SMALL DATA SOLUTIONS FOR THE VLASOV-POISSON SYSTEM
WITH A REPULSIVE POTENTIAL
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ABSTRACT. In this paper, we study small data solutions for the Vlasov—Poisson system
with the simplest external potential, for which unstable trapping holds for the associated
Hamiltonian flow. We prove sharp decay estimates in space and time for small data solutions
to the Vlasov—Poisson system with the repulsive potential %“”2 in dimension two or higher.
The proofs are obtained through a commuting vector field approach. We exploit the uniform
hyperbolicity of the Hamiltonian flow, by making use of the commuting vector fields contained
in the stable and unstable invariant distributions of phase space for the linearized system.
In dimension two, we make use of modified vector field techniques due to the slow decay
estimates in time. Moreover, we show an explicit teleological construction of the trapped set
in terms of the non-linear evolution of the force field.
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In this paper, we study the evolution in time of collisionless many-particle systems on R",
which are described statistically by a distribution function on phase space that satisfies a non-
linear PDE system motivated by kinetic theory. More precisely, we investigate the non-linear
dynamics of solutions f (¢, x,v) to the Viasov—Poisson system with an external potential ®(z);

given by

8tf +v- vzf - (vxq) + va¢) : vvf =0,
,O(f)(t,.ﬁ) = fRd f(ta x,v)dv,

f(t = O,IE,U) = fO('I’U)a

(1)

where t € [0,00), z € R?, v € R, and p € {1, -1} is a fixed constant. According to the value
of p, the interaction between the particles of the system is either attractive (when p = 1), or
repulsive (when p = —1). The nonlinearity of this classical kinetic PDE system arises from
the mean field generated by the many-particle system, through the gradient of the solution
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to the Poisson equation, which is determined in terms of the so-called spatial density p(f),
defined by integrating the distribution function in the velocity variables.

The Vlasov—Poisson system with an external potential ®, describes a collisionless many-
particle system for which the trajectories described by its particles are set by the mean field
generated by the many-particle system, and an external potential ® motivated by specific
considerations of the problem at hand. External potentials have been previously used in
the literature to study collisional and collisionless many-particle systems in kinetic theory
[HN04, Her07, DMS09, Duall, DL12, DMS15, CDH'21, CL22]. The Vlasov—Poisson system
with an external potential is motivated by the classical Viasov—Poisson system, given precisely
by the Vlasov—Poisson system with a vanishing external potential.

The Vlasov—Poisson system was originally introduced for the study of galactic dynamics by
Jeans [Jeal5], when the interaction between the particles of the system is attractive (u = 1).
In this setup, the field V. ¢ is also known as the gravitational field. Independently, the Vlasov—
Poisson system was introduced for the study of plasma physics by Vlasov [V1a68], when the
interaction between the particles of the system is repulsive (u = —1). In this setup, the field
V¢ is also known as the electric field. We note that in the plasma physics case, the many-
particle system (1) is composed by a single species of particles without global neutrality. The
field V¢ for the Vlasov—Poisson system with an external potential has the same meaning
in both the attractive and the repulsive case. Subsequently, the Vlasov—Poisson system has
been widely used to research collisionless many-particle systems in astrophysics [BT11] and
plasma physics [LP81].

The Vlasov—Poisson system is a non-linear transport—elliptic type PDE system whose
rich dynamics have been extensively studied in the scientific literature. The first well-
posedness result for this PDE system was obtained by Okabe and Ukai [OU78] who proved
global well-posedness in dimension two and local well-posedness in dimension three. Later
in time, a large class of non-trivial stationary solutions for this system were constructed
[BFH86, RR00, BT11]. Seminal independent works by Pfaffelmoser [Pfa92] and Lions—
Perthame [LP91] of the early nineties proved global well-posedness for the Vlasov—Poisson
system in dimension three (see also Schaeffer’s proof [Sch91]). These global well-posedness
results can be adapted to incorporate an external potential ®(z), as long as V,® has Lips-
chitz regularity (see the introduction of [GHK12]). However, the description of the non-linear
dynamics of solutions to the Vlasov—Poisson system for arbitrary finite energy data is not
yet fully understood. Nonetheless, non-linear perturbative stability results for stationary so-
lutions of this PDE system have been proved. Orbital stability under spherically symmetric
perturbations has been proved for several non-increasing spherically symmetric stationary so-
lutions [Sch04, SS06, GR0O7, GL08, LMRO08, LMR11]. We stress the work by Lemou, Méhats,
and Raphaél [LMR12], who proved orbital stability under arbitrary perturbations for a large
class of non-increasing spherically symmetric stationary solutions previously considered in the
literature. We also comment on the asymptotic stability of a point charge for the repulsive
Vlasov—Poisson system in dimension three by Pausader, Widmayer, and Yang [PWY22].

The first asymptotic stability result for solutions to the Vlasov—Poisson system was obtained
by Bardos and Degond [BD85], who studied the evolution in time of small data solutions
for the Vlasov—Poisson system for compactly supported initial data, using the method of
characteristics. Later on, this small data global existence result for the Vlasov—Poisson system
was improved by Hwang, Rendall and Velasquez [HRV11] who proved optimal time (but not
spatial) decay estimates for higher order derivatives of the spatial density for compactly
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supported data, again using the method of characteristics. More recently, the stability of the
vacuum solution for the Vlasov—Poisson system a la Bardos—Degond was revisited by Smulevici
[Smul6], who proved stability based upon energy estimates using a vector field method. As a
result, Smulevici [Smul6] obtained propagation in time of a global energy bound, in terms of
commuted Vlasov fields associated with conservation laws of the free transport operator, and
optimal space and time decay estimates for the spatial density induced by the distribution
function. Later Duan [Dua22] simplified the functional framework used to prove the stability
of the vacuum solution for the Vlasov—Poisson system in [Smul6]. See [PWW22] for another
proof of the stability of vacuum using methods coming from dispersive PDEs.

In this paper, we are interested in stability results for dispersive collisionless many-particle
systems for which the dynamics described by the particles of the system are hyperbolic. Moti-
vated by this class of many-particle systems, we consider the Vlasov—Poisson system with the
simplest external potential, for which unstable trapping is expected to hold for the Hamilton-
ian flow associated to small data solutions of this system. For the purposes of this paper, we
say that unstable trapping holds for a Hamiltonian flow in R} x R} if the trajectories of the
flow escape to infinity for every point in phase space, except for a non-trivial set of measure
zero for which the future of every trajectory of the flow is always bounded. More precisely, we
study the non-linear dynamics of small data solutions for the Vlasov—Poisson system with the

a2
external potential ~I2F  We note that unstable trapping holds trivially for the linear Vlasov

2
equation with the external potential %33‘2 As a result, we prove asymptotic stability for small
data solutions to the Vlasov—Poisson system with the external potential %x'z in dimension
higher or equal to two, by using a commuting vector field method a la Smulevici.

We investigate this toy model in order to offer insights on the study of stability results
for dispersive collisionless many-particle systems for which the associated Hamiltonian flow
is hyperbolic. This dispersive behaviour holds locally for 1D Hamiltonian flows arising from
potentials with a global maximum in a neighborhood of the associated fixed hyperbolic point.
An important example of dispersive collisionless many-particle systems, for which the Hamil-
tonian flow is hyperbolic, is given by many-particle systems in the exterior of black hole

backgrounds which admit a normally hyperbolic trapped set [WZ11, Dyal5].!

1.1. The main results. In this manuscript, we investigate the non-linear dynamics of small

2
data solutions for the Vlasov—Poisson system with the potential #; given by

Of+v-Vof+ax -Vof —uVed-Vyuf =0,

p(f)(t,x) = fRd f(tv x,v)dv,

f(t = O,IL‘,U) = fO(‘/Evv)a

wheret € [0,00), x € R}, v € R}, and pu € {1, —1} is a fixed constant. The local well-posedness

theory for this PDE system is standard (see for instance [HK19, Section 3]). In dimension
greater than two, we study the evolution in time of small initial distribution functions fj :

(VPEP)

LWe stress the trapped set in the exterior of black hole backgrounds is eventually absolutely r-normally
hyperbolic for every r according to [HPS77, Chapter 1, Definition 4].
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R? x R? — [0,00), in the energy space defined by a higher order Sobolev norm:

Enlf] = Z Z 1Z°fllzy

|a|<N Zae)lal

where Z are differential operators of order |«/|, obtained as compositions of vector fields, in

_ 2

a class A of commuting vector fields for the linear Vlasov equation with the potential %

This linear Vlasov equation corresponds to the linearization of the Vlasov—Poisson system
2

with the external potential #

the precise definition of A.

, with respect to its vacuum solution. See Subsection 2.2 for

Theorem 1.1 (Small data global existence for (VPEP) in dimension n > 3). Let n > 3

and N > 2n. There exists eg > 0 such that for all € € [0,¢€), if the initial data fo for the

Viasov—Poisson system with the repulsive potential % on R x RY satisfies En[fo] < e.

Then, the corresponding solution f for the Viasov—Poisson system with the repulsive potential
2

% exists globally, and it satisfies the following estimates for every t € [0,00) and x € R™:

(i) Global energy estimate:

ENlf(t)] < 2e.
(ii) Decay in space and time of the spatial density for any multi-index o of order |a| <
N —n:
Cn e

7Nt x)| < —2——,
(2 )42 < pr
as well as improved decay estimates for its derivatives

CNone

107 p(f)(t, 2)| < Wa

where Cn .y, > 0 is a uniform constant depending only on n and N.

In the two-dimensional case, we study the evolution in time of small initial distribution
functions fo : R? x R? — [0, 00), in the energy space defined by a higher order Sobolev norm:

=Y S IVl

|a| <N yee),,lol

where Y@ are differential operators of order ||, obtained as compositions of modified vector
fields in a class A,,. The vector fields in A, are modifications of the commuting vector fields
for the linear Vlasov equation with the potential _|; Y See Subsection 5.1 for the precise
definition of \,,.

Theorem 1.2 (Small data global existence for (VPEP) in dimension two). Let N > 7. There

exists €9 > 0 such that for all € € [0, ¢€), if the initial data fy for the Viasov—Poisson system
2

with the repulsive potential # on R2 x R? satisfies Ex[fo] < €. Then, the corresponding

—|=?

solution f for the two dimensional Vlasov—Poisson system with the repulsive potential —5

exists globally, and it satisfies the following estimates for every t € [0,00) and x € R?:
(i) Global energy estimate:

ENLf)] < 2e.
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(ii) Decay in space and time of the spatial density for any multi-index o of order |a| <
N —2:
Cne
7Nt 2)| < ——=,
(2 F)(t2)| < o

as well as improved decay estimates for its derivatives

o Cne
|0z p(f)(t, 2)] < Wu

where Cy > 0 is a uniform constant depending only on N.

