > 0,

51k
S |0t @) 5 —— T Z/ L £t ) ldp.

|I|=k (log (1+1)) [1]=0
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Proof. Note first that, for any function g and any i =1, 2, 3,
0. [ oty = [(A) Ligltap) = (A7) 0,s9(t,2,)dp

_ / (A7) 25+ 0, (A7) ) gt 2, p)p.

Recall the notation introduced in Section and the facts (3.25)—(3.26)). Applying the above repeatedly,
it follows that

I
(log(1 +60,)"plt,z) = [ (M +n(t.r)r) F(t. . )
where the operators M; are defined by (3.12) and n(t,r) is defined by (3.27). Proposition implies that

\<M+n<t,r>r>ff<t,xp)NZ|0JW2WZ|<log<1+t>>“tzh(t P Tb(E ) el ) L f ()

Recall the property (| of Proposition and, accordingly, suppose that lo + |J| < 2n; + ne and
Lh+l+|J <m+ 2n1 —|— no. By the former, there exists 0 < a < 2n1 + no such that

l2+\J|:2n1—|—n2—a,

and thus, by the latter,
1 <m+a.

Recall the definitions of h(t,r), b(t,r) and ¢(t,r) and note that
h(t,?’) > log(l + t)a b(t,?") > C(t,?")2 =i+ |7‘|2,
for all t > 1, r € R3. It in particular follows that,

£ ||/ < 37|17 % |r|V1 1 1
b(t,T)nlc(t,T)nz - (|T|2_~_t)2n12+n2 - (|’I“|2—|—t) 2+\J| (|T|2+t)% >~ t%

Thus .
(log(1 +¢))11¢2 |r[7]

h(t,r)mb(t,r)™e(t, r)m2

The property (3.32)) of Proposition therefore implies that
I
(M + (7)) £ 20)| S D1 ket IL (2.9,
If |I| = k, the property (3.31) in particular implies that
#{(J7 Kvllal%m’nl’n?) | C§Klllzmn1n2 7é O} S (3k)3 ! kg kok-k- (2k) ! (2k) S k.117

and so the result follows from the property (3.30). O

< (log(1+t))r~™t% < 1.

3.2.4 The proof of Theorem
The proof of Theorem can now be given.

Proof of Theorem[1.4 Consider some k € N and suppose f; € Hllf)g. Proposition and Proposition
give, for all ¢t > 1,

> 102t )l z2crs)

=
k' (51k)! T T
< 2171 2 471 2
S Tog 1 0 (/TS /RS Ip*|L" f (¢, 2, p)] dpdw) (/Ts /RS Ip*|L" f (¢, 2, p)] dpdx>

|I|<k
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By Proposition it follows that L’ f solves ([3.22)) for all multi-indices I, and so it follows from Proposition
the Sobolev inequality of Proposition and the Cauchy—Schwarz inequality, along with Proposition
that, for any k > 2,

-

su -7 kll(51k) 2 o | Il1 9l J T 2 T 2
sup [p(t.) p“"<ts<log<1+t>w S (0 )02+ 1) 0205 ool )

I+ J|<k
(3.35)
The proof of (|1.5]) follows.
Suppose now that f; € Hi7,(T* x R?). Note that
2 1151 97 2 : _ K
\pl + |p[*)(log(2 + [p[*)10;0)] f1 (2, p)Pdpda ) < 3 il oo xs),
|1\+|J|<k
for all k > 0 and with A = A(f1). For all t > 1, f satisfies (3.35)) for all £ > 2, and so
1 KM (51k)!(6k) k! 1 (551
sup [p(t,2) — (1)] S = o I fillas, < eIl (330
z€T? £ (log(1 + 1)) F Ak =~ 1% (u(log(1 + 1)) g

for all k£ > 2, where p = A5527 35 and the fact that

EM (51K)!(6K)!K! < 28(58k)!,
has been used (see Proposition . In particular, for £(t) := | & pu(log t)5s |, where || is the floor function,
(3:36) holds for k = #(¢) and so (using Proposition ,

1 (38E(1)! 1, 1 oy
S §—||f1|\Hw < el Ol full e, S BC RO £ e,

:ES;I% |p(t,x) - ﬁ(t) (58t( ))5 % log

which concludes the proof of (|1.6]). O

3.3 The proof of Theorem

In this section the proof of Theorem is given. The proof is similar to that of Theorem presented in
Section The commuting vector fields are not explicit, however, and their relevant properties are only
exhibited for a certain range of ¢ and p. The analytic properties of the functionb Gq and H,, discussed in
Section are exploited. It is assumed throughout this section that 0 < ¢ < ,q# 3 I 6, ..., is fixed.

