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ABSTRACT. In this article, we make use of a weight function capturing the concentration phenomenon of
unstable future-trapped causal geodesics. A projection V4, on the tangent space of the null-shell, of the
associated symplectic gradient turns out to enjoy good commutation properties with the massless Vlasov
operator. This reflects that V. f decays exponentially locally near the photon sphere, for any smooth solution
f to the massless Vlasov equation.

By identifying a well-chosen modification of Vi, we are able to construct a W;,’; weighted norm for
which any smooth solution to the massless Vlasov equation verifies an integrated local energy decay estimate
without relative degeneration. Together with the rP-weighted energy method of Dafermos—Rodnianski, we
establish time decay for the energy norm. This norm allows for the control of the energy-momentum tensor
T[f] as well as all its first order derivatives.

The method developed in this paper is in particular compatible with the approach of [Mav24, DHRT22]
used to study quasi-linear wave equations on black hole spacetimes.
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1. INTRODUCTION

In this paper, we study the boundedness and decay properties of massless collisionless systems on the
exterior (S, gar) of a Schwarzschild black hole background of mass M > 0. We describe the evolution of such
systems of free falling particles with zero rest mass by a distribution function satisfying a transport equation
along the null geodesic flow. More precisely, we study the solutions f to the massless Viasov equation on a
fixed Schwarzschild spacetime

XQM (f) =0, (1)

where X,, is the geodesic spray vector field. The distribution function f: P — R, is a nonnegative function
defined on the null-shell

P = {(z,p) €T*S | g (p,p) =0, pis future—directed}. (2)

The analysis of the asymptotic behaviour of the solutions to (1) is motivated by the study of self-gravitating
massless systems in relativistic kinetic theory [And11l, AnCGS22]. In the framework of general relativity,
they are modeled by the solutions (M, g, f) of the massless Einstein—Vlasov system

Ric(g) — %R(g) -g = 8nT[f],
Xg(f) =0,

(EV)
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where Ric(g), R(g), and X, are respectively the Ricci curvature tensor, the scalar curvature and the geodesic
spray of the Lorentzian manifold (M, g). The energy-momentum tensor T[f] of the Vlasov field f is given
by

T[flw = /P f(@, p)pupvdpp, (3)

where dup, is the volume form induced by the metric g on the fibers P, of the null-shell. We refer to
[Ren08, CB09, Andll] for more information about this geometric PDE system. When the distribution
function f vanishes identically, the massless Einstein—Vlasov system reduces to the vacuum Finstein equations
Ric(g) = 0. Consequently, the members of the one-parameter family of Schwarzschild black holes can be
viewed as stationary spherically symmetric solutions to (EV). In the perspective of studying the stability
of the Schwarzschild spacetimes as solutions to the massless Einstein—Vlasov system, we investigate the
asymptotic properties of massless Vlasov fields on the exterior of a fixed Schwarzschild background.

In the last decades, an intensive amount of research [DR09, BS03, AB15, TT11, DRSR16, Arell, Mos16,
MS24] has been carried out to show integrated local energy decay estimates (ILEDs) for wave equations
on the exterior of black hole backgrounds. These works are motivated by the stability problem of black
hole spacetimes for the Einstein vacuum equations. ILEDs for wave equations on black holes capture key
geometric properties of these spacetimes, including the well-known redshift effect and the existence of trapped
null geodesics. In view of this line of research, a program of deriving ILEDs for massless Vlasov fields on
black hole exteriors was initiated in [ABJ18, Big23]. In addition, in the latter work, inverse polynomial decay
of a non-degenerate energy flux has been shown by adapting the rP-weighted energy method of Dafermos—
Rodnianski [DR10]. However, the first and high order radial derivatives of the energy-momentum tensor
are not controlled in these works. This non-trivial task has been difficult to show due to the convoluted
structure of the system of commuted equations for solutions of the massless Vlasov equation (1). Most of the
derivatives in the span of {0,-, 3, . } grow exponentially on bounded regions of S. We deal with this issue by
using well-chosen vector fields that arise from the expansion and contraction properties of the null geodesic
flow. In this article, we develop a commutation approach for massless Vlasov fields on a Schwarzschild black
hole background. As a result, we control the radial derivative of the energy-momentum tensor T[f].

Recent works on decay estimates for wave equations on black hole backgrounds by Holzegel-Kauffman
[HK23b], and Mavrogiannis [Mav23], have shown novel relatively non-degenerate integrated (local) energy
decay estimates. In these integrated estimates, the bulk term is not degenerate with respect to its boundary
term.! A key ingredient in these estimates is a commutation vector field G € T'(T'S), given below in (4),
such that one can control, up to lower order terms, non-degenerately the spacetime integral of the first order
derivatives of G acting on the scalar field. Specifically, [HK23b] and [Mav23] studied linear wave equations
on the exterior of Schwarzschild and Schwarzschild—de Sitter spacetimes, respectively. See the extensions of
these works to subextremal Kerr [HK23a] and subextremal Kerr—de Sitter spacetimes [Mav22].

In this article, we develop a commutation approach to show decay for massless Vlasov fields on the exterior
of Schwarzschild spacetimes. We make use of a weight function ¢_: P — R that captures the concentration
phenomenon of future-trapped null geodesics in P. The projection Vi € T'(T'P) of its associated symplectic
gradient, parallel to a direction transverse to TP, turns out to enjoy good commutation properties with the
massless Vlasov operator. By identifying a well-chosen modification VmOd, we construct a suitable WI;
weighted norm for which any finite energy solution to the massless Vlasov equation verifies an ILED without
relative degeneration. Together with the rP-weighted energy method, we establish time decay for the energy
flux. This approach is compatible with previous works [Mav24, DHRT22, DHRT24] used to study quasi-linear
wave equations on black hole spacetimes.

1.1. State of the art on decay for massless Vlasov fields on black hole exteriors. Decay estimates
for solutions to the massless Vlasov equation on black hole exteriors have been obtained using either weighted
energy methods or phase space volume estimates. Let us discuss these contributions:

IThe integrated energy estimate shown in [HK23b] has an unavoidable degeneracy at spatial infinity »r = +o0o. This is why
these integrated estimates are local.
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1.1.1. Based on weighted energy methods. First, Andersson-Blue-Joudioux [ABJ18] studied the solutions
to the massless Vlasov equation on very slowly rotating Kerr black holes. They proved boundedness for a
weighted energy flux and an ILED, which degenerates at the future event horizon H* and on the trapped set.
Note that they do not obtain pointwise decay estimates for T[f]. Later, the first author [Big23] adapted the
rP-weighted energy method [DR10] for massless Vlasov fields on Schwarzschild to derive inverse polynomial
decay of non-degenerate energy fluxes, through suitable spacelike-null foliations, and also for momentum
averages. For this, an ILED allowing for a control of the solutions near H™ and the photon sphere was
obtained. We note that for strongly decaying data, this article shows superpolynomial decay of T[f].

1.1.2. Based on phase space volume estimates. Recently, the second author [VR23] proved that Schwarzschild
is non-linearly stable for the massless Einstein—Vlasov system in spherical symmetry. This result uses the
normal hyperbolicity of the trapped set for the null geodesic flow. When restricted to Schwarzschild, this
hyperbolic behaviour is captured by weight functions ¢4 : P — R that define the subsets {¢+ = 0} and
{o— = 0}, where future-trapped and past-trapped orbits are contained, respectively. Assuming compact
support for the initial data, T[f] was proved to decay exponentially in the bounded region of the exterior
of the black hole. Derivatives of the distribution function were estimated by studying Jacobi fields on P in
terms of the Sasaki metric. Suitable derivatives of the energy-momentum tensor were also shown to decay.
Around the same time, Weissenbacher [Wei24] proved decay estimates for the components of T[f] for
solutions to the massless Vlasov equation on Reissner-Nordstrom spacetimes for compactly supported initial
data. In the extremal case, if the initial support of f or its first order derivatives intersect a neighborhood of
the future event horizon, the transversal derivatives of certain components of T[f] do not decay along H™.