Remark 1. (i) The proofs of Theorem 1.1 and Theorem 1.2 fit into the general framework
of the vector field method for dispersive collisionless kinetic equations developed in
[Smul6], using weighted Sobolev estimates in terms of commuting vector fields. As
a result, we obtain sharp decay estimates in space and time for the induced spatial
density by exploiting the weights of the corresponding commuting vector fields.

(ii) We exploit the uniform hyperbolicity of the non-linear Hamiltonian flow, by making
use of the commuting vector fields contained in the stable and unstable invariant
distributions of phase space? for the linearized system. In dimension two, we make
use of modified vector field techniques due to the slow decay estimates in time. The
modifications to the commuting vector fields for the linearized system grow linearly
in time. This is in contrast with previous applications of modified vector fields to
collisionless kinetic equations where the modifications grow logarithmically in time.
See for instance [Smul6, Big20, FJS21]. As a result, we obtain exponential decay in
time for the induced spatial density. The rate of exponential decay for the spatial
density coincides with the sum of all positive Lyapunov exponents of the Hamiltonian
flow.

(iii) The decay assumed in the velocity variable of the initial distribution functions in
Theorem 1.1 and Theorem 1.2 is optimal. The integrability in the velocity variable of
the distribution function is required to make sense of the Poisson equation classically.
Similar assumptions are made for derivatives of f. In particular, Theorem 1.1 and
Theorem 1.2 allow initial distribution functions with infinite total Hamiltonian energy.

Let f be a small data solution of (VPEP), according to the assumptions in Theorem 1.1 or
Theorem 1.2. The particle dynamics along which the distribution function f is transported
corresponds to the characteristic flow given by

d d
(2) ﬁX(t,ZC,U) = V(t,ZE,U), %V(t,l',’l)) :X(t,x,v) —vaqb(t,X(t,ﬂf,U)),
with the initial data X (0,z,v) = x and V(0,z,v) = v. The characteristics are well-defined
by the classical Cauchy-Lipschitz theorem. In the proofs of Theorem 1.1 and Theorem 1.2,
we show that V,¢ decays exponentially in time. Thus, the characteristic flow (2) determines
a decaying perturbation of the linearized particle system as t — oo. For this reason, one

expects that unstable trapping holds for the characteristic flow (2).
Definition 1.1.1. Let (X (¢, z,v),V (¢, z,v)) be a solution of the characteristic flow (2). We
say that (x,v) escapes to infinity, if ||(X(¢), V(t))|| — oo as t = oco. If (x,v) does not escape

2We refer to a distribution in phase space Ry X Ry as a map (z,v) = A v) C Tia,0) (R X RY), where A, 4
are vector subspaces satisfying suitable conditions (in the standard sense used in differential geometry).
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to infinity, we call (z,v) trapped. We denote by I';. C R} x R? the union of all trapped (x,v).
We call I';. the trapped set.

Since the force field V,¢ decays exponentially in time, the origin {z = 0,v = 0} is formally
a fixed point of (2) when ¢ — co. Applying the stable manifold theorem [Hin21, Theorem 2.6]
for decaying perturbations of time-translation-invariant dynamical systems with hyperbolic
trapping, the set

W*(0,0) := {(:c,v) € R x R™: (X(t,z,v),V(t,z,v)) — (0,0) as t — oo}

defines the stable manifold of the origin. Furthermore, W#(0, 0) is an n-dimensional manifold
of class C'. Pushing forward the stable manifold through the characteristic flow W*(t), we
obtain a one-parameter invariant family of manifolds that converges to the trapped set of the
linearized system {x + v = 0} when ¢t — occ.

In the specific case of a decaying perturbation (2) of the linearized particle system, we
identify explicitly the stable manifold W#(0,0) in terms of the non-linear evolution in time
of the force field V,¢. Moreover, we characterize the trapped set ', as the stable manifold
W#(0,0).

Theorem 1.3 (Characterization of the trapped set for (VPEP) in dimension n > 2). Let
n > 2. Let fo be an initial data for the Viasov—Poisson system with the repulsive potential
%33'2 on R x RY, such that En|[fo] < €o. Let Ty be the trapped set of the characteristic flow

v

(2) associated to the corresponding solution f of (VPEP). Then, the trapped set I'y is equal
to the n-dimensional stable manifold of the origin W*(0,0) of class CN="=1. Moreover, the
trapped set is characterized as

(3) ry = {(x,v) r4v= /OOO %uvxgb(t”X(t/’x,v))dt/},

where we have

>* 1
‘/ gﬂvxgb(t,vX(t,ax?U))dt, SCN,”GO’
0

with Cn,n > 0 a uniform constant depending only on n and N.

Remark 2. (i) In the proof of Theorem 1.3, we first characterize the set W*(0,0) as
the right hand side of (3), and later we show this set is a non-empty manifold of
class C'. We find the characterization (3) of the trapped set by integrating in time
the characteristic flow. In particular, we do not apply the stable manifold theorem
[Hin21, Theorem 2.6] to obtain Theorem 1.3.

(ii) The characterization of the trapped set (3) gives an explicit teleological construction of
' in terms of the non-linear evolution in time of the force field V,¢. In particular, one
can easily show that the push-forward through the characteristic flow of the trapped set
I'; (t), converges quantitatively to the trapped set of the linearized system {z+v = 0},
when t — oo.

1.1.1. Previous non-linear stability results for dispersive collisionless many-particle systems
using vector fields methods. Vector field methods have been developed to obtain robust tech-
niques to prove asymptotic stability results for stationary solutions of non-linear evolution
equations. We stress the classical vector field method developed by Klainerman [Kla85] for
the study of the wave equation in Minkowski spacetime, which allows the proof of quantita-
tive decay estimates in space and time for solutions to the wave equation, based on weighted



THE VLASOV-POISSON SYSTEM WITH A REPULSIVE POTENTIAL 7

Sobolev estimates, using energy norms in terms of commuting vector fields arising from the
symmetries of spacetime. The vector field method has shown to be a powerful technique for
the study of quasilinear systems of wave equations, such as the Einstein vacuum equations
[CK93, LR10].

The study of vector field methods for dispersive collisionless many-particle systems was
pioneered by Smulevici [Smul6] who developed a vector field method for this class of ki-
netic systems, inspired by the classical vector field method for wave equations introduced in
[K1a85]. Specifically Smulevici [Smul6] proved the stability of the vacuum solution for the
Vlasov—Poisson system using this methodology. Later Duan [Dua22| simplified the functional
framework used to prove the asymptotic stability result in [Smul6]. Smulevici [Smul6] was
motivated by the work of Fajman, Joudioux, and Smulevici [FJS17], who developed a vector
field method to prove decay estimates in space and time for the spatial density induced by
solutions to the relativistic Vlasov equation in Minkowski spacetime.® Furthermore, [FJS17]
made use of a vector field method to prove stability results for the vacuum solution of the
Vlasov—Nordstrom system. Later on, Fajman, Joudioux, and Smulevici [FJS21] once again
used a vector field method to study dispersive collisionless many-particle systems in a neigh-
borhood of Minkowski spacetime, under the geometric framework of general relativity. In
other words, the authors of [FJS21] proved the stability of Minkowski spacetime as a solution
of the Einstein—Vlasov system. We emphasize that Taylor and Lindblad [LT20] independently
proved the stability of Minkowski spacetime as a solution of the Einstein—Vlasov system by
also using a vector field method.

The vector field method for dispersive collisionless many-particle systems has also been used
by Bigorgne [Big20, Big21, Big22], in order to prove the stability of vacuum for the relativistic
Vlasov—Maxwell in dimension greater or equal to three. Wang [Wan22] obtained another proof
of the stability of vacuum for the relativistic Vlasov—Maxwell in dimension three, by using
a combination of the vector field method and Fourier techniques. We emphasize that the
stability of the vacuum solution for the relativistic Vlasov—-Maxwell system had been first
shown by Glassey and Strauss [GS87] using the method of characteristics.

1.2. Outline of the paper. The remainder of the paper is structured as follows.

e Section 2. We study the linearization of the non-linear Vlasov—Poisson system with

a2
the potential %, with respect to its vacuum solution. We introduce the class of

vector fields used to define the energy norm seen in Theorem 1.1. We conclude with
some basic lemmata for the commuted equations.

e Section 3. We prove weighted Sobolev inequalities for the induced spatial density of
a distribution function by making use of commuting vector fields. We obtain decay
in space and time of the spatial density induced by solutions to the linear Vlasov

. . . —|z|?
equation with the potential —5.

e Section 4. We prove global existence of small data solutions for the Vlasov—Poisson

system with the potential %ZP in dimension greater than two.

e Section 5. We prove global e;dstence of small data solutions for the Vlasov—Poisson

—lz
2

system with the potential in dimension two using modified vector fields.

3In general relativity, many-particle systems can be composed by particles moving at the speed of light
for which their mass vanishes. Nonetheless, we only comment on stability results for relativistic collisionless
many-particle systems for which the mass of their particles is one.



8 ANIBAL VELOZO RUIZ AND RENATO VELOZO RUIZ

e Section 6. We characterize the trapped set of the characteristic flow associated to
the small data solutions studied in the previous sections.
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2. PRELIMINARIES

In this section, we introduce the set of commuting vector fields used to study dispersion
for the non-linear Vlasov—Poisson system with the external potential %33‘2 building upon
the dynamics defined by the flow map associated to the characteristics of the linear Vlasov
equation with the same external potential. Furthermore, we prove useful lemmata which are
going to be applied in the following section to show weighted Sobolev inequalities for the
induced spatial density of a distribution function.

In the rest of the paper, the notation A < B is repetitively used to specify that there exists
a universal constant C' > 0 such that A < C'B, where C depends only on the dimension n,
the corresponding order of Sobolev regularity, or other fixed constants.

2.1. The Vlasov equation with the potential %:':'2 In this subsection, we study the
dynamics of the linearization of the non-linear Vlasov—Poisson system with the potential

==

—5— with respect to its vacuum solution, which is given by the linear Viasov equation with
—lz|?

the potential —5~ taking the form

Ohf+v-Vof+a-V,f=0,
f(t:O,.%',’U) = fO(xav)a

where fp : R} x R? — [0,00) is a sufficiently regular initial data. We emphasize that this
linear Vlasov equation is a transport equation along the Hamiltonian flow given by

dz’ i dv' i
(5) ar v, o Z,
defined by the Hamiltonian system (R? x R?, H) in terms of the Hamiltonian

(4)

1=1 i=1

The Hamiltonian system (R} x R, H) is completely integrable in the sense of Liouville due
to the n independent conserved quantities in involution

, 1 . 1 .
HZ($7U) = 5(”1)2 - §($Z)2a
where i € {1,2,...,n}, whose sum yields the total Hamiltonian H. In particular, we can write

an explicit solution for the linear Vlasov equation (4) by computing the flow map precisely.
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Lemma 2.1.1. Let fy be an initial data for the Vlasov equation (4). Then, the corresponding
solution f to the Viasov equation (4) is given by

(6) ft,x,v) = fo (:U cosht — vsinht,vcosht — xsinh t).