3.3.1 Commutation vector fields

Recall the function G,: [0,00) — [0, 00) defined by (2.5)). For k = 1,2, 3, define vector fields
i 1
Ly = Ag'(t,p)0yi + thap’“’ (3.37)

where

. 1 B ) 1— 2(] t4qpipk: 1 tlfq t4qpipk
At p) = G (¢ [¢29p] ") [¢29p] " ( 6 _Z
() = Gyt ) Il O [t2apl2 ) q /120 + [t2ap|? [t2ap|?

= 12 {Hq (t~29|t2%p|?) 65}, + 2t*2‘1H{1(t*2q|t2qp|2)t4qpipk].

(3.38)

Note that, for ¢ = %, the function G 1 Is explicit (see 2.8)) and the vector fields (3.37)—(3.38) reduce to
the vector fields (3.4)—(3.5) introduced in Section Unlike in the previous sections, however, the vector

fields (3.37)—(3.38) are only considered when ¢ |t?9p|~ 7 is sufficiently large and the behaviour of Proposition
2.10| can be utilised. For the remaining region, the standard coordinate derivatives J,» are used.
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Proposition 3.14 (Commuting vector fields for equation (1.2))). The vector fields Ly, for k = 1,2,3, defined
by (3.37)—(3.38), satisfy

7 5.,
VI edp2 ot b

Moreover, the standard coordinate derivatives O, also satisfy

)

iapi,Lk} —0, k=123

%

2
[0+ ==t -
I+ afpP? t

Proof. The proof is a direct computation. O

piapi,axk] —0, k=123

Proposition 3.15 (Inverse of the matrix A). There is a constant v > 1 such that, if t4 > v[t29p|, the matriz
AR (t,p), defined by (3.38)), is invertible. The inverse takes the form

1 1
t1724 Hy(t=2a]t2ap[?)
where By is as in Proposition [2.10
Proof. Note that if

(A1) (t,p) =

(5,@ . t72qu(tf2q‘thp|2)t4qpkpi> i,k=1,2,3,

_ _ ik
A’ = [
(e = b (3 + g =)
for some functions h(t,r), b(t,r), then

.k

1y i _ 1 ;T —
(A )k(t’p)_h(t,r)(ék —b(t7r)), ik=1,23.

The proof follows from setting

t2H, (t2)r|?)

h(t,r) = t"720H, (t7292%p%), bt r) =[P+ —
(t,r) o (t29]t%p]?) (t,r) =|r| 21, (t=24|r[2)

noting that

1
=t 29B, (¢t 21|t*p|?
b(t,’l”) Q( | p| )a
and recalling (see Proposition [2.10) that 1/H, and B,/H, are well defined (in fact real analytic) on
(—v~2,072) if v is sufficiently large. O

Remark 3.16 (Representation formula). As in the ¢ = % case (see Remark , the expression for the
vector fields of Proposition can be obtained applying Oy to the representation formula

F(t,p) = F (2 = Gy (L 1£29p] %) 21| 5 21p, 21p ).

As in the ¢ = % case (see Remark , there is also a representation formula in terms of f1, which takes
the form

f(t,z,p) = fi (CE — (Gq(t]2p] ) — Gy (12| %)) [¢24p| S 2, tqu).
A related collection of vector fields can be obtained using this representation formula, which again take the

form (3.37)), where now

i 1 1 1-2q [ 1-—2¢q t4qpipk
Ac.9) = (Gul1514) = Gl ) )l (3 + 22 Rl

B 1( tl—q B 1 )t4qp7,pk
g \ 120+ [2p]2 /1 +[t2ap]? ) [t2ap]?
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These Uector fields have the advantage that they are regular, even for the values ¢ = 7, , ., tn contrast
to —([3.38)). In order to simply the proof, however, only the vector fields - are used in the
present work, and thus these exceptional values of q are excluded.