1.2. Vlasov equations on backgrounds with hyperbolic flows. A well-known property of Schwarzschild
is the existence of trapped null geodesics at {r = 3M }. These orbits are unstable, in the sense that the trapped
set, where trapped geodesics are located, is normally hyperbolic.? We discuss previous works on decay for
Vlasov fields on backgrounds with hyperbolic flows.

In the exterior of Schwarzschild, the radial geodesic equation defines a non-linear ODE system with a
hyperbolic fixed point corresponding to the trapped set. The linearisation of this non-linear ODE with
respect to its fixed point, defines a Hamiltonian flow on R, x R, with Hamiltonian H(z,p) = %p2 — %mz (up
to normalisation). Unstable trapping holds for this flow, and with this motivation, small data global existence
for the Vlasov—Poisson system with the external potential %I‘z was shown in [VRVR24] in dimension n > 2.
Modified vector field techniques were used in dimension 2. See [BVRVR23] for the modified scattering
dynamics of this system in dimension 2.

Recently [VRVR23] studied decay estimates for Vlasov fields on non-trapping asymptotically hyperbolic
manifolds. By a commuting vector field approach, the spatial density and its first order derivatives were
shown to decay exponentially, when the initial data is away from the zero velocity set. For general compactly
supported data on hyperbolic space, the decay is only inverse polynomial.

1.3. The main results. Before stating our main results, we briefly introduce some notations. See Section
2 for a more thorough presentation. We will use the notation A < B to specify that there exists a constant
C > 0, depending only on the black hole mass M and possibly other parameters quantifying the decay rate
of the initial data, such that A < CB. If A < B and B < A we will write A ~ B.

1.3.1. The coordinate system induced by the tortoise coordinates. In the strict exterior S of the Schwarzschild
black hole (S, gas) of mass M > 0, the metric reads

g = —Q2(r)d? + dr? + r?d6? + r? sin®(0)d¢?, Q¥ r)=1-"—

Q2(r) r’

2As proved in [WZ11, Section 2], the trapped set of Schwarzschild spacetime is eventually absolutely r-normally hyperbolic
for all r.
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where (t,7,0,¢) € R x (2M,400) x (0,7) x (0,27). In this article, we will mostly work with the tor-

toise coordinate system (t,7*,6,¢), where % = Q72 and 7*(3M) = 0. It induces the coordinate sys-

tem (¢,7%,0, ¢, pr, pre, Do, Py) on the cotangent bundle T*S. Then, the null-shell P can be parametrised by
(t7 T*, 97 ¢7p7'* 7p97p¢)a where Dt is given by

i

sin?(6)

1 1
2 2

Iyl

r2

pz* + 02 pg +

; pl =

is written below in (18).

bt = —

The expression of the geodesic spray Xg,,

1.3.2. Weight functions and commutation vector fields. We now define the quantities that we will use to set
up the main weighted energy norm of the article.
Let N € T(T'S) be the future-directed timelike vector field

r2
M?2Q2
where xyny € C*°(R) is a cutoff function such that yy(r) =1 for r < 2.5M and xn(r) =0 for r > 2.7M. We
define the weight function associated to N, by the contraction

N = 8t+XN(T) (8t78’r*)7

Pt — Dr»
py =p(N) =p + XN(T)7'2 W
Note that contrary to |p|, |px| controls all the components of p near H* (see Section 1.5.6). Let G € I'(T'S)
be the spacelike vector field
r 6M\ 3 3M r
= (14 25) (1= 25 )a+ Sone. 1
G=5(1+= Yo+ 50 )
We define the weight function ¢_(x,p) associated to G by
o (z,p) = p(G) (5)

as well as the rescaled weight ¢_ = Q 1p_.

Next, we define the vector fields that we will use to commute the Vlasov equation (1). They arise as
projections on TP of the symplectic gradients of suitable weight functions (see Section 5 for more details).

Let Xy € I(TT*S) be the symplectic gradient of weight function [p|. The vector field X, is tangent to
TP and it can be expressed in terms of the complete lifts of the rotational vector fields.

Let Vi € I'(T'P) be the projection on TP parallel to J,, of the symplectic gradient of ¢_. Let us also
consider the vector fields V V‘j_“’d € I'(TP), obtained as rescalings and modifications of V., given by

Ve =01V, Vvied =V, + ®rp_0,,.,

where ®(z,p) is determined by a suitable transport equation along the geodesic flow (see Definition 5.18).
The modified vector field V$°d plays a central role in the energy estimates we perform.

1.3.3. The energy fluzes. We will study the solutions to (1) using a spherically symmetric spacelike-null
foliation (X;),>o crossing H* and terminating at future null infinity Z*. More precisely, for a fixed constant
Ry > 3M and a well-chosen ug € R,

S,={t"=m,r <R} U{t—r*=7+4ug, 7> Ro}, t* =t +2Mlog(r — 2M).

In this framework, we pose a sufficiently regular initial data on 7=1(3¢) C P, where m: P — S is the
canonical projection. For any distribution function g : P — R and all 7 > 0, we define the norm

Elg](r) = / Do, glditn 1),
w1 (S,)

with respect to the induced volume form dji,-1(5_ ) on 7~1(X,), where nyx_ is the corresponding normal to
Yr and pn,_ = p(nx,) its contraction with p. We will study the evolution in time of massless Vlasov fields
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by using the W;; weighted energy flux
Elg] =E[png] +E[p-ig] +E[p_Xp9] +E[px V]
+Elpnlr~"o- 1V g] + E[Q% pi] ¥ 0|10, 9].

1.3.4. Statement of the main results. We are now ready to state the main result of this article and its
consequences.

Theorem 1.1 (ILED without relative degeneration). Let f be a sufficiently reqular solution to the massless
Viasov equation (1) such that E[f](0) < +oc0. Then, there exists C' > 0, depending only on M, such that

+oo
sup E[f](7) +/ Elrtlog (2 +7) f](r)dr < CE[£)(0).
7>0 =0

As a corollary of Theorem 1.1, we show inverse polynomial decay of the energy norm E[f] by using the
rP-weighted energy method. For this, we use a suitable hierarchy EP[f] of weighted energy fluxes with p € N.
See Section 7.2 for the precise form of £EP[f]. We also prove pointwise decay for the components of T|[f].

Corollary 1.1 (Inverse polynomial decay of the energy-flux). Let p € N and f be a solution to the massless
Viasov equation such that EP[f](0) < +o00. Then, there holds

1

VT >0, 5[f](7)5W5p[f](0)7 (6)
and
Vr>0,  sup r?Tan[f] S —EPF)0), (7)
=, X

where EY[f](0) is an appropriate fourth-order energy of the initial data.

Remark 1.2. As in [Big23, VR23, Wei24|, we also obtained improved decay estimates for the good null
components of T[f]. See Corollary 8.8 for more information.

Remark 1.3. By working with the foliation ({t = 7})r>0, where (t,r,0,¢) are the hyperboloidal coordinates
defined in Section 6.5, we could obtain pointwise decay estimates by merely assuming the finiteness of a third
order energy norm.

Additionally, we show exponential decay of the energy norm £[f]. For this, we use a suitable exponentially
r-weighted energy flux Eé’xp [f], which is introduced in Section 7.2 and where b > 0 is related to the base of
the exponential weight.

Corollary 1.4 (Exponential decay of the energy-flux). Let b > 0 and f be a solution to the massless Viasov
equation such that 2 [f](0) < +oc0. Then, there exists by € (0,b], depending on M, such that

exp

V720, E[fl(r) S e T ELLf1(0),

exp
and

V7 >0, sup Ty [f] S e 7€, 4[f1(0), (8)

exp,
-

in terms of an appropriate fourth-order energy Eé’pr[f](O) of the initial data.