Proof. Integrating directly the Hamiltonian flow (5) satisfied by the characteristics of the
linear Vlasov equation, we obtain

(X + V) () = ' (Xp + V) (0), (X = V)(t) = e7'(Xy = Vi)(0),

for every i € {1,2,...,n}. As a result, the flow map ¢; : R} x R — R? x R? defined by the
characteristics of the Vlasov equation (4) is given by

(7) dr(x,v) = (Xg(t),Ve(t) = (:L' cosht + vsinht, x sinh ¢ + v cosh t),
which allows to write the solution of the linear Vlasov equation (4) by

Fltoz,0) = folo—i(z,0)) = (Xg(—t), Vg (—1)) = fo (a: cosht — vsinht, vecosht — zsinh t),
in terms of the initial distribution function fj. O

2.2. Macroscopic and microscopic vector fields. In this subsection, we introduce classes
of vector fields contained in the tangent space of phase space used to study the dispersion
of small data solutions for the non-linear Vlasov—Poisson system with the repulsive potential
%IP motivated by the explicit dynamics of the linear Vlasov equation (4). For this purpose,
we introduce the following terminology: we say that a vector field is macroscopic if it is
contained in the tangent space of R}, and we say that a vector field is microscopic if it is
contained in the tangent space of R} x R”.

Let us consider the generator of the Hamiltonian flow defined by the characteristics of the

linear Vlasov equation (4) given by

(8) X:=v-Vy+x-V,,
and observe the linear Vlasov equation (4) can be written as
O+ X)f=0.

The commutators between the vector fields 0,:, 0,; and X are given by
[0yis X| = Opiy, [Opi, X] = 0yi, [04i,04i] =0, foreveryie{1,2,...,n}.
This allows us to exhibit several vector fields that commute with equation (4). More precisely,
let us consider the following commuting microscopic vector fields
(i) unstable vector fields U; := e!(9,i + O,i),
(i) stable vector fields S; := e~ (0, — D),
(iii) scaling in phase space L := " | £'0i + v'0,i,
(iv) rotations R;j := 2'0,; — 270, + v'0y — 17 0,y,
and define
A= {Uz‘,Sz‘,L,Ri]’}, Ao = {Uz‘,L,sz},
where i, j € {1,2,...,n}. The collection of microscopic vector fields A is used to set the energy
space on which the distribution functions in this paper are defined.

Lemma 2.2.1. Let f be a reqular solution of the Vlasov equation with the potential %‘T‘Q

Then, Z f is also a solution of this equation for every Z € \.
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Proof. Observe that [0, + X, Z] = 0, for every Z € X. Thus, we have
O+ X)(Z2f) =20+ X)f + [0+ X, Z]f =0,
since f is a solution of the linear Vlasov equation. Therefore, Z f is a solution as well. O

Observe that for every sufficiently regular solution f to the linear Vlasov equation, the
norm || f(¢)|[z1  is constant in time. In particular, we have that

IF @Oy, =1FO)L

for every t > 0. A similar conservation law for derivatives of the distribution function follows
from Lemma 2.2.1.

Corollary 2.2.2. Let fy be a sufficiently regular initial data for the Viasov equation (4).
Then, the corresponding solution f to the Viasov equation (4) satisfies that

1ZF @)y, = 1ZFO)llzs .
for every t > 0, and every vector field Z € X.

Remark 3. In Section 3, we prove optimal space and time decay estimates for the spatial
density induced by solutions to the linear Vlasov equation (4), even though spatial derivatives
of the distribution function grow exponentially in time. This follows by using the commuting

vector fields of the Vlasov equation contained in the invariant distributions of phase space,
since the spatial derivatives of the distribution function can be written as

8:vif(t7xvv) = %(aﬂ - 8vi)f(tvxa U) + %(aw + 8vi)f(ta xz, U)

1 1
= iet(&vi — 0yi) fo(zo,v0) + 56%(({%’ + 0,i) fo(xo, v0),

in terms of a point (zg,vp) in the support of the initial distribution function fy.

Let us also consider the macroscopic vector fields associated to the microscopic vector fields
previously defined by

n
Uf =€, Sf=e'0u, L°=) 120y, Rj=2'0y—170,,
i=1
and define
A= {Uf,Sf,Lx,Rfj}, Ap = {Uf,L”C,Rfj},
fori,j € {1,...,n}. The set of macroscopic vector fields A and the set of microscopic vector

fields A are precisely related to each other by the following result for the study of the spatial
density of an arbitrary distribution function.

Lemma 2.2.3. Let f be a sufficiently reqular distribution function. Then, the derivatives of
the induced spatial density satisfy

Ulp(f) = p(Uif), Lp(f) = p(Lf) + np(f),
Sip(f) = p(Sif), Rip(f) = p(Rijf)
for every i,j € {1,2,...,n}
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2.3. Macroscopic and microscopic differential operators. Let (Z%); be an arbitrary
ordering of the microscopic vector fields contained in A. In the following, we use a multi-index
notation for the microscopic differential operators of order |«| given by the composition

7%= 77 . 7o,

for every multi-index o € N™. We denote by Al the family of microscopic differential opera-
tors obtained as a composition of |a| vector fields in A. Furthermore, we can uniquely associate
a macroscopic differential operator to any microscopic differential operator Z% € Aled by re-
placing every microscopic vector field Z by the corresponding macroscopic vector field Z%.
By a small abuse of notation, we denote also by Z% the associated macroscopic differential
operator to an arbitrary microscopic differential operator Z®. We denote by Al the family
of macroscopic differential operators of order || obtained as a composition of || vector fields
in A. Finally, we denote by 0% a standard macroscopic differential operator

o, Q] 2 (63
00 = 0% ... 9%,

for every multi-index o € N™.
In the following, we prove that the arbitrary ordering of the vector fields chosen to build
differential operators can be taken without loss of generality modulo some uniform constants.

Lemma 2.3.1. Let Q € {\, Ao, A, Ao}. Let o and (B be two multi-indices. Then, the commu-
tator between Z* € Qo1 and ZP € QI8 is given by

2, 2°) = > P A
IyI<lal+|8]-1 Z7veql
for some constant coefficients CSB.
Proof. Observe that
Ui, Rij] = Uy, [Si, Rij] = Sj, [L, Rigl = 0, [Rij, Rjk] = Rig,
Ui, L] =U;, [Si,L] =S, [U;,S;]=0, [U;,U;]=0, [S;5;]=0,

for i,7 € {1,...,n}, and note that the same commutation relations hold if we replace Z € A
by the associated macroscopic vector fields Z* € A. This argument proves the result for
|a] = |B| = 1. The general statement follows by induction. O

Moreover, we can use the microscopic differential operators previously discussed to build
conservation laws for higher order derivatives of a sufficiently regular solution of the Vlasov
equation (4) as in Corollary 2.2.2.

Corollary 2.3.2. Let fy be a sufficiently regular initial data for the Viasov equation (4).
Then, the corresponding solution f to the Viasov equation (4) satisfies

1Z2%fOley, = 12°F(O)lLs
for every t > 0, and every multi-index o.

In the following, we state a key vector field identity to obtain quantitative decay estimates
in space and time for the spatial density induced by an arbitrary distribution function in
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terms of a higher order energy norm according to the weighted Sobolev inequalities proven in
the following section. For this purpose, we firstly recall the relation

n
220, = ZxZRZ + 2/ L%,

noticed in [Smul6, Lemma 2.5] between the macroscopic rotations and the macroscopic scal-
ing. As a result, we have
21055 = Z fLm

which allows to prove the following useful lemma.

Lemma 2.3.3. For any multi-index o, we have

(9) (e +lzl)og = > Y Cp2”
|BI<lel z8eAlP!

for some uniformly bounded functions Cg.

We conclude this subsection by relating the macroscopic and microscopic differential oper-
ators in the same manner as in Lemma 2.2.3.

Lemma 2.3.4. Let f be a sufficiently regular distribution function and let o be a multi-index.
Then, there exist constant coefficients Cg such that

(10) Zo(f) =p(Z2°F)+ D Cip(Z°f),
1BI<|al—1

where the vector fields in the left hand side are macroscopic, whereas the ones in the right
hand side are microscopic.

2.4. The commuted equations. Let us denote the non-linear transport operator applied
to the distribution function in the Vlasov—Poisson system with the external potential | ‘ by

Ty:=0+v -Vo+x-Vy—puVyd-Vy,
where the field V¢ is defined through the Poisson equation A¢ = p(f).
Lemma 2.4.1. There exist constant coefficients Cgv such that
(11) [Ty, 2°1= ) > C§V.Z¢-V, 27,
[vI+8I<lal, |8]<|a] -1

where the vector fields Z¢ e N, 27 ¢ APl and Z8 € \AI.

Proof. For each vector field Z¢ € A\, we can easily compute

k=1

where ¢; = —2 if Z¢ = L, otherwise, ¢; = 0. This verifies equation (11) for |a| = 1. We argue
inductively on |a| to prove the general case. Observe that

[Ty, 2° 2% = [Ty, Z']2* + Z'[Ty, Z°).
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Since [T, ZYZ% has the required form, it remains to analyse the second term. Note that

Z'T4, 2% = C§, Y ZH0pZ7$)0 Z° + 0, 276 Z* (0, Z°)
By k=1

= Z ng Z Ok (ZiZng)c’)vk Z° + Ok Z7 PO,k AV A
By k=1

+ Z cg, Z (Z°,0,4) 27 $0u ZP + 0y 270 9[ Z°, 0] 2P,

where we have applied Z¢ to equation (11), which is our inductive assumption. In the last
equality the first term has the correct form and the second one behaves nicely for all choices of
Z': if Z* is stable or unstable, then the commutators vanish; if Z? is a rotation the summation
cancel out; and if Z¢ = L we note that [L?,d}] = 0%, [L}, —0!] = —0!. Therefore, the sum
has always the required form. O

Lemma 2.4.2. Let f be a sufficiently reqular distribution function, and let ¢ be the solution
to the Poisson equation A¢ = p(f). Then, for any multi-index o the function Z%¢ satisfies
the equation

AZ%= Y C§Z°p(f),
18]<|et|
for some constant coefficients Cg.
Proof. Note that [A,Z] = 0 for any Z € A\ {L*}, and that [A, L*] = 2A. For |a| = 1 the
result holds trivially. For higher order derivatives we proceed by induction and use that
AZ'Z% = Z'AZ%p + [N, ZZ%¢,
noticing that [A, Z%] is either equal to zero, or to a multiple of A. O

3. DECAY OF VELOCITY AVERAGES FOR THE LINEARIZED SYSTEM

In this section, we begin by proving weighted Sobolev inequalities for arbitrary finite energy
distribution functions by exploiting the weights contained in the set of macroscopic vector
fields Ay and the set of microscopic vector fields \g. As a result, we prove sharp quantitative
decay estimates in space and time for the spatial density induced by solutions to the linear
Vlasov equation (4). We also obtain improved decay estimates for derivatives of the spatial
density.