3.3.2 A binomial theorem for the commutation vector fields

Consider some ¢ > 1 and p € R3 such that t? > v|t?Ip|, where v > 1 is as in Proposition Define

r = t%p.
and define the operators
_ 1k 1 _ _ ; .
Mi = tl Qq(A 1)i (t,p)Lk = m(&f —t 2qu(t 2q|T|2)Tk7”Z)Lk, 1= 1,2,3.
q

A computation gives
ti—2a 1y k —2q1,.12\4—24q,.k
g Opi (A7)0 = Qg (7 [P)t 0,

where ®,: (—v72,v7?) — R is defined by (2.14). As will be seen in the proof of Proposition below, it
follows that, for any multi-index I,

(t'7290,) p(t,z) = / (M + @g(t=2|r[2) t7207)" f(t, 2, p)dp.
The following proposition is a Binomial Theorem-type result which relates the operator appearing on the

right side to combinations of the commutation vector fields.

Proposition 3.17 (A binomial theorem for the commutation vector fields). If v is sufficiently large then,
for each multi-index |I| > 1, there are db;; € R, for | € Ny and multi-indices K, and J € (No)3, such that,
for all t1 > vlr|,

(M + @, (t2r?)t207r)" = > Z db et~ r) LK. (3.39)
K\l |J|=0

Moreover

e There are constants C,C > 0 such that each d% ., satisfies
)| S CHICV(1 4 ) A forall 1€Ny, Je&(Ng)? and multi-indices K. (3.40)

o The non-vanishing d ., satisfy

dig #0 = O0<|K[<|I], 0<I<]I|. (3.41)

Proof. By Proposition 1/H,, B,/H, and ®, are real analytic on (—v~2,v~2) and thus there are
hn,bn,dn € R, for each N € N3, satisfying

Ihn| SCINL ey S CINL o] S OV (3.42)

for some constant C' > 0, such that

— E h(t9r By _ > by ()N, Byt r|?) E on ()N
Hy(t~ 2q|r|2 w{ H,(t=24]r[2) o ’ N
|N|=0 4 |N|=0 |N|=0

for all t7 > v|r|. It follows that (3.39)) holds for I = e; with

e; _ % e _ % . _ i 1 _ :
dj,(),ek - htlde dlz+e]1+e]2 O,ep b'16j15k1]2’ dereJ,l (. ¢=]6j’ d.]Kl = 0 otherwise.
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The estimates (3.40), for I = e;, follow from (3.42)). Suppose now that (3.39) holds for some |I| > 1 for d’
satisfying (3.40)—(3.41)). Then

(M + &, (t2|r|?) ¢ 2 ,r)1+€i — Z Z db [t*(lwtl)q Z hyji(t~r) TN =e LK
Kl |7]=0 |N|=0

00 00
_|J|t*(l+1)q Z bN(t*qr)JJrl\H“eiLK_'_t*lq Z thi(t*q,,,)JJrNLKJrei

IN1=0 |N|=0
3 0 oS
_t_lqz Z by (=) I+ NFeitee [Rtee 4 y=(+1)q Z ¢N(t—qT)J+N+eiLK}’
c=1|N|=0 IN|=0

and so (M + ®,(t=24|r|2)t=29r) i takes the form (3.39) with

J+e; J—e; J
d1+ei — ( 4 1) d] h (|J| 1) dl h + dl h
g1 — \Ji J K =1V =T 4e; — - J LK 1—11J—J" —e; J L K—ei 11VI—J"

J'=0 J'=0 J'=0

3 J—e;j—ec J—e;

I I
+ Z Z Ay k—eoibi—g—e;—e, + Z dy Ki-1PI—0 e
c=1 J'=0 J'=0

where Z§,20 is interpreted component-wise, and Zi/:O = 0 if j. < j.. for some ¢ = 1,2,3. Moreover the
inductive assumption (3.40)), together with the estimates (3.42]), implies that

J+e; J
jdtsi| < oMl (2(1 ) S @+ e T L 5N 1+ |J’|)4“lc‘=”|c“‘—|f‘)
J'=0 J’'=0

< e+ [ 2C @+ |T)* +5(1 + |J|)3) < GV + [ gD,

where the latter follows if C' > 2C + 5. Thus dlj}fl satisfies (3.40)). Finally, (3.41]) again follows by induction
from the above recursion.