The vector field approach we develop is also suitable to upgrade the previous results to higher order
statements. However, for the sake of clarity we do not pursue this here.
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1.4. Difficulties of the problem. The main goal of this paper consists in developing a commutation
approach which allows us to address the next two problems:

(a) Prove an ILED without relative degeneration for finite energy solutions f to the massless Vlasov
equation (1). One can easily prove (see for instance Proposition 4.1) an inequality of the form

= e[(r—BMﬂ

vnznzo e+ | S| rar < elsicn. (deg ILED)

T=T

where €[f] is a non-degenerate energy flux such as E[py f]. There are two degeneracies in the flux of
the bulk term compared to the flux in the RHS. One at infinity, which is not problematic since the
decay estimates will be obtained by using the rP-weighted energy method that exploits the asymptotic
flatness of Schwarzschild spacetime.®> The other degeneracy occurs at the photon sphere {r = 3M},
which is related to the difficulties associated to the existence of trapped null geodesics, and has to
be removed in order to derive decay estimates.

We would like to prove an ILED without relative degeneration, that is, an estimate such as

T2

vnznzo e+ [ 85| mar ssinm (ILED-wrd)

T=T1
for an energy flux §[f] controlling E[py f]. Contrary to (deg-ILED), apart from the factor vanishing
at infinity as 72, the flux in the time integral in the LHS is equivalent to the one in the RHS.
In conjunction with a well-adapted rP-weighted energy method, (ILED-wrd) will allow us to derive
decay for the energy flux F[f].

(b) Prove boundedness for all the derivatives of the energy-momentum tensor T[f]. In order to control

LatT[f]’ ‘CﬂqT[f]a

where (£2;)1<i<3 are the generators of SO3(R), one can exploit the time and spherical symmetries of
Schwarzschild spacetime. However, for the radial derivative, the difficulty is that contrary to the case
of Minkowski spacetime, we do not have 9, = %aﬂ- with 0,: being generators of space translation
symmetries letting the Minkowski metric invariant.

In the case of the wave equation (g7 = 0 on Schwarzschild or Kerr spacetimes, where the analogous
problem consists in proving boundedness for 1 in H 2(¥,), one can proceed as follows. First, one
can control dyib in H'(X,) by exploiting [Jy,d;] = 0. Then, the other second order derivatives can
be controlled through a manifestation of the redshift effect and elliptic estimates. In the case of
the massless Vlasov equation, one could hope to take advantage of the hypoelliptic properties of the
transport operator X, through the so-called averaging lemmata [Ago84, GLPS88|. Nevertheless, the
optimal regularity H'/ 2(¥,) one could expect from them, together with bounds on f and 9, f, is far
from WH1(X,). It is even too weak to get pointwise estimates through Sobolev embeddings.

Remark 1.5. In Schwarzschild one can simply use the symmetries of spacetime and control 921
through Og¢ = 0. The analogous strategy for the massless Vlasov equation (1) would merely allow
us to control GT*T[%f].

It turns out that we will solve these two problems together. Concerning the issue of the degeneracy at the
photon sphere for (deg-ILED), we recall:

e From [Big23, Proposition 3.12], the estimate (ILED-wrd) does not hold for §[f] = E[pn f].
e One can prove an estimate similar to (ILED-wrd) with §[f] = E[px f], but where the RHS is replaced

by a flux §[f], where § < § even though § and § are not equivalent. See [Big23, Proposition 3.2] or
Proposition 4.2 below.

3This degeneracy can be removed for exponentially decaying initial data. See Proposition 7.5.
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1.5. Ideas and strategy of the proof. We now present the key ideas of the proof of Theorem 1.1, which
address the problems (a) and (b). The main part of the analysis will consist in performing an estimate similar
to (ILED-wrd) for the W}! weighted semi-norm £[f] — E[py f], which will allow us to solve the problem (b).
Then, by a local Sobolev inequality and (deg-ILED), we will derive the estimate (ILED-wrd) for §[f] = £[f].

1.5.1. Step 0: Linearisation around the photon sphere. The linearisation of X, in the (¢,7*,p,-) variables
around the fixed point (r —3M = 0, p,~ = 0) yields, up to a constant*, the operator

Xiin = 0 + p0y + 0y, (t,2,p) € Ry x Ry X Ry,

which has been studied in [VRVR24]. The characteristics of X, either escape to infinity or converge to
(x =0, p=0). Moreover, the weights s := e’(p — x) and u := e (p + z) are conserved along the flow of Xy,
and are closely related to the trapping phenomenon. In particular, p — x decays exponentially along the flow
of Xji, and measures how close is the trajectory starting at (x,p) at t = 0 to be past-trapped. The derivatives
of a solution g to X, (g) = 0 can be well-understood by the analysis of the symplectic gradients U and S of
s and u, respectively. Alternatively, one can study the symplectic gradients W, and W_ of ¢_ := p — z and
¥4 = p + x, respectively. These vector fields are given by

U = etWJr, S = e*tW,, W+ = 833 + 8p, W_ = 8x — ap
and satisfy the commutation properties
I:Xlirh U} = [X]ina S] = 07 I:Xlil’n WJr} = _W+7 [Xlin7 W,:I = W,.

One can see in particular that:

e Ug is conserved along the flow of Xj;,. Equivalently, W, g decays as e~*.

e By integration by parts |, fp gdp| < e7?, whereas | fp gdp| < e7! by a suitable change of variables.
e For any Z,, = a0, + b0, with a # b, then Z, ;g grows exponentially along the flow of X;,.

Thus, despite that derivatives of macroscopic quantities associated to g decay exponentially, there is merely
one (direction of) microscopic derivative (a0, + b0p)g which decays exponentially, whereas the others grow
exponentially. In the case of Schwarzschild, this suggests that one way to derive decay estimates for 9, T[f]
is to identify a good vector field on the null-shell which is analogous to either U or W,..

1.5.2. Step 1: Finding a good weight function. The weight ¢_ introduced in (5), which measures how close
is a null geodesic to be past-trapped, is exponentially decaying along the flow on the bounded region of
spacetime. Specifically, it satisfies

|p:|
Xglp )= ——F———0p_. 9
a(p-) etz (9)
By integrating this relation, one obtains a conserved quantity analogous to s. Let, for (x,p) € P, 7 +— ®,(z,p)
be the flow map of X, parametrised by t* with data ®;«(,(z,p) = (2,p). Then

t* ()
. a(z,p) o |pt|
s(x,p) = p_(x,p)e , a(x,p) = —————— o P (x,p)ds,
(p) = ¢-te.2) (@) /s:o r3|r 4+ 6M|zQ2 -(@:2)

is conserved along the null geodesic flow. From (9), we will show that the degenerate norm E[p_ f] verifies
an (ILED-wrd). See Proposition 4.3 for more information.

4The actual linearisation yields the operator 0¢ +pdy + ﬁzap, where the additional constant is the square of the Lyapunov

exponent 3 L_ associated to the unstable trapping at the photon sphere.

V3M
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1.5.3. Step 2: Identifying a vector field commuting well with X;. By a standard abuse of terminology, we
denote by X,, the symplectic gradient of a function w(x,p) defined on an open subset of T*S. It turns out,
in view of the analysis in Appendix B, that ¢_ can be extended to the set

Pcausal = {(xap) S T*S ggl(pap) S 07 P < 0}7

m(xvp)( 1/2

containing all causal geodesics. Its extension, denoted ¢ z,p), where m(z,p) = | — gz *(p,p)|*/? and
@Y = ¢_, verifies an identity similar to (9). Consequently, one can also extend a and s, so that this last
quantity is conserved along causal geodesics. Therefore, its symplectic gradient X, verifies

[Xst} =0, X, = va_nea(i’p) + gp’f(x,p)ea(w’p)xa on ﬁcausal.

Compared to the linearised case previously discussed, s and X, should be compared with s and U. In view
of the regularity of the geodesic flow in Schwarzschild and these last quantities, one can smoothly extend X,
X,m, and X, up to P. We can then obtain boundedness for X, f, where f is a solution to the massless Vlasov
equation, that is f is defined on P and X,(f) = 0. However, the function a(x,p) is not given as an explicit
function of the coordinates, which makes the expression of X, particularly involved. Deriving estimates for
O, T[f] from X, f is then a non-trivial task.