3.1. Weighted Sobolev inequalities. First, we prove a weighted Sobolev inequality for the
spatial density induced by arbitrary finite energy distribution functions.

Proposition 3.1.1. For every sufficiently reqular distribution function f, the induced spatial
density satisfies that

(12 PN S e 2 2 120, 0
lal<n Zagplel

for every t > 0 and every x € R™.



14 ANIBAL VELOZO RUIZ AND RENATO VELOZO RUIZ

Proof. Given a point (t,z) € R x R", we set the function p : R" — R given by p(y) =
p(f)(t,z + (e! + |z|)y). Applying the standard Sobolev inequality, we have that

(13) p(H)(E2) = [PO)] < D 1055l L1 (Bo0.1/2))

|| <n
where B,,(0,1/2) denotes the open ball in R} of radius 1/2. By the chain rule, we have that
0,3 p(y) = (€' + |2)) 0 p(S)(t, 2 + (¢ + [a])y)-
Hence, the derivatives 9'p can be bounded for every y € B, (0,1/2) and |a| < n by
105 5(y)| = (¢ + 2)10g p(f) (8, 2 + (¢ + [])y)]
(e + [a + (" + |2y )0z p(f) (8, 2 + (¢ + |z])y)]

Yo D 12t (e +lal)y),

181< e z8enlf!

AR YA

where in the second inequality we have compared minyep, o,1/2)€" + |z + (' + |z|)y| with
e! +|z|, and in the last inequality we have used Lemma 2.3.3. Integrating in the y coordinate,
applying the change of variables z = (e! + |z|)y, and using the Sobolev inequality (13) we
obtain

|6|<TL ZBEAlm
Finally, we use Lemma 2.3.4 to conclude the proof of the proposition. O

We proceed to prove another weighted Sobolev inequality for the spatial density induced
by absolute values of arbitrary finite energy distribution functions. The proof follows by a
slightly different argument as the one obtained for Proposition 3.1.2.

Proposition 3.1.2. For every sufficiently reqular distribution function f, the induced spatial
density by its absolute value satisfies that

(15) PN S e & 2 127,00

|a|<n Zae)\‘("
for every t > 0 and every x € R™.

Proof. Similarly as in the proof of Proposition 3.1.1, we define a real-valued function {bv :
B,(0,1/2) — R given by

3w = [ 171(ta+ €+ falpo)do
Using a 1D Sobolev inequality with § = ﬁ, we have

(16) $(0) < C 10y, 0 (y1,0...,0)] + [ (y1,0...,0)|dy,

ly1]<51/2
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where we have used that for a function ¢» € Wb, the absolute value of ¢ belongs to W1,
and satisfies |0]9)|| < |09|. Moreover, the derivative in the previous integral can be written as

0, (n.0,.-,0) = [0l fl (1 + (€4 ) (n,0.. . 0),0) o

+/ |x|8x1|f|<t,x+ (e + |2]) (1,0, ... ,0),v>dv = [ +1I.
Rn

The integral term I of the derivative above can be estimated using integration by parts in the
velocity variables to obtain

1] < ‘/Rn et&r1|f|<t,x—|— (el + |x|)(y1,0,...,0),v)dv‘

</

A similar argument can be used to estimate the integral term 11 of the derivative above. As
a result, we have

et (O +8v1)f(t,:6 + (et + |2 (51,0, .. .,om) ‘dv.

(R SUES oY )51.0.....0).0) o,
ZeX
which can be used to estimate 1/1 by
7; / / Zf t x4+ (e + |z|) (1,0 ,...,O),v)‘dvdyl
Ze/\ ly1|<81/2 JR™

dvdy; .

)
ly1|<61/2 JR®

Iterating this argument for all the variables in space, we obtain

(18) HOESSY /yeBn(O,l/g)/Rn

Zae)lal

f(t,a: + (e + [2) (1, 0, .. .,0),1})

Z“f(t,:r + (e + |x\)y,v> ‘dvdy,

from which the proof of the proposition follows using the change of variables z = (t+|z|)y. O

Finally, we obtain improved decay estimates for derivatives of the spatial density by ap-
plying the weighted Sobolev inequality in Proposition 3.1.1 combined with Lemma 2.2.3 and
Lemma 2.3.3.

Proposition 3.1.3 (Improved decay estimates for derivatives of the spatial density). For
every sufficiently reqular distribution function f, the induced spatial density satisfies that

(19) 105 p(f)(t, 2)| S Nﬁ Z Z ‘ZﬁfHLl )
(et + |z|)ntlal
for every t > 0, every x € R, and every multi-index c.
Proof. Applying the estimate (14) obtained in the proof of Proposition 3.1.1, we have that

(20) o200 S s 2 X 12702

|,B|<n ZﬁeAm\
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The improved decay for derivatives of the spatial density follows by commuting the differential
operators Z5, 0%, and using Lemma 2.3.3. O

3.2. Applications to solutions to the Vlasov equation with the potential % The

weighted Sobolev inequality in Proposition 3.1.1 shows that the spatial density induced by
solutions to the linear Vlasov equation (4) decay quantitatively in space and time.

Corollary 3.2.1. Let fy be a sufficiently regular initial data for the Viasov equation (4).

Then, the induced spatial density for the corresponding solution f to the Viasov equation with

— =
2

the potential satisfies

(21) p(F)(E2)| S et+yx\ Yo > 2%,

lal<n ZD‘EA‘(X‘
for every t > 0, and every x € R".

The weighted Sobolev inequality in Proposition 3.1.2 shows that the spatial density induced
by the absolute value of solutions to the linear Vlasov equation (4) decay quantitatively in
space and time.

Corollary 3.2.2. Let fy be a sufficiently regular initial data for the Viasov equation (4).
Then, the induced spatial density for the corresponding solution f to the Viasov equation with

the potential —5— satisfies

(22) p(f)(t,x) S +rx\ S 2%l

|o¢|<n ZQG)\‘Q‘
for every t > 0, and every x € R".
Finally, the improved decay estimates for derivatives of the spatial density in Proposition

3.1.3 shows that the derivatives of the spatial density induced by solutions to the linear Vlasov
equation (4) decay quantitatively in space and time.

Corollary 3.2.3. Let fy be a sufficiently regular initial data for the Viasov equation (4).
Then, the induced spatial density for the corresponding solution f to the Viasov equation with

satisfies

(23) 07 p(f)(t, @ )|Nm Z Z ||Z/Bf0HL;v

|B]<n+|al Zﬁe)\‘m

the potential —5-

for every t > 0, every x € R", and every multi-index .

4. GLOBAL EXISTENCE OF SMALL DATA SOLUTIONS

In this section, we study the evolution in time of sufficiently regular small data solutions f

a2
for the Vlasov—Poisson system with the repulsive potential % in the energy space defined

by the norm
=2 2 120,
|| <N Zaelel
where N € N. We emphasize that this energy norm is stronger than the energy norms used
to obtain weighted Sobolev inequalities in the previous section. Nonetheless, we can still use
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this norm to prove quantitative decay estimates for the spatial density induced by solutions
of the non-linear system, a crucial ingredient of the global existence result. More precisely, we
have included the vector fields contained in the stable invariant distribution of phase space
in the energy norm used in this section. We incorporate these vector fields, as together with
the unstable vector fields, they generate the standard basis {0,:,0,:} of the tangent space of
R? x R}. We make use of this fact in the proof of Theorem 1.1.

4.1. The bootstrap assumption. The proof of Theorem 1.1 follows by a standard conti-
nuity argument. We aim to prove that for € > 0 sufficiently small, if the initial data satisfies
Enlfo] < ¢, then, the global energy estimate En[f(t)] < 2¢ holds for every ¢t > 0. For this
purpose, we define

(24) T :=sup {t >0:En[f(s)] < 2¢ for every s € [O,t]}.

In the following, we show that the energy of the distribution function satisfies Ex[f(t)] < 3

for every t € [0, T]. Therefore, the supremum (24) is infinite, and we obtain global existence
2

of small data solutions for the Vlasov—Poisson system with the repulsive potential #

4.2. Proof of Theorem 1.1. By the standard energy estimate for the commuted distribution

function Z*f in Li,v, we obtain

t
(25) 1Z2°F(t)l0y, < 1Z2°F(O) 1, + /0 IT6(2°£)(3)1y ds.

Furthermore, we write the non-linear Vlasov equation for the commuted distribution function
Z%f as

(26) To(Z%f) = Y. Y C§N.Z2¢ V,Z°f,

[BI<]al=1, [y|+]8]<|e
by using the commutator in Lemma 2.4.1. We write the gradient in the velocity variables on
the previous identity using the stable and unstable vector fields contained in A by

1 <et(ami + 81)1')25]“) — i(et(axi - aui)Zﬁf),

B
(27) 0:2°f = o

to obtain the bound
(28) ITo(ZPlls, e X X IVaZ ()2l )

1<|BI<]al, [y[+]8|<|al+1

for the non-linear contribution in the energy estimate for the commuted distribution function
Z“f. In order to bound the non-linear terms HVIZV(qﬁ)ZﬂfHL; ,» we follow the strategy used
by Duan [Dua22] to prove the stability of the vacuum solution for the Vlasov—Poisson system.
More precisely, we make use of the explicit form of the Green function for the Poisson equation
in R™ to estimate the gradient V,Z7¢ combined with the bootstrap assumption to bound the
derivatives of the distribution function Z%f in Lalw. For this purpose, we need the following
elementary estimate proved in [Dua22, Lemma 3.2].

Lemma 4.2.1. For every n > 2, there exists a uniform constant C, > 0 depending only on
n, such that for every x € R™ we have

d
/ Y < G
re Y"1+ [z + y))"
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As a consequence of Lemma 4.2.1, we obtain decay in time for the integral term

1 1 1 1
29 d e d /< ,
®) T e e S e

by using the change of variables y = efy/. We use the estimate (29) to prove decay for the
gradient V,Z7¢. We improve the bootstrap assumption (24) using the following technical
lemma to bound the non-linear terms ||VxZV(¢)Z5fHLG15 3

Lemma 4.2.2. Under the bootstrap assumption (24), the corresponding solution f to the
—lz|?
2

Vlasov—Poisson system with the potential satisfies

2
€
(30) Va2 ()2 Flly, S =i
s e(” )t
for every t € [0,T], and for any multi-indices 3, v such that |3| < N, |v| < N, and || +|v| <
N +1.