O
3.3.3 Dyadic decomposition of f
Let x: R — R be a smooth cut off function satisfying |x| < 1,
1 if[] < 3,
zZ) =
x() {o if |2 > 1,
and, for all k£ > 0,
sup [0 x(2)| S (2k)!, (3.43)

and define, for each n > 1, and z > 0,

z z z
xn(2) = X(W) - X(27>a Xo(z) = X(§>
Note that,
supp(xo) C {lz| <2},
and, for all n € N and z > 0,

n— n - o
supp(xn) C {27! < |z < 271, Z Xm(2) = X(2n+1)
m=0
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Define then
[t @, p) = ft 2, p) xa (129])-
Note that each f™ solves the Vlasov equation (1.2)), and, for n > 1,

supp(f™) C {(t,z,p) | on—l < |t2qp| < 2’”‘1}~7 supp(fo) cA{(t,x,p) | 0< |t2qp| < 2} (3.44)

Define also the corresponding average,

p"(t,x) = f (t,z,p)dp,

and initial condition
f(x,p) = f*(1,2,p) = fi(z,p) xn(lpl).
Note that

Z ot = p, uniformly as N — oo.

3.3.4 Derivative relations

For each n, the 0, derivatives of p™ can be related to the above vector fields applied to f™.

Proposition 3.18 (Derivatives of p and vector fields). For v sufficiently large, there is a constant C > 1
such that, for each n € N, for all k > 0, and for any t1 > v2n+!,

Ck(4k)!
S |t o)l S Sy 3 JRER I

|1|=F |1]=0

Proof. From the assumption that t? > v 2" "1 and the support property (3.44), it follows that t? > v |r| in
supp(f™). The results of Proposition therefore apply. Now, for any function g and any i = 1,2, 3,

t1—2qami/g(t,w,p)dp:/tl_zq(A_l)/ng(t,x,p) — t1749(A7Y) 0, 9(t, 7, p)dp
:/(tl—QQ(A—l)iijHl—‘*qapj (A )g(t,,p)dp
= [ (3 2yt 2Py ) g ).
Applying the above repeatedly, it follows that, for any multi-index I,
(t1=299,)T " (¢, 2) = / (M +n(t,r) r)If”(t,:z:,p)dp.

Proposition [3.17) implies that

ST 4 r)r) <30S Jdh gl o LK

|T|=k K, |J|=0
< kG STLE ST () I S Craky ST EE ), (3.45)
K<k [7]=0 |K|<k
where the latter follows from Lemma provided C'/v < e™1, and the proof follows. O
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3.3.5 Vector fields at t =1

The main result of this section is the following proposition, which relates L? norms of the vector fields applied
to f7, at t =1, to the H;“ norms of f (see Section .

Proposition 3.19 (Vector fields at t = 1). There is a constant C > 1 such that, for any k > 0, and any
n >0,

S (o + b )

lI|<k

1—

“1010] 1w, p)|"dp)

N

schenr > (| (1P + [91*)(1 + o)
LRV e

The main parts of the proof of Proposition [3.19]is divided into the following two lemmas. The first relates
L'}~ to 0, and 0p on compact sets.

Lemma 3.20 (L!|;—; on compact sets). For any p. € R3, there exists € > 0, B,C > 0, and constants

db N € R, satisfying
| narl < CYHB+ 1)) (3.46)

such that

L= > Y (o—p) diny00),  for  |p—p.<e (3.47)
NI+ MI<| 1] 7]=0

Proof. By Proposition the matrix components Aki(l,p) are real analytic functions, and thus, for each
ps € R3, there is a C > 0, € > 0 such that
oo
A (Lp) =Y aff(p—p.)’,
|J]=0

where aX satisfy ‘
jaf’| S €V,
for all J. It follows that, for I = e;, L;|;=1 has the form (3.47) with
d5e 0= akt, d5o.e = 5F, d5r =0 otherwise.
Suppose now that L!|;—; takes the form (3.47) for some |I| > 1, with df ., satisfying

oy (] + [J])!