With this in mind, we decided to look for a vector field analogous to W, instead. As e~**P)X, suffers
from the same issue as X;, a good candidate for that could be X, = which has the advantage of having the
simple expression

r 4+ 6M|=

r2{)

r—3M r3

X m o= _ T*_i_i
PV

@™ (T — 3M)at + %ar* — ( >apr* + ngg on 7)’ (10)

in the coordinate system (t,7*,0, ¢, ps, pr, Do, pg) on T*S and where z4(r, p,-, p;) is a smooth function. We
stress that the last term, which is tangent to P, is irrelevant for the study of solutions to the massless Vlasov
equation since z,X,(f) = 0. Nevertheless, as X,m ¢ TP, this vector field cannot be used to study the
solutions to the massless Vlasov equation. Instead, we will make a non-canonical choice, that we will justify
in Remark 1.6, and work with
V+ = PrOjHapt (XWT) — .'L'ng, P]f'Oj‘lapt . U T(T,p)T*S — TP,
(w,p)eP

where Proj”am is the projection parallel to 0p,. Then, in the coordinate system (t,r*,6, ¢, py«,pg,pg) on P,
the vector field V. has formally the same expression as X,m — z,X,, allowing for the (schematic) estimate

GTIf)] < [TV f] + [ TIF]]- (11)
Moreover, V; has good commutation properties with X,

[pe r+3M

X, Vil=— — , _0, . +20X,. 12
g V4] rEr+6M3Q2 T R4 6M|3 Pelo—~0y, g (12)
However, compared with [Xy,, W] = —W,, there are two additional error terms. The last one vanishes

when applied to f, but the second one is in fact problematic in the perspective of proving an ILED without
relative degeneration. Indeed, by analogy with the linearised problem, we schematically have around the
photon sphere

20-piOp,. [~ p-Wig—p_W_g. (13)
Recall then that 1) and W g decay as e~t but W_g grows as e'. Hence, W, g—1_W_g is of order 1 and,
roughly speaking, its asymptotic behaviour is then comparable with the one of g. It turns out that one may
indeed prove boundedness for &[f] = E[r—to_p;0,, . f] + E[p:Vy f] + E[p_0; f] but, exactly as for E[pn f],
one cannot obtain (ILED-wrd) with §[f] = &[f].

Remark 1.6. As explained in Appendiz B.3, if W is a vector field transverse to TP, we have
Vi - ProjHW(XwT') —x,Xy =92,
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where Z is a smooth vector field on {r > 2M}. If W is chosen to be Op,., the derivatives according to py in

the coordinate system of T*S induced by (t*,r,0, ), it turns out that Z is collinear to Op,.. One can check

Prx
’ pe

using Proposition 5.15 that for any vector field of the form ‘7+ =Vi+ go_z(r )3pr* , where z is a smooth

unction, the commutator [X ,‘7 verifies the next properties:
g V+ prop

o The first term is the same as in the RHS of (12), with V. replaced by ‘N/+.

e There is an error term of the form b(r, ppr: )pel—0p,.., similar to the second one in the RHS of (12).

e There are extra error terms, proportional to p_0y and @_V,, which can then be handled.

We could then use ‘7+ instead of Vi, but choosing Vi provides a more convenient commutation formula.
1.5.4. Step 3. Finding an improved commutator. We recall the two next properties:

o V, +¢_X, satisfies good commutation properties with X, but the coefficients of X,, are not explicit
functions of the coordinates. Even worse, they are not even invariant by the flow of ;. Thus, the
components of Vy + ¢_X, in the basis {9y, 0p«,...,0p,} cannot be easily estimated and could even
vanish, so that estimating 9, T[f] through Vi + ¢_X,, looks complicated.

o V. is given through the simple expression (10) but [Xy, V] contains error terms which cannot be
controlled sufficiently well for our purposes.

However, we can observe that the difference ¢_X, of these two vector fields has the weight ¢_, which

motivates us to look for a correction Vj{“’d of V verifying the following properties:

) Vde = V4 +Ap_0,,., where A is a suitable function that can be controlled in W;I?o In such a way,
by performing integration by parts, one can prove that (11) holds true as well when V, is formally
replaced by V_TOd.

e There exists a vector field Z such that

Q 1 3
X, ymed :—#Vmouf _|7|pN|TZ + 20X, supE[pnZf](7) < +o0.
Ry VI = g VI el o SPEDNZA)
Then, thanks to the factor \go,|1/ 4. we will be able to prove an ILED without relative degeneration
for® |[r~tp_[Y4pN[3/2Z f, and then for the flux E[py VEodf].
Finally, in order to fully capture the redshift effect and obtain a stronger control of the solutions near the

future event horizon H*, we will work with a rescaled version of these vector fields, V, = Q7'V, and
VT_Od = Q_le_nOd, which are related to the weight ¢_ = Q~'¢_ discussed in Section 1.5.6.

1.5.5. Step 4: Proving an ILED without relative degeneration. Once Vi“’d is identified, the main difficulty
is to control appropriately |r~to_|'/4|pyx|?>/*Zf. For this, the goal consists in proving boundedness and an
ILED without relative degeneration for
13 5 3, _ 1
PO, Dy,. [ = Q2 |pe|3|r p_[30,,. f, Dy, f = |pn|i|r o [3V, f.
The first derivative can be easily treated since X, (0;f) = 0. Moreover, we can expect to be able to control
well the last two derivatives since they are weighted by a sufficiently large power of ¢_. However, it turns
out that the system of the commuted equations is not triangular. More precisely, we have
1 1 319
Xy (r4DV+f) < —béood(x,p)MD‘@f + [pn|r 3’7“4Dpr* f
9 9 3 1
Xg (T4 Dpr* f) < _bzood(x?p)r4 Dpr* f + C|pt/pN‘ 4 |S0, | ’T4 DV+f| + gOOd term,
with C' > 0 and where the good term is a combination of ¢_0;f and ¢_X f. Moreover, [p_| < r[pn| and
bl

good

)

(#,1), Bo0a(®,p) Z 7 |pn|. One can observe that there are two problems.

e First, T%D‘q f and T%Dpr* f carry respectively extra r1 and r1 factors compared to the quantities
we would like to control.

e The functions béoo q and b;ood are not strong enough to absorb the bad error terms. There does not

exist ¢ > 0 such that cb}, 4(z,p) > Cr=2|p,/pn|?le_| and b2 o (@, p) > e pn|.

5Note that @_ grows as r, which explains why the derivative is in fact weighted by r~1p_.
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We deal with the first issue by splitting the null-shell P into the three regions {p,~ < 0, r > R},
{pr >0, r > R} and {r < R}, where R > 3M is sufficiently large.

(a) Incoming particles in the far-away region {p,» < 0, r > R}. This domain can be treated indepen-
dently of the rest of the null-shell. The reason behind that is that future-directed null geodesics never
enter this region. The difficulties related to trapping do not appear here and, if R is chosen large
enough, we are in fact on a perturbation of Minkowski. We are then able to control the derivatives
of the distribution function by a method inspired by the flat case.

(b) Escaping particles in the far-away region {p,- > 0, r > R}. The key observation is that X,(r=!) =
—pr=1r~2 <0, so we can rescale the vector fields by generating error terms with a good sign.

(¢) The bounded region {r < R}, where the first problem is irrelevant.

We address the second issue by taking advantage of the weight function ¢(x, p) introduced in Definition 6.16,
which verifies ¢ ~ 1 and X, (¢) < —r~2|py«| — r=3|r — 3M||p;|. This weight can be exploited in order to deal
with the bounded region, when away from a neighborhood of H™ and the photon sphere. In fact, it allows to
handle the error term C|pt/pN|%|<p,HriDv+f , which degenerates at »r = 2M and at » = 3M, on {r < R}.