Proof. Combining the commuted Poisson equation in Lemma 2.4.2 with the relation between
the macroscopic and microscopic vector fields established in Lemma 2.3.4, we obtain

AZ'¢= Y CLp(Z"f),
v 1<l

for some fixed coefficients Cz,. We use the Green function for the Poisson equation in R” to
write the solution of the commuted Poisson equation as

Z6(t,7) = Z/ |n2pZWf)(tx— y)dy,

I 1<]v]

whose gradient can be estimated directly by

(31) V.20t S S / 127 )0 = )y

1<

By the weighted Sobolev inequality for the absolute value of distribution functions in Propo-
sition 3.1.2, we estimate

W2 D=0 S e 2 127,

el + |z —
2= D" o G
]. 1

S > 127l
~ t _ n z,v

CEATEITIPN
<_ ¢
RGN

for every |7'| < N — n. Hence, the solution of the commuted Poisson equation satisfies that
for every |y| < N — n, we have

€
Vo ZV¢(t,2)| < dy ,
| Pt x)] S e Z / y[n 1 6t+ |z — y|)" 6(n—l)t

1<l
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where we have used the estimate (29) in the last inequality. As a result, the left hand side of
(30) can be bounded by

€
IV227(6)Z° iy, < —HZﬁfHLl,U

S CEET > 1Z° flls
|BI<N

< N

N oD’

for every |y| < N — n. Otherwise, if |y| > N —n then |5 < N —n, since || + |y < N +1
and N > 2n. It follows from the bound || < N —n and Proposition 3.1.2 that

B < ¢
(32) p(|1Z7 fD(t,z) S (@ + 2]

Therefore

IV, 262 fll1y, = / VaZ06(t,2)|p(|12° F1)(t, 2)da

1
// y|— r(1 27 F1)(t, @ )( e
|v|<\ / / [yl (127 FD)(E, Z)( T +y|)ndzdy,

1
Se D / C0 ”)</Rn ry|n—1<et+z+y|>ndy>dz

|y’ |<M

e 2 127 fln,

\7 <N

|7|<\ \

62

~ e(n=1)t’

where we have used the change of variables z = x — y and the previous estimates (29), (31),
and (32). O

The quantitative decay estimate for the non-linear terms V,Z7($)Z°f given by Lemma
4.2.2 shows that the L}C », norm of the non-linear contribution in the energy estimate for the

commuted distribution function Z®f satisfies that for every t € [0,7] we have

ITo(ZDlls, e X X IVaZ )2y, )
1<|BI<]al, [v]+]81<]al+1

2
~ (-2t

by using the bound (28) previously obtained. Therefore, the energy En|[f] of the solution to

the Vlasov—Poisson system with the potential 7'; ® is bounded for every t € [0,T] by

(33) enlr(o)] < entfo) + 0 | =,
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where C' > 0 is a uniform constant depending only on n and N. We emphasize that the
time integral in the right hand side of (33) is uniformly bounded for any ¢ > 0, due to the
exponential decay in time of exp(—(n — 2)t) in dimension n > 3. As a result, the bootstrap
assumption (24) is improved provided € > 0 is sufficiently small so that

3
ENLI )] < S
where we have used the smallness assumption Ex[f(0)] < € on the initial distribution function.
This concludes the proof of the global energy estimate (i). Finally, note that the decay
estimates in space and time for the induced spatial density in (ii) follow from applying the
global energy estimate (i) combined with Proposition 3.1.2, and Proposition 3.1.3.

5. THE TWO-DIMENSIONAL CASE

In this section, we study the evolution in time of sufficiently regular small data solutions f

—_— 2 . . .
for the Vlasov—Poisson system with the repulsive potential ‘2:” ” in dimension two.

5.1. The modified vector fields. We recall the class A of commuting vector fields given by
A= {UHS’LvLuRZj}?

where 7,7 € {1,2}. Let (Z’); be an arbitrary ordering of the microscopic vector fields in \.
For each vector field Z* € A, we compute

2
[T, 2] = 1) 0pk(Z°6 + ci6)) Dy,

k=1
where ¢; = —2 if Z° = L, otherwise, ¢; = 0. This commutator can be written in terms of the
vector fields in A by using the identity
1, et
(34) 8vk = @6 (8xk + 8Uk) - 56 (8xk — 8vk)

Using this decomposition, we gain an exponentially growing factor, which does not allow to
close the energy estimate. We avoid this problem by considering a modified set of vector fields
of the form
2
Yi=27 - Zg@};(t,x,v)&g,
k=1

where gp}; are sufficiently regular functions that vanish at ¢ = 0. For every modified vector
field Y, we have

2

2
[T, Y] =Y 00 (Z'0 + i) — D T(9h)Sk — 1t Y $h0i Sk by
k=1 k=1 k=1

[\
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Using the decomposition (34), we have

2
[Ty, Y] = %Z@xk(Ziqb—i-clgb YUy, — fZa (2 + i) Sy —ZT¢ (¢h)S

2
M i e' i
T o Z 10,1 SkUj + N Z ©105i SpPS;.-
= kj=1

We remove the slower decaying terms by setting T y(¢}) = — el (Zi + ;).
Definition 5.1.1. Let {Z?}; be an ordering of A. The modified vector fields Y are defined
as

n Zsﬁi;(t,x,v)Sk, Sk 1= e_t(axk - avk)7

where
(1) ¢l =0 if Z is a stable vector field, i.e. Z° = S.
(2) If Z' is not a stable vector field, then, ¢! (¢, z,v) is determined by

To(et) =~ 50 (Z0+c0),  oh(0,2,0) =0,

where ¢; = —2 if Z' = L, otherwise, we set ¢; = 0.
The set of modified vector fields is denoted by A,

Throughout the paper, we denote by Y a generic modified vector field in A,;,. We use
a multi-index notation for the microscopic differential operators of order |«a| given by the
composition
Y =YNYye® Yo,
for every multi-index . We denote by A'ﬁf‘ the family of microscopic differential operators
obtained as a composition of |«| vector fields in A,,. We denote by M the set of all functions
{¢i}. We also denote by ¢ a generic function in M.

Definition 5.1.2. We say that P(¢p) is a multilinear form of degree d and signature less than
k if P(¢p) is of the form

Plo)= >, Cag J] Y¥(

|al\+"'+\0¢d|<k j=1,....d
(@15 pa)EM?
where a; are multi-indices, and Ca s are uniform constants depending on & = (aq, ..., aq)

and ¢ = (1, Pd)-

5.2. Properties of the modified vector fields. In this subsection, we study the main
properties of the modified vector fields that will be used later in the main proofs.

Lemma 5.2.1. For any multi-index o, we have

lal+1 2

(35) [Te, Y= > D Pis(@)0:27(9)Y",

d=0 =1 |B],|v[<|a|

where Pc‘l’ifﬁ(go) are multilinear forms of degree d and signature less than k such that k < |a|—
and k+ |y + |B] < |af + 1.
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Proof. As a first step, we show the commutation formula when |a| = 1. After using the
equation satisfied by the coefficients ¢}, we have

2
0 ; u
[T, '] = 0 3 0un(2'6 + o) 5 S Sl + S S 0505,

7] 1 k,j 1

The desired identity is obtained by rewriting the unstable vector fields as Z¥ = Y* +

k k
> =1 IS

The general case is proven by induction. Assume that the commutation formula holds for
some multi-index a and let Y € A\ be an arbitrary modified vector field. By the identity

[Ty, YY) = [Ty, Y]Y® 4+ Y[Ty, Y,

it is enough to show that the terms in the right-hand side have the correct form. The first
term [Ty, Y]Y® is treated using the case when |a| = 1. The second term Y [Ty, Y ®| generates
three different types of terms. The terms

have the correct form, since the multilinear forms have the same degree and their signature
increases by one. The terms

Pa(@)Y (0,:27(¢)) Y7
also have the correct form, since Y is schematically of the form Z — ¢S, so
PHs(@)Y (0, 27(@)Y" = > Pris(9)d,:27 (¢)Y”,
[V < [v[+1
where Pﬁ?‘ﬁ are multilinear forms of degree at most d+ 1 with the same signature. Finally, the

last terms are of the form P(%B(go)ami Z7(¢)YY® which also satisfy the required properties. [

Lemma 5.2.2. For any multi-index o, we have

|a|

= Z Z Pis()Y?

d=08|<]|al

where Pgs(p) are multilinear forms of degree d and signature less than k with k < || —1 and
k18] < |al.

Proof. The lemma holds for |a| = 1, since Z¢ = Y + Ei:l ¢t Sy, where Sy, is also a modified
vector field. An inductive argument shows the general case. O

Lemma 5.2.3. For every multi-index o, we have

lof el || |a]+1
p(Z7N=>> > jtpcz )YPH+Y ) > egﬁp (@)Y f),
j=1d=018|<|a] J=1 d=1 |B|<]|e]

where Qgﬁ (0z) are multilinear forms with respect to Oy of degree d and signature less than

k' such that k' < |a| —1 and k' +d + |B| < |a|, and ng(w) are multilinear forms of degree d
and signature less than k such that k < |a| and k + |B] < |a.
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Proof. Given Z € A, the modified vector field corresponding to Z is denoted by Y € \,,. We
will use the schematic notations Y = Z — ¢S and Z = Y + ¢S instead of the lengthy formulae
given before. We will also use the notation €', + e'd, — ¢S to denote a generic modified
vector field. We denote a generic modified vector field by Y’, and a generic coefficient by the
letter ¢’ € M.

Firstly, we prove the lemma in the case when |a| = 1. Given Z € X, we have

[ 2ndv= [z -5+ es)n1a0
= /Y(f)dv —|—/<p5(f)dv
= [Y(ho+ [ S0t +0u) — () + 6S(1) 20, 1)
= [Y(0av s 5 [ o)+ S0 -2 [ Eonpan.

The first and second terms of the right-hand side of the last line have the correct form. For
the last term, we integrate by parts in the velocity variable

1
—/;’;avfdv - et/&,@fdv
1

= (e'0pp + €' 0 — 'S + ¢’ S — €' D) fdv

— 5 [0 oS- = [ autorsan

where now all terms are of the correct form. This proves the lemma when |o| = 1. We now
assume that the lemma holds true for some a. Let Z be a non-modified vector field. Using
that Zp(Z4f) = p(ZZ*f) + czp(Z*f), we only need to show that Zp(Z®f) has the correct
form. Using the induction hypothesis and writing ¥ = Z — ¢S to denote the associated
modified vector field, we have

laf o

2020 =35 S So(z]@sev?s))

j=1d=0g|<|a|
laf |af+1

S (2[R R]) + eantzo o))

J=1 d=1 |B|<|e]|

The last term has already the right form. Writing Z = Y +¢S in the term p(Z [ng(go)Yﬁf] ),
one easily see that they also have the desired form. For the missing term, we write

p(2|Qa Y 1)) = p((v +8) [Qa(0:0)Y 1))
= p(Y]Q@0)Y1]) + (5| Q3 00V 1] ).
The first term of the right-hand side has the correct form. For the second term, we write

P ¥ P
oS = ﬁ(etﬁx + €0, — 'S +¢'S —2e'9,) = @(Y' +¢'9) — 2;5)1,,
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so that

p(soS [ng(amyﬁf]) = %p(so(Y’ +¢'S) [Q%@@)Yﬂf}) - %p(so@v [Q%(%s@)YﬁfD-

The first term on the right-hand side has the correct form. For the second term, we integrate

by parts and write 9, = % (e'0y + €'0, — 'S + 'S — €td, ), so that

et

=000 (@007 1]) = S0 (V@) [V S]) + S (wS(0) [ Q)Y

= 2 o(owe|gi@ner?s]).

where all terms now have the correct form. O

Lemma 5.2.4. We have
|ex]

« « 1 6]
YOV =2Vo+ > Y FPis(e)27Ve,
d=1B|<le]

where Pgz () are multilinear forms of degree d and signature less than k such that k < |af—1
and k + 8] < |af.