(3.48)

for all J, N, M. Then

oo
i,k ! . —e; )

Litllr= Y > e (a0 —p) ™ 0240} + ilp — p) 0N 0N + (p— p) 0N 031 )

|J1=0 [N+ M|<]1]

o) J

. ‘
= Z Z (p_P*)J( a?p.ﬂd{I',N—ek,M‘F(Jz‘+1)d.11+ei,N,M+d.II,N,Mfei)3:]cvag];wv
|J1=0 [N |+1M|<]1] J=0

where 0 < J’ < J is interpreted component wise. Thus (3.47)) holds for I + e;, with

J

I+e; __ i,k I . I I
an = D a5 pdp Ny v+ Ui+ Do, v +dynar—e,-

J'=0
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Suppose now inductively that, for some I, the estimate (3.48]) holds for all J, K, L. Then

J
dlte | < (B + ‘J|)2\I|( Z o=l (] + 177D + (7] + el (] +[J]+ D! L oMl (] + |J|)!>

B 770 7]t (7] +1)! 7!
I +1+ 7D (7] +1)° 1
< B+l PETE
=B /]! <|I|+1+|J| |I|+1+|J|)
< (B + lapno ol 1+ L+ [TD!

/]! ’
where the latter inequality holds provided B > C + 2, and the fact that

(L + 17D QL+ 1]
e = e
for each 0 < |J'| < |J| has been used in the previous step. Thus (3.48) holds for I + e;, and hence for all T
by induction. Now ([3.48)) implies that (3.46]) holds, for new constants. Indeed, for all I, J,

| ||J||! ) :|I|!(| ||I|!|J!|) _ ) | ||I| | < olIH+1) 1,

The next lemma relates L1|t:1 to 0, and J, for large p.

Lemma 3.21 (L!|;,—; for large p). For any R > 1 and all p € R® with |p| > R, there exists C > 0, and
constants df, ;1 n € R, satisfying

b narl < CEHIA+ )L, (3.49)
and
diyny #0 = |J| <k, U<|N|, N[+ M| <, |J] <2, (3.50)
such that -
L= 30 S pdbynulpl 7 o o). (3.51)
1,J,N,M k=0

Proof. By Proposition there are hy and hj, such that

Lilizy = ((Xqlp = +zmmﬂw(wm +meﬂ V)00 + O

It follows that, for I = e;, L;|t+=1 has the form (3.51]) with
€; _ i €; _ % e; _ i .
dO,l,O,e",O - XQ(STN dk,0,0,en,O - hkén’ d2 ,1ej +ejg,en,0 Y:J(Sjl 5”7]2’
€4 1! 5t i €4 st e; . .
dk,o,ej1+ej27e,,“0 = hy05, 0n,js d0'0,0,0,e,, = s diigny =0 otherwise,

where hg = hy = b} = h, = 0. (Note that this is not the unique way to express L;|;—1 in this form.) Suppose
now that Lf|;—; takes the form (3.51)) for some |I| > 1, with dl, ;5 ,, satisfying (3-49)—(3-50). Then

Ll+e71|t:1 — Z ZdélJNM {quJ‘pl(FFl)( ~ q)fkai\/-i-eiallj\l + Z hk’pJ|p|l( = ) —(k+k )aa]:V+e71811)\/I

l,J,N,M k=0 k=1
3 3
+ Z Y;]pJ—&-e,-+ec |p k+2)8N+ecaM + Z Z h/ J4e;i+ec —(k+k") aN+ecaM
c=1 c=1k'=
_ 1—29 _ _
O ol (l(T 1) i)y ]
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and thus LI T¢;_; also takes the form (3.51)) with

1—2¢q

Ite;  _ (x I 1 1 1
dignar = Gi + Ddi g gre v + (l (k- 2))dk72,l,eri,N,M + i gNM—e; T Xadg 11, N—ei M

k—1 3 k-3
I I I ’
+§ dk’,l,J,N—ei,th*k’+§ (quk—zl—l,J—q—eC,N—eC,M+E dk/,l,J—e,;—ec,N—eC,th—k’)a (3.52)

k=0 =1 k=0

where Y8 _ == 0if K < —1and df, == 0if k < 0,1 <0, j1, 2,3 <0, or N, M = (.