1.5.6. About the redshift effect and the rP-method. We note that ¢_ can also be used to capture the redshift
effect [DR09] and the rP-weighted phenomenon [DR10]. This explains why, as it can be observed in (9), the
weight |¢_| is a Lyapunov function in the full exterior of Schwarzschild and not merely around {r = 3M}.
Let us discuss these properties:

e The redshift effect is the phenomenon that allows for massless Vlasov fields supported in a neighbor-
hood of HT to decay exponentially. In any region {r > 2M + §} with § > 0, the vector field 9; is
strictly timelike, and |p;| controls any component of p. However, since d; is null on H ™, this property
does not hold up to H*. This is why we control py f, where

Pu

02
instead of p,f. At a first glance, this could seem problematic since the stationarity of Schwarzschild
merely allows for a direct control of p,f. However, this can be shown as &% eventually decays
exponentially along any null geodesic that enters the black hole region.

e The rP-weighted phenomenon is related to the fact that most of the particles are escaping in the
region r > 3M after a large time. In fact, r?|p,| eventually decays for all 0 < p < 2, along any null
geodesic terminating at future null infinity Z+.

DN ~ Pt + near r = 2M,

The redshift effect and the rP-weighted phenomenon are fully captured by the identities
r? r—3M r? r—3M
% (gt ) =2, (i) = -2,

respectively. Moreover, the function ¢_ is related to these two weight functions through

2
< Qlpe| for r < 2.5M, ‘¢,+§T|pv| 5@ for r > 4M.

2r
‘(p, - ﬁ‘pul
These estimates justify why we will often work with the rescaled quantity ¢p_ = Q tp_.

1.6. The non-linear stability of the Minkowski space. The global asymptotic stability of Minkowski
spacetime for the massless Einstein-Vlasov (EV) system was first obtained by Taylor [Tay17], when the ini-
tial distribution function is compactly supported. Under this assumption, the problem becomes a small data
semi-global existence result in the wave zone. The estimates for the distribution function were performed
by studying Jacobi fields on P. Later, Bigorgne-Fajman—Joudioux—Smulevici-Thaller [BFJ*21] proved the
non-linear stability of Minkowski for (EV) without assuming any compact support for the initial data. The es-
timates for the distribution function here were obtained by using weighted commuting vector field techniques.
The case of spherically symmetric perturbations was previously addressed by Dafermos [Daf06].
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1.7. The massive Vlasov equation on black hole exteriors. The energy-momentum tensor T[f] for
massive Vlasov fields on Schwarzschild spacetime in general does not decay. The massive Vlasov equation
admits many non-trivial finite energy stationary solutions. One can circumvent this obstruction to decay,
by considering massive Vlasov fields supported in the closure of the largest domain of the mass-shell where
timelike geodesics either cross H ™, or escape to infinity. For this class of distribution functions, quantitative
decay estimates for the energy-momentum tensor have been shown by the second author [VR24]. On the
other hand, in the region where Vlasov fields do not decay, a phase mixing result without a rate of convergence
has been proved by Rioseco-Sarbach [RS20]. In the perspective of addressing the problem of quantitative
phase mixing, Chaturvedi-Luk [CL24] have recently shown these estimates for a linear Vlasov equation under
an external Kepler potential. Even further, they have obtained in spherical symmetry a long-time nonlinear
phase mixing result for the Vlasov—Poisson system under an external Kepler potential.

In a different research line, Kehle-Unger [KU24] constructed one-parameter families of smooth spherically
symmetric solutions of the Einstein—-Maxwell-Vlasov system, interpolating between dispersion and collapse.
The solution corresponding to the threshold of gravitational collapse turns out to be an extremal black hole.

1.8. Structure of the article. We end with an outline of the remainder of the paper.

e Section 2. We recall the framework to study massless Vlasov fields from the point of view of the
initial value problem. We recall the general form of the energy flux of a distribution function.

e Section 3. We introduce a class of weight functions, and show their basic properties. In particular,
we set the weights ¢ that capture the expansion and concentration properties of the geodesic flow.

e Section 4. We show zeroth order energy boundedness and ILEDs.

e Section 5. We introduce a class of vector fields that are used to commute the Vlasov equation. In
particular, we introduce the symplectic gradients Vi, and the modified vector field V‘f"d.

e Section 6. We prove an ILED without relative degeneration for the first order energy norm &[f].

e Section 7. We show time decay for the first order energy-norm £[f], by using the r?- energy method.

e Section 8. We prove pointwise decay estimates for the components of the energy-momentum tensor
T[f] using Sobolev inequalities.

e Appendix A. We show pointwise bounds for the correction term of the modified vector field V‘i"d,
including its first order derivatives.

e Appendix B. We discuss the commutator associated to the conserved quantity arising from trapping
by using the symplectic structure of the cotangent bundle.

1.9. Acknowledgements. LB conducted this work within the France 2030 framework programme, the
Centre Henri Lebesgue ANR-11-LABX-0020-01. RVR thanks Jacques Smulevici for several stimulating dis-
cussions. RVR also thanks Georgios Mavrogiannis for insightful discussions about [Mav23, Mav24].

2. PRELIMINARIES

2.1. Schwarzschild spacetimes and their properties. The Schwarzschild black holes (S, g )m>o is a
one-parameter family of spherically symmetric and stationary Lorentzian manifolds. From now on, we fix a
mass M > 0 and we drop the subscript M of the metric, so that we write g for gus. .

2.1.1. Coordinate systems. Let us define the Schwarzschild metric in terms of (¢*,7,0,¢) coordinates. We
equip R x R} x S? with the metric

4AM 2M
g = —Q2(r)|dt*|? + Tdt*dr + (1 + T)dr2 + 72gse, Q(r)=1- -

where gg2 = d6% + sinz(e)d¢2 is the round metric on the unit sphere S?. This coordinate system has the
usual degeneration of the spherical coordinates (0, ¢) € (0,7) x (0,27). The exterior region of the black hole
S and the future event horizon HT are given by

S =R x [2M, 00) x S?, HT =R x {2M} x S2.
The subset {r < 2M}, which corresponds to the interior of the black hole, will not be studied in this article.
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The vector field 0}, the derivative with respect to ¢* in these coordinates, is timelike on S and null on
HT. The future event horizon is then a null hypersurface normal to d;.. We fix the time orientation in the
Lorentzian manifold (R x R* x S?, g) by requiring 8;. to be futured-directed in S.

We will mostly work in the tortoise coordinate system (¢,r*,0,¢) € R x R x (0,7) x (0, 27), which covers
S = {r > 2M} and where (¢,7*) are given by

t:=t"—2M log(r — 2M), r*(r) ==r —3M + 2M log(r — 2M) — 2M log(M),
so that dr* = Q~2dr and r*(3M) = 0. The metric then reads
g = —Q2(r)dt? + Q*(r)|dr*|? + r?gse. (14)

We will denote by 0, 0+, 0p and 0, the derivatives with respect to ¢, r*, # and ¢ in this coordinate system
and we consistently define 9, = Q720,«.

Finally, we also introduce the outgoing and ingoing Eddington—Finkelstein null coordinates. They are
respectively given by

u=t—r" v=t+r",
so that we define . )
O = 5 (0 = 0r-), o = 5 (00 + 0r-).

As one can check, by exploiting for instance the coordinate system (t*,7,0,¢), 2720, can be extended as
a smooth vector field up to H*. In the double null coordinate system (u,v,6,¢), the metric takes the
form g = —Q2?dudv + r2gs2. We note that the level sets of u and v are respectively outgoing and ingoing
null cones. In view of the relation between t* and v, we can abusively view the future event horizon H*
as {(u = +o00,v,0,¢)}. Finally, future null infinity T, which can be rigorously defined in a conformal
compactification of Schwarzschild spacetime, can be viewed as the limit of {v = vo} as vg — 4o00. It then
abusively corresponds to {(u,v = +00,6, ¢)}.
We refer to [O’N83, Chapter 13] for more information about the family of Schwarzschild black holes.