Proof. For |a|] =1, we have
1
YVo=(Z+pS)Vo=2Veop+ ﬁgo(etax)v¢.
An inductive argument shows the general case. O

5.3. The bootstrap assumptions. In this section, we consider distribution functions in the
energy space defined in terms of the modified vector fields. For N > 7, we set the energy

ERIFL= D > IVl
|| <N yagylal

Let T > 0 be the largest time such that, for all ¢ € [0, T], we have
(B1)
ENIf(D)] < 2e.

(B2) For every multi-index o with || < N —4 and every Y € A2l we have

YOp(t,z,v) < €2 (1+1).

B3) For every multi-index a with |a| < N — 5 and every Y € )\‘ﬁl, we have
y y

YVp(t, z,v)| < e2.

(B4) For every multi-index o with || < N — 3 and every Z% € A% we have
1

« €2
Vo Z(t, z)| < -
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Remark 4. (i) The modified vector fields satisfy that Y* = Z% at time ¢t = 0. For this
reason, the energy norm of the initial data is equal to

o= > 12%ln, <e

|a|<N Zaglel

(ii) The bootstrap argument set in this subsection can also be used to show global existence

— 2 . . .
for the Vlasov—Poisson system with the potential % in dimension greater than two.
The bootstrap assumptions can be improved in higher dimensions identically as in the
two-dimensional case. In the rest of the section, we will only consider n = 2.

5.4. Weighted Sobolev inequality with the modified vector fields. Using the boot-
strap assumptions on ¢, we prove a weighted Sobolev inequality in terms of the modified
vector fields.

Proposition 5.4.1. For every sufficiently reqular distribution function f, the induced spatial
density satisfies

p(YfI)(t ) S <et+\| > 2 IV,

1BI<|al+2 yseyl8]
for every t >0, every x € R%, and every multi-index |a] < N — 2.
Proof. Similarly as in the proof of Proposition 3.1.2, we define a real-valued function ¢ :

B(0,1/2) — R given by ¥(y) = p([Y*f])(t,z + (' + |z|)y). Using a 1D Sobolev inequality
with § = %, we have

p(IYf)(E, ) 5/ (185,01 + [&]) (1, 0)dys,

ly1]<61/2

where as before
Oy 0(y) = (€' + 2B p([Y* F) (L, + (t + |2|)y)

=6t/3x1(!Y°‘f!)(t7w+(€t+le)y,v)var|$|/5x1(\Yaf\)(t,x+(6t+!xl)y,v)dv

Now,

et/azl(‘yaf‘)dv = /( tarl +e Bvl - Z‘pls + Z@l Yaf‘)dv

i=1 i=1
:/yl(yyafy)du+/Z¢§Si(\Y“f\)dv
v V=1

The first term on the right-hand side is simply estimated by

‘/UYl(’Yaf])dv) g/v|Y1Yaf|dv.

For the second term, we again make the modified vector fields to appear
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[ st = [ 2 (o, + 0, - Zsofswzgofsk—2efaw)<rwfr>

k=1

-/ Ay s+ [ (Z@fsk—%tam)(\yaf\)dv

The first term on the right-hand side can then be estimated as above, using that Qlt is
uniformly bounded from the bootstrap assumptions. For the remainder terms, we ﬁrst note
that in view of the bootstrap assumptions the terms of the form

| [ Fehsuyesan
can be estimated by
‘/|Sk.]Yo‘f]|dv’ §/|SkYaf|dv.

For the last term, we integrate by parts in the velocity variable

- [ Sonverspd / 0,164V fldo

v

1 n n '
= 2t ( taxi + 6t8vi - Z Qofsk + Z Qofsk - 6t81i>9011|yaf|dv
k=1 k=1

— o [V s+ - [ s flan
k=17

/ (DY S| do.

The first term only grows like (1 + ¢) according to the bootstrap assumptions, so this growth
can be absorbed thanks to the exponential factor in front. The second and third terms can
also be absorbed using the exponential factor in front. Putting everything together, we obtain

A D) S [ [V Y ) (a0 ey
Yy1|<02 Ju

The remaining of the proof follows as in the proof of Proposition 3.1.2, repeating the previous
arguments for each of the variables and applying the usual change of coordinates. O

5.5. Estimates for HY“(@)Yﬂ(f)HL%U. In this subsection, we prove the core estimates to
close the bootstrap argument previously set. We begin proving decay estimates for ||V, Z7 ()Y f|| 11

Lemma 5.5.1. For every multi-indices v and o, with |y| < N and |a| < N — 2, we have
19227 (@)Y lay, S 5 D Io(Z° )
|ﬁ\<|7|

Proof. The proof is exactly the same as in the higher dimensional case, where we have used
the representation formula for V,Z7¢. The argument uses the weighted Sobolev inequality
with modified vector fields. O
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Lemma 5.5.2. For every sufficiently small o > 0, there exist constants C, and e, such that
if € < €y, then, for all multi-indices a and B3, with |a] < N—1, |B| < N, and |a|+|8] < N+1,
we have

Y @)Y (Hlly, < Coe'e.

Moreover, for all multi-indices o and 3, with |o| < N —2, |8 < N, and |a|+ |8] < N, and
all 1 <14 <2, we have
1Y (@ai0)Y ()|, < Coe.

Proof. Let us denote
F(t):= Y > IYUeOYPH @,

la|l<SN-1  [B|<N
o] +|BI<N+1

2
Gy = > > I IV@ue)OY (N DL,

|| SN =2 || +|B|<N =1

By the bootstrap assumptions, if |a| < N — 4, then

3
2

Y@ OYP (DO, S A+ OIYA (£, S e'7e,

where oy > 0 is a small constant that is to be fixed later. Similarly, if || < N — 5, we have

1Y (0, 0)(OYP(£)(#)lIpy, S €2

If |a] > N — 4, then, we have |3| < N — 3 since N > 7. In this case, we estimate the terms
[V () (t)Y5( )@l z1 , through the method of characteristics

t
1Y (@)Y (), S/O 1T (Y ()Y (N))lls, (s)ds.
We decompose the term T4(Y(¢)Y?(f)) into three different contributions defined by
Ty(Y(9)Y7(f)) = Y(@) To(Y2(f) + [T, Y (0) Y2 (f) + Y T (0)Y*(f) =t N1+ Na+ Ns.

Estimate of N;. By the commutation formula (35), we have

1Bl+1 2
M= > PR 2 ()Y (£)Y ().
d=0 =1 |B'},|v|<|B|
For |5] < N — 3, the signatures of the multilinear forms Pdﬁjﬂ,(go) are less than N — 4. By the
bootstrap assumptions, we have

P (@] S a+pN e,

1

€2
10,27 ()| S

N7t7

where g € (0,1) is a small number to be set later. As a result, we obtain that

N[

€
[Nillzy, < mf(t)-
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Estimate of Ny. By the commutation formula (35), we have

lal+1 2

=33 S P90, 27(e)Y T (9)YE(f),

d=0 =1 [g'],|y|<|e]

where the multilinear forms Pj‘,fﬁ, has signature less than k£ < || — 1 and k + |v| + |8| <
la| +1 < N. If |y| < N — 3, then

ol ez
0.2 S
The term Pc‘l’%,( )Y () is a multi-linear form with at most one factor Y () with N —4 <
|o/| < |a|, while the remaining terms can be uniformly bounded by (14#)™ < ef?0. Therefore,

we obtain
1
€2

15000 2/ @Y 7 (@Y (Dlls, S rsay PO
If || > N — 3, then, by the bootstrap assumptions
|Pla (@)Y (0)] S 1+ )N
By Lemma 5.5.1, we have

IVeZ(9)Y £l , S

S5 2 12 s

<[l
since |y| < || < N — 1. By Lemma 5.2.2, we have
Ll
12001 <3 S IPE Y (Pl S 1+ OV F(),
d'=0|n'|<[n|

so we obtain

(141)2N €

F) 5

HP%Z@(‘P)axizw(@yﬂl(so)yﬁ(f)HL;YU Se o S m]:(t)-

Putting the previous estimates together, we have

1
€2

[Nallzs, S m}_(t)-

Estimate of Nj3. Let us recall the equation that defines the modification of the vector
fields given by

2
@) = e Z Z 2,0, 2" .
=1 |n|<1
By Lemma 5.2.4, we have

laf 2

Ngzetz > i0sZ7(¢ +e YN YT PR(9)0.ZN$)YP(f) = I+ 1Y,

=1 |n|<[al+1 d=11i=1 [n|<|a|+1
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where P;I(np) are multi-linear forms of degree d with signatures less than k satisfying k <
la| <N —1and k+ |n| <|a|+ 1. If |n| < N — 3, we have

[\.’MH

0:27(6) S =

HPc(i);]((p)Yﬁ(f)HL}c’v s ( +t)Nf(t),

so we have

N|=

€

”Pc?;,(@)axizn@)yﬁ(f)HL;M, S m}_(t)-
If |n| > N — 3, we have

1Pg ()] S (L+ )Y
so we obtain the estimate

1
€2
INsllzs, Se Y 10 2"(0)YP (N, + 55— F 1)
s ) et( 0'0)

Inl<|e|+1

By Lemma 5.5.1, we have

62 € ’
10527V Nl § 3 SIeZ" Dl S +5 3 127 flny.

[n'[<In| 1<y [<]n]

For || > 1, we can write Z f = Z"" (Zf) where 0 < |f’| = || =1 < N — 1. Applying
Lemma 5.2.3 to Z f, we have

In"| In"'] [n"'] [n"]+1
=35 S L@@ ZN Y S el Y (29)
J=1d=0|g"|<|n"| J=1 d=1 |p'[<]|n|
=P+ P,

where QZ;/ (Oz) are multilinear forms with respect to d,¢ of degree d and signature less than

k' such that ¥ < || —1< N —2and k' +d+|5'| <|n"|, and ng,j(ga) are multilinear forms
of degree d and signature less than k such that k£ < |n”| and k + |3'| < |n""| < N — 1. For the
term Pl, we have

P(Q5 (0a0)Y? Zf) = p(QU3 (0u0)Y P (Y  + ey oS )
= p(@";; @p)Y?Y )+ Y erarp(QUg (0:0)Y Y ()Y TS ).
18"”1<18']
Since k' < N — 2 and k’+d+\5’]+1 <7+ 1< N+ 1, we have
1P(Q15 (Pa2)Y Y )l < G(2).