The properties (3.50|) easily follow by induction from the recursion (3.52)). Suppose now that |I| > 1
is such that the estimate (3.49)) holds for all k,I, J, N, M. The recursion (3.52), along with (3.50) (which

implies that j; < k), implies that

1-2
ldy e < O+ )T (ck(1 +k) + ClF=2l |I|Tq + O3k — 2] + CF 4 C|X,|

k—1 k-3
+ > CF e g 3Ry 3 et )
k'=0 k=0

1—2q
q

< Ck+|]|(1+k:)‘”+1|l|!<7+ 1| + X +3\Yq\)
< ORI 4 )L (1) + 1),

where the final inequality holds if C' > 1772‘1 + 7+ |X,| + 3|Y,]. Thus (3.49) holds for I 4 e; and hence, by
induction, for all 1. [

The proof of Proposition [3.19| can now be given.

Proof of Proposition[3.19. Note that
Lk‘t:l = Ak1(17p)aa:1 + ap’“v Akl(lap) = Hq(‘p|2)(5;€ + 2H(/1(|p|2)pzpk

We first show that, for any & > 0, and any n > 0,

SOLI ()l | S CFERY YD (@ )T |018] fu(e, ) |- (3.53)
[1|<k [T|+|T|<k

Given v € R3 and R > 0, define
B(v,R) = {w € R*| v —w| < R}, B(v,R) ={wecR*®||v—w| <R}

Consider some R > 1. For any p. € B(0, R), let € = €(p.) be as in Lemma By compactness, there are
finitely many pZ,...,pY € B(0, R) such that

B(0,R) € B(pi, e(pa) U...UB(pY, e(pl)).

Thus, for any p € B(0, R), there is 1 < n < N such that p € B(p?,(p”)). Lemma then implies that

[T (™ (2, p)) =1 | SV (@O B+ 1T ST oY oM i, p)l,
|J|=0 IN|+| M|

and so, by Lemma the estimate (3.53)) holds for all p € B(0, R) (since v, > 2) if max{e(pl),...,e(pY)}
is sufficiently small.
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Suppose now that |p| > R. By Lemma for fixed I, N, M,

o 2/I] oo oo 2|1
ZZ I F A = Z Z Il * ] = Z Z |d£+\J\,l7J,N,M||p|_k
J k=0 |7|=0 k=].J| k=0 |J|=0

< @1+ VOIS (C/RYQ + 4+ 211D < OIS (OB (14 k) 4 ¢ B < oo
k=0 k=0

where C' varies from line to line, the fact that ||/l < (2|I])!/|I|! has been used, and the latter holds by
Lemma provided C/R < 1/e. Thus, by Lemma

1)l S Y0 S0 pINIEEO SIS pI IR el [0N 0 £ (2, p)]

1<2|1| |N|+|M|<]1| J k=0
sclly Y NN oM i1 (e, p)|.
[IN|+IM|L|T|

In particular, (3.53)) holds.
Note that, for any I, J with [I| + |J| < k,

0Lo) i@, p)| S Y. [0 x| 020 1 (x, )|
[J1 |+ T2 |=|]]
S @D 2 Mg gpcane Y IpIT VI D]0L0) fi (2, p)]
[7']<]J]
5 2k(2k)!]12n71§‘p‘§2n+1 Z ‘8 6J,f1 J} p)|
[J71<]J]
using the property (3.43)). Together with (3.53]), by Proposition this completes the proof. O

3.3.6 The proof of Theorem
The proof of Theorem can now be given.
Proof of Theorem[I.1 For n € N, define
n={2" < fpl <2 Ao ={lpl <2}

Suppose n € Ny, and consider first some t? < v 2"*!. Now, for any multi index I,
oLy (ta) = [ OLf" (b2,
An
and so, by Proposition for any k > 0,

S ot e £ ([ wPlets tamPapac) ([ [ itk e Pavas)

|I|=Fk =
< ) ,
t6q = </ / (Ip|” + |p| )0 f1(z, )] dpdx)

where the latter follows from the fact that 91 commutes with the Vlasov equation (see Proposition [3.14)).
Now, for t4 < v 27+l and 27~ < |p| < 27+l

(1-2q)k (1-2q)k
Lo w2rh) i < W) ! | S
= t(1—2q)k = Ta—zqk P
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(- 2q)k

(When n = 0, and thus t? < 2v and 0 < |p| < 2, then trivially 1 < (2U)
Sobolev inequality of Proposition [2.1] for any k > 2,

t~(1=20k ) Thus, by the

(1—29)k

sup Ip"(t,2) 0] S rod WZ(// (1P + Pl (L + o)