2.1.2. Killing fields of Schwarzschild spacetime. As it can be checked in (14), 0; is a timelike Killing vector

field for » > 2M and (S, g) is a static spacetime. Schwarzschild black hole is also spherically symmetric since
Q) = —singdy — cospcot 00y, Qo = cos ¢ Oy — sin ¢ cot § Oy, Q3 = 0y, (15)

are Killing vector fields generating an action by isometries of SO3(R).

2.1.3. The timelike vector field N. We will use a timelike future-directed vector field N € I'(T'S) to control

sufficiently well massless Vlasov fields. It is defined by

2r2
N =0, + XN(T)WBM
where xn € C*(R) is a cutoff function such that xn(r) = 1 for all r < 2.5M and xn(r) = 0 for all r > 2.7M.
In particular, N = d; on {r > 2.7M} and, contrary to d;, N is timelike on {r > 2M} since
g(N,N) = —Q%(r) — 2M " 2r?xn(r).
2.1.4. The hypersurfaces ¥;. Let us define the spacelike-null foliation (X;);>0 that we will use in order to
study the solutions to X,(f) = 0. We set the constants

Ro > 3M, to == —2M IOg(RO - M), ug =ty — T*(RQ).
Definition 2.1. Let, for all 7 € Ry, X be the hypersurface
Y,={t"=71,r<Ro}U{u=7+up, r> Ro}

Remark 2.2. We have X, = ¢.(3) for allT > 0, where 7 — @, is the flow-map generated by the Killing field
0. Moreover, ¥ is composed by a piece of the spacelike hypersurface {t* = 7} and the piece of the outgoing
null cone {u = 7 +ug} located in the future of {t* = 7}. They intersect at the sphere {(to+7,7*(Ro))} x S%.
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Let us also introduce the following notation. For 0 < 71 < 79 < 400, we denote the sets
Rz= |J = R = RI™.
T1<7<T2

These subsets are represented in the following piece of the Penrose diagram of the exterior of Schwarzschild
spacetime.

FIGure 1. The foliation (X;):>0.

2.1.5. Volume forms. The volume form in the spacetime region R is given by
dpur = Q2(r)r2dt Adr* Adpge = r2dt Adr A dpuge,

where dug: = sin(6)df A d¢ is the volume form on the unit round sphere S%2. We define the future-directed
normal ny_ to X, as

2MN 3% 2MN\z 1
ns, |{7‘<Ro} = (1 + T) Oy + (1 + T) Q2(T>a"’ s, |{TZR0} = 0.

Note that ny_ is unitary on {r < Rgp}. Pulling back the spacetime volume form into the hypersurfaces 3.,
in accordance with the choice of ns_ as normal vector field, we obtain the volume forms

1 20 3 2dr Ad d =ridvAd
+T> rear Hs2, MZT|{T2R0}_T v Adpsz,

dus, {r<Ro} — (
The null hypersurface H™ is equipped with the volume form and the normal vector
dppgr = r?dv A dpge, Ny+ = Oy.

On the other hand, even though future null infinity Z* is not part of Schwarzschild spacetime, we can view
this set as the level set {v = 400} equipped with the volume form and the normal vector

dpuz+ = du A dpge nz+ = 0.

Finally, we will often use the following consequence of the coarea formula. For all measurable function
hy: R — R4 and all 9 > 71 >0,

T2
/R’? hadugr N/ /Z hydpy_dr. (coarea)
3 T=71 JZ;
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2.2. The cotangent bundle. We recall geometric properties of the cotangent bundle
T°S = {(v,p) |z € S, p € T;S}
which will be useful for our study of massless Vlasov fields.
Definition 2.3. Let € = (2*)o<u<3 be a local coordinate system on S defined on an open subset U.
o The coordinates (p,)o<u<3 on the fibers TS are referred as the conjugate momenta to € if
V(z,p) eU x TS, p = pudat.

o Then, (z,pu)o<u<s is a local coordinate system on T*S, referred as the one induced by €. We say
that such coordinates are canonical.

Our analysis relies on the canonical symplectic structure of the cotangent bundle. The associated anti-
symmetric bilinear form arises as the exterior differential of the Poincaré 1-form, which reads p,dz* in a
canonical coordinate system.

Definition 2.4. Let (z",p,)o<u<3 be a canonical coordinate system on T*S. Then,
Qg =dp, Adz"

defines a symplectic form. We associate to any function w(x,p), defined on an open subset of T*S, its
symplectic gradient X,,. It is uniquely determined by

dw = 0, (- X.,),

so that
Xw = ({9,,“ ('lU)azu - &;u (W)ap“ .

In particular, the geodesic spray X, is the symplectic gradient of the one-particle Hamiltonian

1 _
H : (Jﬁ,p) — 7gw 1(p7p)7

2
that is X, := Xg. The images by the canonical projection (z,p) — x of the integral curves of X,
dz® B B dpa B 1895"/
as P9 ds 2 9o PP

are the geodesics of (S,g¢). In the coordinate system (¢,7*,6, @, pt, pr+, Po, Do), induced by (¢,7*,6,¢), the
geodesic spray is given by

Dt Dr= Po Do M 2 o 02 cot(0)
X, =—=—=0 O + 509+ ——5—0s — | —5 — |pr|?) — — Op .+ —5—
g 2 T e O TRt r2 sin?(6) ¢ (7’292 (pel” = lpr-1%) r3 PI” ) O, + 2 sin?(9)
The following result is central to our approach to derive decay estimates for massless Vlasov fields and their
derivatives.

|p¢|28p9'

Proposition 2.5. Let O C T*S be an open set and ¢ : O — R be a conserved quantity along the geodesic
flow. Then, X4(c) =0 and [X,,X.] = 0.

Proof. The relation X,(¢) = 0 exactly means that ¢ is conserved along the geodesics of Schwarzschild. For
the second identity, one can check that, for any functions a and b defined on O,

X, Xo] = Xa, (X,,%,) Xa(b) = db - X = Q5(Xq, Xp).
Then, we apply these identites to a = H and b = c. O

The metric of Schwarzschild spacetime gives rise to a natural metric on T*S, the Sasaki metric (see for
instance [AnCGS22, Section /1.D.]). It induces the following volume forms duz-s and dur:s on T*S and
TS, written in a canonical coordinate system (2*, p,)o<u<3,

1
durss = ’ det g;1| 2dp° A dpt A dp? A dp?,
dugrss = —dz® Adat Adaz? Ada® Adp® Adpt Adp? A dp?.
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We note that dur-s = —dur A dprss. Moreover, this volume form is invariant with respect to the geodesic
flow, that is Lx dur-s = 0.

2.3. The null-shell. Since we study in this article ensembles of massless particles, we will in fact be interested
in a subset of the cotangent bundle, where future-directed null geodesics lie.

Definition 2.6. The null-shell is the subset P C T*S given by
P = {(x,p) eT*S | g, (p,p) =0, p(d) < 0}~

The null-shell relation g, !(p, p) = 0 implies that the covector p is null. The condition p(d;) < 0 implies that
p is future-directed. The projection map

TP =S, m(x,p) = x,
will be used throughout this paper. We denote the fiber of x € S by
Py =7 (x).

Remark 2.7. The vector field 0; is the derivative with respect to t in the coordinate system (t,r*,6,¢).

The set P, which is a connected component of a level set of H, is then a smooth seven dimensional manifold.
If (x*,pu)o<p<s is a canonical coordinate system on 7S such that 2Y is a temporal function on S, then the
null-shell relation implies that pg is a function of the other coordinates on P. Hence, (2, p;)o<u<3, 1<i<3 are
smooth coordinates on P.

Definition 2.8. Let ¢ = (2")o<,<3 be a local coordinate system on S such that 2° is a temporal function
function. We will say that the coordinates (x*, p;)o<u<s,1<i<s on P are induced by €.