For the second contribution of the term Py, we have either ¥’ +d < N —4 or |8"| < N — 4,
so by the bootstrap assumptions

(@5 (D0)Y ™ (@)Y~ S [)ll11 S F (&) + (1+1)G(2).
Therefore, the term P; satisfies

1Py S F(t) +e'°G(1).
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Using the identity Z =Y + ¢S, the term P» can be estimated as

14+t)N
17l < S R

[N

Putting the previous bounds together, we obtain
€

2 to
€ +€f(t)+€€ Og(t)‘i‘m]:(t)

[Nsllzy, <
In the case when Y@ = Y9, then, the term Nj is given by
la|—1 2
22 > P

N3 = etz E anlaxza 1Z77
d=1 =1 [n|<|q|

=1 |n|<|e
Using the vector field €0, € A, the estimate of N3 is improved by
1
€2
F(t).

S 10u2"O)YP(f)llne, + Sii=o0)

In<|e|+1

0,0 Z"($)Y P (f).

[Nsllzs, <

As a result, we obtain the improved estimate

N: T S
[Nsllzs, < o +M (t) + (100 (t).
Summarizing, for every |a| > N — 4, we have
1
2
ITo(Y U @Y F)l1y, S €+ eF () + e G(t) + s F(2).
And for every |a] > N — 5, we have
2 € €2
(t)-

@ €
[Ty (Y (axQO)Yﬁf)HL;U S prins mg(t) + m}_

Thus, by the method of characteristics we obtain
t
Y (@)Y (Bl < / HT¢(Y“(<P)Y5(f))IIL; ,(s)ds

t
}" ds+e/ G (5)ds
0

M\H

<é

and
1Y (@) Y () ()], S/O 1T (Y (@20) Y ()l (5)ds
t 1_00).7:(8)d3.

Lol 1
< 2 - =
SE€ —i—e/o es(l_ao)g(s)ds—i-w | o

Therefore, we have
t t
F(t) < €2el%0 4¢3 / F(s)ds + 6/ e®?°G(s)ds
0 0
t 1 1 t 1
G(t) Sete ; mg(s)ds + €2 ; m}"(s)ds.
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Applying Gronwall’s lemma to the estimate for F(t), we have

t 1
F(t) < (e%ewo + e/ esaog(s)ds) ette?
0
Applying this estimate to the bound of G(t), we have

to t 1
t) < —_— d 2 _—d
G(t) Se+ 6/0 68(1_00)9(3) s+e€ /0 ST s

t 1 s
/ — 1 / BTUOQ(T)deS7
0 es(1—00—Ce2) Jo
where the last term satisfies

t 1 s t t d
/ _ / eT"OQ(T)des:eg/ eT"OQ(T)/ SR —dr.
0 es(l—00—Ce2) Jo 0 7 eS(1—00—Ce2)

2 t
2
< ‘ T / o(r) —dr.
1—09g—Ce2 Jo gr(1-200—Ce2)
1
Choosing o and €, such that 20 + CeZ < min{%, o}, we have

G(t)Se,  F(t) See'”

[w

+ €

[N

€

O

5.6. Improving the bootstrap assumptions. In this subsection, we improve the bootstrap
assumptions (B1)-(B4) by applying the estimates for the terms HYO‘(cp)Yﬁ(f)HL}C )

Lemma 5.6.1. Let fo be an initial distribution function satisfying Ex}[fo] < €. If € > 0 is
sufficiently small, then, for all t € [0,T], we have

ERLI) < Se

Proof. By Lemma 5.2.1, for every multi-index |a| < N, we have

|

lal+1 2

[T, Y f =" > Pes(9)0.2"(¢)Yf,

d=0 =1 |B],]7|<||

where Pdoifﬁ(w) are multilinear forms of degree d and signature less than k such that k < |a|—
and k + |v| + |B] < |a| + 1. When |y| < N — 3, we have

N|=

€
0.27(9)| < 5.
by the bootstrap assumptions. By Lemma 5.5.2, we have

1P Y P (N, S (L+8)N e

since k4 |8 < N +1 and k < N — 1. By taking o > 0 small enough, we have

3

1P55(0)0:: 27 (9)Y P ()| S S e
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for some ¢/ > 0 If |y| > N — 3, we have
[Pis(@)] S L+ 0N,
since k, |3 < N —4 due to N > 7. By Lemma 5.5.1, we have
10, 27 ()Y (f)lls, S Z 127 (Hllzy,-
\77|<M

By Lemma 5.2.2, we have
Inl

=2 > F

d=0 |n'[<|n]
where Pgﬂ,(gp) are multilinear forms of degree d and signature less than k& with £ < |n| —1 <
N —1and k+ || <|n] < N. By Lemma 5.5.2, we have
1Z" (), S (L+1)Yee

which implies the existence of ¢’ > 0 such that

62

IP85(0)0: 27 (@Y (DI S~

Thus, there exists ¢/ > 0 such that

3
€2
ITeY*(Dlly, S v

As a result, we obtain
m s [ ds _3
ENLf ()] < ER[fo] + Z HT¢Y Ny, < e+ Cez - < 26
0
|| <N
when € > 0 is small enough. O

Lemma 5.6.2. For every multi-indez || < N — 3, we have

|VoZ%(t, z)| < L

Proof. The proof follows the same strategy than the proof of Lemma 4.2.2. Using the Green
function for the Poisson equation, we estimate the gradient V,Z7¢ by

V. 27|t 2) < Z/ ‘nlrpz Pl — y)dy

[ [<]v]

By Lemma 5.2.3, we have

lal e laf |al+1
CIED S I VI ERED SO DS L ) )]
j=1 d=0 |B|<|a] j=1 d=1 |ﬂ\<|al

where Q% (0z) are multilinear forms with respect to 0, of degree d and signature less than
k' such that ¥’ <|a|—1< N —4and ¥ +d+ |5] < || < N — 3, and P;‘g(go) are multilinear
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forms of degree d and signature less than k such that k¥ < |o| < N—3 and k+|8| < |a] < N-3.
Applying the weighted Sobolev inequality to every term in the above equation, we have

QB N =9I S o 3 VIR @Y Sl
In|<2

PP @Y () =] £ s 2 IVIPH @Y N,
In|<2

Since N > 7, there is at most one term Y () with |1'| > N —4. By the bootstrap assumption
and Lemma 5.5.2, we obtain

€ e(1+t)N < €
(e +z—yD? (e + |z —y)?e ™ (e + |z —yl)*

p(Z ) e =yl S

By Lemma 4.2.1, we have
Vo 27¢l(t2) S 5

Lemma 5.6.3. For every multi-index o with || < N — 4, we have
[Y%(t,xz,v)| < e(l+1).
Moreover, for every multi-indexr o with |a| < N — 5, we have
YVo(t,z,v)| <e.

Proof. Integrating along the characteristics, we have

t
Vol < [TV (@) oz ds
We estimate the two terms of the decomposition
TpY () = Y*Ty(p) + [Ty, YI(¢)-

Using the equation that defines the coefficient ¢, we have

|a|

YOTy(p) = Y iduZ(®)+ Y D Pi(9)0:2"(9),

In<l|a|+1 d=1|n|<|al+1

where P () are multi-linear forms of degree d with signatures less than k such that k <
la| < N —4 and k + |n| < |a|+1 < N — 3. By the bootstrap assumptions and the improved
estimates for 0,: Z"(¢), we have

Y Ty(p)|(t) S €+ S e

e

The commutator [Ty, Y*](¢) is treated using Lemma 5.2.1 from where

lol+1 2

[To, Y= >, >, Fis)0u27 (@)Y’

d=0 i=18|,]y|<|af
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where then multilinear form Pg%(np) has degree d and signature less than k with k < |a|—1 <
N —5and k+ |y|+ || <|a|+1 < N — 3. By the bootstrap assumptions, we have

1 14+t N+1
Ty, vl(o)) < LT <

Putting the previous estimates together, we have

t
Y p(t, z,v)] §/ eds S e(1+1).
0

Replacing the differential operator Y® by Y¢0, in the previous estimates, the term 9,: Z"(¢)
is replaced by 9,:0,; Z"(¢) which provides additional decay since e t0,:(e'd,;)Z"(¢). As a
result, we obtain

t
YOV 0(t, z,v)| S/ ids <e.
o €°
O

In summary, we have improved the bootstrap assumptions (B1)-(B4), and therefore the
proof of Theorem 1.2 is completed.

6. CHARACTERIZATION OF THE TRAPPED SET

In this section, we study the trapped set 'y of the characteristic low induced by the
small data solutions of (VPEP) that we studied in the previous sections. We give an explicit
characterization of I, which coincides with the stable manifold at the origin W*(0,0).

6.1. Properties of the trapped set. Let f be a small data solution to the Vlasov—Poisson
2

system with the potential %, according to the assumptions in Theorem 1.1 or Theorem

1.2. Let us describe the trapped set of the particle system determined by the characteristic

flow

(36) %X(t,x,v) = V(t,.fC,U), %V(twrvv) = X(tava) - va¢(t7X(t,$,U))

We have shown that for every small data solution of the system, the force field V,¢ decays
exponentially in time. In particular, the origin {z = 0,v = 0} is formally a fixed point of (36)
when t — co. We define the set

W*(0,0) := {(:E,v) R x R": (X(t,z,v),V(t,z,0)) — (0,0) as t — oo}.

Proposition 6.1.1. The set W*(0,0) is an n-dimensional manifold of class CN="=1. More-
over, the set W*5(0,0) is characterized as

> 1
(37) w#(0,0) = { (@,0) s 2 +v = / SV (t, X (¢, 2, 0))dt'}.
0 e
We call W#(0,0) the stable manifold of the origin.
Proof. Characterization of W*(0,0). Integrating the characteristic flow (36), we have

t
1
(38) X(t,2,0) + V(t,2,0) + ¢ / T X, 0))it = (x4,
0
t
(39) X(t,z,v) = V(t,z,v) — e_t/ et/uvx¢(t',X(t',:r,v))dt' =e Yz —w).
0
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Thus, the characteristic flow (X (¢,z,v), V(t,z,v)) satisfies
t

t
(10) Xt =S (e o /0 U0l X (Y v)dr)

1 L
+ 20t (3: —v+ /0 e uVao(t, X (¢, z, U))dt/>,
et t
(@) Vitew)=S(eto- /0 o, X (¢, v))ir
1 1 ! t / / /
- 2—et( vt g | el X0 2, 0))dt ).
If the dimension n > 2, then for every t; > to, we have
t1 1 to 1
‘/O guvx(ﬁ(t/a){(t/))dt/ _/0 guvx(ﬁ(t/a dt/ ‘/ :L‘¢ t X( ))dt/
< 6% t dt' €3 .
~ to €2t N €2t2
Thus, the limit
o ]‘ / !/ /
(42) | vt xwar.
is a well-defined real value such that
<1
(13) [ nvaott x(@ar| s €k
0

Furthermore, for every ¢ > 0 we have

‘/e,quStX ))dt’ 5/dt<ezt

where we have used the decay in time of the force field V;¢. By the representation formulae
(40) and (41), we have

b1
W?#(0,0) = {(:p,v) : et(x +v— / 7uvx¢(t',X(t',x,v))dt’> —0ast— oo},
o €
so in particular

W#(0,0) C {(az,v) x+tv= /000 %uvxgb(t/’X(t”gg,v))dt/}.