3
€T \I|=k

Nl=

(x,p)Ided:c> . (3.54)

Consider now some t¢ > v 2"+1, The results of Proposition then hold and so, using again Proposition

2
C*(4k) . 3
S 1ok e xS it 22 ([, [, O+ L 7t P )

|T|=k 1<k

Thus Proposition and Proposition imply that, for any k > 2,

k
sup " (t0) 701 S GG X ([ @t mta+in)

[N

107 f1(x, p) |2dpdw>

z€T? [T+ <k
(3.55)
Combining (3.54) and (3.55)) and summing over all n then gives
C*(9K)!
s lp(t,z) = ()] S anlﬂm (3.56)
for all k > 2, which completes the proof of (1.3).
Suppose now that fi € H (T2 x R3). Note that
k!
IFlleg S Sl
for all k£ > 0 and with A = A(fy). For all t > 1, f satisfies (3.56) for all £ > 2, and so
1 Ck(10k)! 1 (10k)!
— < w .
sup, ot 2) =P S 365 sy k}\k\fol”H 5 (5 0% OkllleHq , (3.57)
for all k£ > 2, where
_ A(fl))flﬂ
"= ( c /)

In particular, for £(t) := L%ut%J, where |-] is the floor function, (3.57) holds for k = #(t) and so (since
nle™ < y/nn™ for all n — see Proposition — and e~ %) < ee™* for all s > 1),

1 (10i) 1 =10 1t
¢ < () » - —pt 10 »
sup lo(t,2) = ()| S 57 (102(1)) 0103 Ifillay S Ifillmy < sope 11l
which concludes the proof of (1.4]). O

Remark 3.22 (Weak convergence to spatial average). Recall the weak convergence statement of Remark .
For any k > 0, any smooth compactly supported function ¢: R® — R, and any multi-index I with |I| =k, it
follows as in the proof of Theorem[I.1] above that

L[ s o] = |000] [ riea o)
.

| 2 [ Q1 @2 200" ) (M + @ 102) 200) (006 dp
I +I=1

< 1% —2q —2q 1P 2q

Saimr 3 [0 0 )| 00) ) b
[I1],|12|<k
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(for the final step recall the inequality (3.45) and note that L;(¢(t*1p)) = (0;¢)(t%Ip) for i =1,2,3) so that,
fork>2,

sup /RB (f(t,x,t”qp)—E(p))cb(p)dp‘ <> ’

3
zeT |I|=k

[ f1ll
I .+ 2q q I -
oL [ - o], < Oy 3 1070l
‘ [7I<k
This statement can be used to obtain the weak convergence statement of Remark [I.9

A FLRW solutions of the Einstein equations

There are many examples of matter models for which the Einstein equations (|1.7) admit solutions of the
form (1.1)) — often with ¢ in the range covered by Theorem and Theorem Some notable examples
are listed here.

Einstein-Euler: ; <¢ < 2

The Euler equations on a given spacetime (M, g) concern a fluid four velocity — a vector field u € X(M),

normalised so that g, u’u” = —1 — and fluid pressure and density p,p : M — [0,00). The pressure and
density are typically related by an equation of state, which we assume here to be linear:
p=cip, (A1)

for some ¢2 € [0,1]. The constant ¢, is known as the speed of sound. The Euler equations result from

equating to zero the spacetime divergence of the energy momentum tensor
™ = (p+p)uru” + pg"”. (A.2)

The Einstein—Euler system — namely the Euler equations coupled to the Einstein equations (|1.7) with
this definition of T — admits the FLRW solution,

g=—dt® +1t% ((dz*)? + (dz?)* + (dz®)?), ut = o}y, p=—5t2 (A.3)

on M = (0,00) x T?, where y =1+ ¢2 € [1,2].