In this article, we will mainly use the coordinate system ¢ = (t,r*,0,0,pr+,p0,pp) on P induced by
(t,7*,0,¢). Then, the null-shell relation implies

2

; pl =

In the coordinate system induced by the null coordinates (u,v, 8, @), we have

2 2

Py

16
sin® 6 (16)

P+

pl?
pt = — pi* +QQ%

— Pre Pt tDpe

Q2
p = pudu + pydv + pedf + psdo, Pu=""0 P 5 Apupy = lepIQ-

We note in particular that p, < 0 and p, < 0. Since 0; is not uniformly timelike in the exterior of the black
hole, |p:| does not control all the components of p. More precisely and as it can be observed in (16), it does
not control [p| and Q~2|p, | near H*. For this reason we will use

2r2
pn =p(N) =p; +XN(T)WP’UJ (17)

which does control all the components of p.
Lemma 2.9. We have py = py on {r > 2.7TM} and |pn| ~ |p:| + %—Z‘ on S.

We also need to describe pyy,_, which will naturaly appear through applications of the divergence theorem.
Lemma 2.10. We have pny,_ = py on {r > Ro} and |ppy_| ~ |pn| on {r < Ro}.

As 2H = g;'(p,p) is conserved along the geodesics, X, is tangent to P. The geodesic spray is given in
the coordinate system % by
P, P Po

02 02 r2 sin?()

In particular, in this paper, we study solutions to Xy (f) = 0.
Since P is null for the Sasaki metric, one needs to be careful when defining a suitable volume form dup
on the null-shell. Since dH is a natural normal to P (and P,), the following choice is usually made.

cot(0)
2 sin?(9)

r—3M
Xy = =5 0h + O + 2500 + Oy + ——1— P10y + Po*0p- (18)
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Definition 2.11. For all x € S, let dup, be the unique volume form on P, satisfying
durss = dH Adpp, .
We define further the volume forms dup on P and djir-1(s, ) on 7 43,) as
dup = dug Ndup,, dppr—1(,) = dps, Ndup,.
Remark 2.12. Liouwville’s theorem states that Ly dup = 0 (see [AnCGS22, Theorem 2]).
Then, in the coordinate system ‘g, we have

dp,« A dpg A dpy
r2 sin(0)|p|

dpp, =

2.4. Physical observables. We are now able to define momentum averages of a sufficiently regular distri-
bution function f: P — R. We start by introducing the source term in the Einstein equations (EV). The
energy-momentum tensor T[f] of f is a symmetric (0,2)—tensor field on S, given in a canonical coordinate
system by

Vz €S, T[fl () :=/ f(x, p)pupvdup, .
P
The particle current density N[f] of f is the 1-form N[f] given by
Vr e Sa N[f]“(l') = f(x7p)p#dﬂ7’z'
P(E

As a consequence of Liouville’s theorem, one obtains [AnCGS22, Theorem 3], which in particular implies

VAN[f], = /P X, (f)dup,. VAT fl = / X, (f)podyip,. (19)

In particular, if f is a solution to the massless Vlasov equation Xy(f), both N[f] and T[f] are divergence
free. The relation V#N[f], = 0 is consistent with the conservation of the total number of particles.

2.5. The energy space. Let us now set the energy flux of a distribution function motivated by the divergence
property of the particle current (19).

Definition 2.13. Let f: P — R be a distribution function. For all T > 0, we define the energy flux E[f](7)
through the hypersurface ¥, by

BN = [ e Sl

Remark 2.14. For Viasov matter and a vector field X, the energy current Jli( [f] = T[flu X" is equal to
N[fp(X)]. We can then work with the particle current N[-| and the energy fluz E[] as long as we consider
quantities of the form fw, where w: P — R is a suitable weight function.

We prove an energy identity, which is a conservation law for solutions to the massless Vlasov equation (1).

Proposition 2.15. Let f: P — R be a distribution function such that E[f](0) < +oco. Then, for all T > 0,
we have

B[f)(r)+

= (HTN{t*>0})

| f | dptr—1 34+ +/

T (ZTtN{u>uo})

puldieon =EAO + [ %, f)dup.
T1(RF)

Proof. Recall the relation (19) as well as the identities collected in Section 2.1.4 concerning the volume forms

and normals of the hypersurfaces considered here. The result follows by applying the divergence theorem to

N, [If|] in RY and by noting that p; = p, on HT. O

Throughout this paper, we will rather use the next energy inequality, which is a direct consequence of the
previous proposition.
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Proposition 2.16. Let f: P — R be a distribution function such that E[f](0) < co. Then, for all 7 > 0,
B0 SEAO+ [ Kl
T (Rg

Remark 2.17. In the upcoming applications, if f is not nonnegative, we will use that X,(|f]) = Xg(f)l—fcl.

3. WEIGHT FUNCTIONS

Let us introduce a well-chosen class of weight functions that will be used in the article.

3.1. The conserved quantities. We recall that for any null geodesic v and any conformal Killing vector
field K, the quantity g(%, K) is conserved along 7. As a consequence, the contraction p(K) of p with K is a
solution to the massless Vlasov equation. In our case, we have the next properties.

Lemma 3.1. The symmetries of Schwarzschild spacetime induce the following conserved weights along the
geodesic flow:

o The particle energy —p; (sometimes denoted E ).
o The azimuthal angular momentum py (sometimes denoted £).
e The total angular momentum |p| (sometimes denoted £), defined as

=1 > Ip(

1<i<3

2

P+

pl =

SlIl

In particular, we have X, (pr) = Xy(pg) = Xy (|pl) = 0

Remark 3.2. The conserved quantity |p|* corresponds to the Carter constant. Moreover, [p* is equal to
Q*Ppaps, where Q is the (0,2)-Killing tensor ﬁeld

Q—@a®89+ 8¢®8¢ Zﬂ@ﬂ (20)
( 1<i<3

In Schwarzschild spacetime, Q@ can be decomposed as a linear combination of tensorial products of Killing
vector fields as in (20), contrary to the case of rotating Kerr black holes.

3.2. Redshift weight functions. Let us introduce suitable weight functions to capture quantitatively the
redshift effect for solutions of the massless Vlasov equation.

3.2.1. The weight associated to the redshift vector field. We will capture the redshift effect near the future
2 . . . .
event horizon by exploiting the vector field §z0,, which is transverse to %1, through the weight function

Lope=p(50.).

Lemma 3.3. There holds

r? r—3M
2%, (gl ) =2 ol

Proof. First, recall 2|p,| = |p¢| + pr+ and Xy(p¢) = 0. Then, we compute

272 2D, r—3M
Xy (mlpul) = anr*( )|pu| + a5 292 |P| Op,.. (Pr=) = 47

We conclude the proof by using p,.« = p, — py, and the null-shell relation QQWF = 4r2p,pu. O

r—3M
Pre|Pul + WW .
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3.2.2. The auxiliary redshift weights. In order to perform energy estimates, we introduce the weight function
&(z, p) that we will later use as a multiplier. Let £: P — R be the weight function defined by

2
T _ _
£(x,p) ::pt+6xN(T)@pu+npr*[log "2+ 1) —log~H (24 3M)],

where 7 = %log(2 + 2M), and € > 0 is a sufficiently small constant. This auxiliary weight satisfies an
improved decay property along the geodesic flow, as the following proposition shows.

Proposition 3.4. The weight function £ satisfies || ~ |pn| ~ |pt| + %. Moreover, we have
|p7‘* |2 3M 2 ‘p|2 3M 2 ‘pu‘g
) S -l (S (g Sy
rlog”(2+7) T r r /20

Proof. The first estimates follow from |np, [log_l(Q +7)—log (24 3M)]| < 3|p¢| and Lemma 2.9. For the
second estimate, we use the properties below:

e X, (pe) = 0.
e According to Lemma 3.3, we have

2r2 r M 22
Xy (GXN(T)§|Pu|) = 4exn (1) —qz— [Pul® + epreXn (1) oz [Pul-
Hence, by support considerations,

27,2 2
Xy (GXN(T)W‘ZDH) + ZME%]LSQ.E}M S elpel® Lasar<r<2.7m-

Finally, we obtain
X, (npr* [log_l(Q +7r)— log_1(2 + 3M)])
n|pr|? r—3M

- I e
= TRy T Lo () —leT 2+ 3M))5G

- B @

< nlpe-
rlog2(2 +7)

To conclude the proof, it remains to remark

3MN\2 |p,|?
‘pt‘z ]12.5M§7‘§2.7M + (1 - T) ’]|"21;l4 ]ITZQ.SM 5

_lpeP + (1 - %)ZW
rlog?®(2 + 1) r 3

and to choose € > 0 small enough. d

Finally, in Section 6.3, it will be convenient to simply use py and apply the next result. It can be proved
by similar but simpler considerations than Proposition 3.4.