Furthermore, if 2 +v = [;° eVt , X (', x,v))dt’, then

t
1
oo [ Vol X(¢,m0)
0

t o 1 / /
| [ Vel X ()
1

1
o dt ez

S €§et o’ S e
PR—e e

Hence, we have

{(x,v) v = /00 %uvxqﬁ(t/’X(t/?x,v))dt’} c W*(0,0),
0
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so the equality (37) holds.
Nonemptiness of W*(0,0). By the smallness (43) of the limits (42), the sets

o A . o 1
A; = {(xz,vl) ER, xRyt ax' +0' > /0 guﬁxiqﬁ(t',X(t',x,v))dt’}
and
o . . o q , , ,
B; = {(xl,v’) eER xRy +0' < /0 g,u(?miqﬁ(t X (t, z,v))dt },
are clearly non-empty for every ¢ € {1,2,...,n}. By the intermediate value theorem, the sets
o . . o 1
W?#(0,0) = {(xz,v’) ER xRyitax' +0' = /0 ?uaxigb(t’,X(t’,x,v))dt’}

are non-empty for every i € {1,2,...,n}.
Invariance of W#(0,0). If (z,v) € W*(0,0), then, we have

<1
X(t,z,v)+V(t,z,v) = et/t ?uvx(ﬁ(t/,X(t,, z,v))dt,

by using the representation formula (38) and the characterization (37) of W*(0,0). By change
of variables, we have

[e.e]

o 1 1
[ Vot X (o)t = [ Vol X (et 0))a
t 0

1
:/ — NV ot +t', X (t+ 1,2, 0))dt.
0 (&
Since

< q
X(t,x,v)+ V(t,z,v) = / — Vot +t', X (t+t', 2, v))dt,
0 (&

>~ 1
- / Tvagb(t+t/,X(t/,X(t,[E,’U),V(t,l','l))))dt/,
0 e

then (X (t,z,v),V(t,x,v)) € W*(t). We recall that W*(t) is the push-forward of the stable
manifold W#(0,0) through the characteristic flow. In other words, W#(¢) is invariant.

Manifold structure of W#(0,0). We define the maps ¥ : R? x R} — R" and @ :
R? x R? — R", given by

<1
U(z,v) =z +v—®(z,0), O(z,v) := / ?uvzqﬁ(t’, Xt x,v))dt.
0

We have proved in (42)-(43) that ® is a well-defined map such that |®(x,v)| < ez. In
particular, the map ¥ is also well-defined. In the following, we show that ¥ and ® are maps
in the class CV~"~1. We obtain the proposition by proving det[d,; ¥;](x,v) # 0 for every
(z,v) € {(x,v) : ¥(z,v) = 0}, and then applying the implicit function theorem.

Claim 1. For every (t,z,v) € [0,00) X R x R and every i € {1,2,...,n}, we have

(44) 0, X (8, 2,0)| < (1+2e2)el, |0, X (¢ z,v)| < (14 2e2)e’
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Proof. By the formula (40), the derivatives 0,: X (t), 0,: X (t) satisfy

t
(45) 0. X (t) = cosht + 2% [ (000 X ()0, 0 (¢

t ot ‘
=5 | V@0 X0, X Wi,
0
t
(46) 0, X (£) = sinh £ + 2% ¢! 1V (D, 8) (¥, X (¢))D, X7 ()
0

t t
- 2/ %uvmﬂqﬁ)(t’,X(t’»aﬂ(t’w’»
0

In particular, 0,: X (0,z,v) =1 and 0,: X (0, x,v) = 0 satisfy (44) for every (0,z,v) € [0, 00) x
R? x R}. The proof of the estimate for d,:; X follows by a continuity argument. Let

(47) T := sup {t >0:1]0,:X(s,z,v)] < (1+ 20()6%)68 for every s € [O,t]},

where Cj := sup{e'|0,i0,;¢|(t,z) : for every (¢,x) € [0,00) x R?, and every i,5}. Using the
bootstrap assumption in (45), we have
1t t g
2 dt
€ze Co/ ar
2 o €

3
< (14 Coe? + 2Che)et < (1 1 5e%CO) et

t
10, X (1) < e + (1 + 26%)%00 + (14 2€2)
e

Therefore, the supremum (47) is infinite, and we obtain the desired estimate for 9,:X. The
same argument proves the estimate for 0,: X. 0

By Claim 1, for every t; > to we have

t ) to .
!/0 V(0 ) (¢ X ()0 X (¢ )t / V(0 8) (¢ X ()0 X7 (1)

<] [ FVaso x)o.x )

1 boqy 11
<”“+2€2)/t2 S
Thus, the limit
(18) | onvalomo) ' X (W), X ¢)ar.
0

is a well-defined real value such that

(49) | /0°°jt,uvw<aﬂ¢><t',x<t’>>aﬂ i)t < e

l\')

Thus, the integral

¢
/ %uvx(aﬂ d)t, X, v))@zin(t/, x,v)dt
0
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converges uniformly with respect to (z,v) € R} x RY. Using the continuity of the derivative
i (Vap(t', X (t',2,0))) = V(0 0) (', X (', 2,0v))0,: X7 (', z,v) for every (t,z,v) € [0,00) X
R” x R?, then

(50) 0,i®(z,v) = / 1t’ uwVy ( xj(f))(t’,X(t/’J;,’U))axin(t/,x,v)dt/
0

is well-defined. Furthermore, the estimate |0,:®(x,v)| < €2 holds. The same argument shows

that 0,:®(x,v) is well-defined and |0,: ®(x,v)| < e2. We have proved that ® and ¥ are maps
of class C'. Next, we proceed to show that ® and ¥ are actually maps of class CN~"~1,

In the following claim, we will use the multivariate Faa di Bruno formula [CS96, Theorem
2.1] to estimate the partial derivatives of V,¢(t, X (t)). For this purpose, we introduce a

linear order in N3 If = (u1,. .., pu2n) and v = (v1,...,v2,) belong to N&*, we write yu < v
provided one of the following holds:
() o] < |v].
(ii) |u| = |v| and p1 < v1.
(iii) |p| = V|, p1 =v1, ..., gk = Vg, and pg4q < vg4q for some 1 < k < 2n.

Claim 2. For every (t,z,v) € [0,00) X R? x R? and every 2 < |a] < N —n — 1, we have
(51) 102, X (t,2,v)] < (1+2€2)et

Proof. By the formula (40), the derivative 03, X (t) satisfies

52 08X = oy [ W0 Teold XN G [ T (Vo X ()

In particular, 95, X (0, r,v) = 0 satisfies (51) for every (0,z,v) € [0,00) x R} x R}}. Suppose
that (51) holds for every derivative 8£,UX with |5] < |a|. If |a| = 2 the estimate (51) holds for

every ame with || < 2 by Claim 1. The proof of the estimate (51) follows by a continuity
argument. Let

(53)

T :=sup {t >0:07,X(s,z,v)| < (1+2016%)63 for every s € [0,t], and every |a| < N—n—l},

where C := sup{ale'|0%¢|(t,z) : for every (t,z) € [0,00) x R?, and every |a| < N —n —1}.
By the multivariate Faa di Bruno formula [CS96, Theorem 2.1], we have

|al

(54) oo (Vad(t, X (t Z Va0p6(t, X(t Z Z H L= k! lx'vf:) ’

1<IA <o s=1 ps(a,N)

where

ps(a,/\):{(kl,...,ks;ll,...,ls)E(N(Q)")2S:]ki| >0, 0=l <...,<1s

Zk Y Z k|l = y}.
=1 =1
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Using the bootstrap assumption to estimate the derivative 95 ,(V.é(t, X (t))), we have

(55) 102, (Voo(t, X (1))] < Q}G% Z (1 + 263 )Pl e=tLHAD ot X5y [
Y 1<iNEl
< g}e%e*t Z (1+ 2e%)|)“ < g}e%e*t,
“ 1< |3 <lal “

where we have used the decay in time of the force field. Applying (55) in the representation
formula (52), we obtain

3 3
02, X(0)] < Cigeb + Cre'ed < (14 5Cred)ef
’ e
Therefore, the supremum (53) is infinite, and we obtain the desired estimate for Z?ng (t). O

By Claim 2, for every t; > to we have

[ ot (Taott X — [0t (Tt X))

t1 1
/ 08 (Ve X(1)))

t1 /
<t [T a1
~ ¢ €2t ~ €2t2

2

Thus, the limit

(56) /D°° L e (VLo X ()t

is a well-defined real value such that

67) [ o @aot. x| < ¢

Thus, the integral

-

/0 08 (Va0 X (¢, 0))

converges uniformly with respect to (z,v) € R? x R?. Using the continuity of the derivative
0% (Vzo(t, X(t,z,v))) for every (t,7,v) € [0,00) x R} x R}, then

(58) 08B, 0) = [ R0t X, o))t

is well-defined. Furthermore, the estimate |07, ®(x,v)| < ¢2 holds. We have proved that ®
and ¥ are maps of class CN "1,

As a result, for every (z,v) € {(z,v) : ¥(z,v) = 0} we have
det[axj \I/z] (.%', 'U) = det[&ij — 890]- (I)Z'KQZ, U) > 0,

since |0, ®(z,v)| < €. By the implicit function theorem, we conclude that W#(0,0) is an
n-dimensional manifold of class CN =1, g

Corollary 6.1.2. The trapped set ' of the characteristic flow (36) is equal to the stable
manifold of the origin W*(0,0).
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Proof. By the representation formulae (40) and (41), if z+v # [ e~ Vot , X (', x,v))dl
then | X (¢, z,v)| = oo and |V (¢,z,v)| — co. In other words, every (z,v) € R? x R?\ W*#(0,0)
escapes to infinity. In contrast, every (x,v) € W#(0,0) is trapped by definition. O

O

Proof of Theorem 1.3. Apply Proposition 6.1.1 and Corollary 6.1.2.
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