1

Einstein—scalar field: ¢ = 3

The Einstein-scalar field system on a spacetime (M, g) consists of the scalar wave equation
Oy =0, (A.4)
coupled to the Einstein equations (1.7]) via
1 o
T,uu = ,uz,/}auw - 59;“/9 Baawaﬁw~ (A5)
The system admits an FLRW solution of the form
2
g = —dt? + 15 ((dz")? + (dz?)? + (dz®)?), o= \/glogt. (A.6)
The Einstein—scalar field system arises, as an appropriate special case, from the above Einstein—Fuler system

when the fluid is irrotational, and stiff, so that ¢, = 1.
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Einstein—nonlinear scalar field: ¢ > 0

Given V: R — R, consider the scalar field equation with potential on a given spacetime (M, g),

O, = V(%) = 0. (A7)
Define .
T 9] = 000,00 — (59 0ut030 + V() ) G- (A8)
Note that T is divergence free if 1 satisﬁe. The Einstein—nonlinear scalar field system then consists
of the Einstein equations coupled to (A.7). Given ¢ > 0, if V' takes the exponential form
V() =a(30 - eV, (49)

then system admits an FLRW solution of the form

= —dt* + t*((dx")? + (d2?)? + (d2*)?), ¢ = \/2qlogt. (A.10)

Such solutions are often known as power law inflationary spacetlmes See, for example, [34] [38] 56 12 Note
that, when ¢ = = the potential (A.9)) vanishes, equation (A.7] reduces to the previous .7

and the solution is equal to the previous solution 1-|
Einstein—massless Vlasov: ¢ = %

For a fixed particle mass m > 0, the Einstein—Vlasov system consists of the Vlasov equation

af
7 12t} v a g
PO 4P Opi f — "D, 0 f =0,  gup'p’ =-m? I, = 7(@9& + 0ugus — Opgun), (A11)
for f: P — [0,00), where P = {(t,x,p) € TM | g(p,p) = —m?}, coupled to the Einstein equations (1.7)
with
v—detg

dp'dp*dp®, (A.12)
—Po

T (t,x) = / [t z,p)p"p”
Pt,z)

When the particle mass m = 0, the system is known as the Einstein—massless Vlasov system. In this
case, there is an infinite dimensional family of explicit FLRW solutions, where the metric g takes the form
with ¢ = % Indeed, for any smooth, sufficiently decaying function F : R® — [0,00) satisfying the
1ntegral conditions

i . ppj I
Fp)p'dp=0, 1=1,2,3, and F(p)=——dp= =0, i,j=1,2,3.
R3 R3 \pI 3

such that F' # 0, the metric and particle density

g=—dt® +a(t)*((dz")? + (dz®)* + (dz®)?),  f(t,z,p) = F(a(t)’p),

(?)317 Q=/IplF(p)dp,

where

solve the Einstein—massless Vlasov system.

47



1

Einstein—massless Boltzmann: ¢ = 5

The Einstein—massless Boltzmann system consists of the Boltzmann equation
PPOf + ' 0ui f — D" T1, 0, f = QU f),  gup"p’ =0,

coupled to the Einstein equations (1.7 with T+ defined again by (A.12). Here
Q(f, f) =/P ()/E (f)f(d) = F(p)f(2) Alp. P q')dVol,
(t,2)q P,q

is a collision operator, involving an integral on the space ¥, , = {(¢/,¢') € Py X Puoy |V +d =0+ ¢}
equipped with a suitable volume form, and A(p, q,p’,q’) is a suitable cross-section (for more details see, for
example, the textbook of Choquet-Bruhat [19]). This system admits an FLRW solution, with f a Maxwell-
Jittner distribution,

g = —dt* +2t((dz")? + (dz?)* + (dz?)?), ft,z,p) = 8ief\2tp\,
Y8

2

3

The system obtained from coupling to (A.11)-(A.12) when m > 0 is known as the Einstein-massive
Vlasov system. There is again an infinite dimensional family of FLRW solutions, but they are no longer
explicit. Indeed, for any suitably decaying function p: [0,00) — [0,00) such that p # 0, there exists an
FLRW solution

Einstein—massive Vlasov: ¢ ~

g=—dt* +a(t)*((dz")* + (da*)* + (da?)?),  f(t,2,p) = p(|a(t)’p*),

on (0,00) x T3, where a(t) is no longer explicit but solves the ordinary differential equation

d(t) = a(t)o(a(t)? |/ 7 o(a) 12/ m? + [p|2p(lap|*)dp' dp®dp®. (A.13)

Solutions a(t) of (A.13) behave like t3 as t — oo (and like ¢2 as t — 0).
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