Proposition 3.5. There holds
pul?
M2Q4
3.3. Trapping weight functions. Let us introduce suitable weight functions to capture quantitatively the
trapping effect of null geodesics in Schwarzschild spacetime.

We first recall some basic terminology about trapped orbits. We say that a null geodesic v is trapped, if it
is contained in the trapped set

Xy (Ipnl) + 4|r — 3M| Lr<osm S pel? Losm<r<o7m

I={(x,peP|lr—3M=p.-=0}.

We also say that a null geodesic v is future-trapped if r(v(s)) — 3M as s — +oo. Similarly, we say that a
null geodesic v is past-trapped if r(y(s)) — 3M as s — —o0.
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3.3.1. The trapping weight function @_. Let us set the weight function that we use to capture the concen-
tration of future-trapped geodesics. For this, we recall the vector field G introduced in (4).

Definition 3.6. Let ¢_: P — R be the weight function

o (z,p) =p(G) = %pr* + %(1 + %) ; (1 - y)]?t-

We also introduce the rescaled weight

o= 1p . (22)
Remark 3.7. The weight function ¢_ is not C’;,p up to Ht, moreover it vanishes there. For these reasons,

we introduce the stronger weight @_, which also captures the redshift effect. Indeed,

e near HT, and more generaly for r < 3M, we observe that

1 5 .
%pw + %(r —3M)p; = %(_pt Fpe) 4 + |r + ij\;g'; (r— 3M)pt
2r 27TM?rzQ)
B §|pu| R+ 6M|3(r — 3M) [Pl
We can then write
2M |pu| M 27 M3r3
e e T T s et s P
e Near T%, and for v > 3M, we have
1 5 1
- = e+ g0 = gl e

We now investigate the behaviour of ¢_ along the null geodesic flow.
Lemma 3.8. There holds

[Pt ]
Xelp )= ——F——"—0p_.
o) == e

Moreover, the rescaled weight @_ wverifies
Xg(‘p—) = _a’(r7p7‘*7pt)§0—7
where a(r, py«,pt) is defined as

r2 4+ 2Mr + 3M? | ‘+2M|pu\
. P .
rlr+6M|3(r3 + Mlr+6M[3)" | r2Q2

a’(ra Dr> apt) =

Proof. The first equality follows from X, (p;) = 0,

ar((r_3M)|r+6M5>:|r+6M|5 r—3M |r+6M|3 (r — 3M)

0 r—2M[% | 2Jr+6M|5|r — 2M] 2r — 2M |3
_2(r+6M)(r —2M) + (r —3M)(r —2M —r — 6M)
B 20r + 6M|3|r — 2M |3

T2

e+ 6M|3|r —2M|3’

and

r r—3M, , r 77'%(37'76M7r) o T—=3M o rT—-3M
oo (gor )+ T W (e ) = T e T = i
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For the second equality, we write
Xg(Q7Np-) = Q71K (p) +pre0n (7)o

M
= Q_lxg (90*) b

M(pt - pr*)
202

r20)2

Qoo + Qlty_ . (23)

O

Remark 3.9. The weight ¢_ is a defining function for the submanifold {¢x— = 0} of the null-shell, where
past-trapped orbits are located. This property can be shown using the relations in Lemmata 3.8 and 3.10.

3.3.2. The trapping weight function ¢4. The expansion phenomenon of past-trapped null geodesics can be
captured by the weight function ¢ : P — R, which is given by

e+(ep) = gpr — 5 (14 %)(1 - ﬂ)pt. (24)

We note that ¢, is singular on H*, however o, is smooth up to H+.
Lemma 3.10. There holds

|p:|

X SRS 1 —
al+) r%\r+6M|%Q2

P

Moreover, we have
prp- = 2TM>|p,|* — |p|*.

Proof. The first property can be proved in the same way as the one in Lemma 3.8. For the second property,
we simply compute

r—+6M

r’ r3 — (r + 6M)(r — 3M)?
90+80—:@|pr*\2* 2 (r—3M)?|p:|* = —|pI* + ( ) )

rQ)?2

‘Pt‘z = 27]\/[2|Pt|2 - |17j|2
O

Remark 3.11. The weight ¢ is a defining function for the submanifold {p4 = 0} of P, where future-trapped
orbits are located. This property can be shown by using the relations in the Lemmata 3.8 and 3.10.

We will rather work with the rescaled weight Q. , which has the advantage of being regular up to H™

and of being bounded above by 2(r + 6M)|p:|. The consequence is that 2(2‘_&*]\‘4) is a Lyapunov function for

the null geodesic flow.
Lemma 3.12. The rescaled weight function Qe : P — R verifies
Xy (Q§0+) =a(r,pr, p) Qo

Proof. By a direct computation using Lemma 3.10, we get

|p| Mp, M (p; — py+)
Folfpe) = 0%y (0o) o0 @s = S e 2 T e T e P
It remains to recall from Lemma 3.8 the definition of a. O

In what follows, we will denote the sign function by sgn, so that X,(|g|) = X,(g) - sgn(g).

9. | _ Iowl
Xg( log (2(7‘+6M)|pt| ~oop2

Corollary 3.13. We have
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Proof. By the previous Lemma 3.12 and since 72 + 2Mr + 3M? > r2 + Mr2 |r + 6M|%, we have

s (124l < Dt L 2Mip| e Q4] S pel - 1pul Q4|
Nrr6M) = \r v oMz 2Q2  r46M)r+6M~\ 2 202 )r 4 6M°

Next, since X(2|p¢|) = 0, we remark that

ol e Caraman ) ) =) M e (v (o))

Finally, as |Q¢+| < 2(r + 6M)|p:|, we have that the last factor on the RHS is identically equal to —1. We
then obtain the result from the last estimate, and |px| ~ |ps| + |[pu |22 O

3.4. The rP-weight functions. We will capture the dispersion at infinity by using the weight functions®
2 2

r2 r—3M
Xy (QQ|PU|) = —QT\M\Q-

More generally, for all 0 < p < 2, we have

Lemma 3.14. There holds

rP Pl Myrp—1 rP!
%, (] ) = =0 e I+ 65l = 2) bl

Proof. First, we compute
272 2D r2 r—3M r—3M r—3M
Xy <92|pv|) = Far* (92) |pv| - W|p|28pr* (pr*) = 47%* |pv‘ - sz
We conclude the proof by using p,- = p, — py, and the null-shell relation Q?|p|* = 4r?p,p,. For the second
identity, we use X, (r?=2) = (p — 2)p-rP=3. O
We also show the following high-order form of the previous lemma.

Corollary 3.15. Let X € C™®(R) be a cutoff function such that X(s) = 0 for s < 4M and X(s) = 1 for
s >TM. For any p € N*, we have
T2p 7,217—1
Xg (X(T)me) Sp — 02 polP T s 7ar + PP Lans<r <,

742;0—1 ,’,2p—2 1
2, (X0 g o) S0~ Pl Lesas + P s

Proof. For r > TM, we have

r 7"—6M 1
%, gall) = =gl = bl S Il

It then remains, in view of X,(X(r)) = pr~X'(r) and the support of %, to combine this last estimate with
Lemma 3.14 and |p,| < |pe]- O
4. ENERGY BOUNDEDNESS AND INTEGRATED ENERGY DECAY ESTIMATES

Let us show the main zeroth order energy boundedness and integrated local energy decay estimates that
we use. Recall that we often write ILED in short for integrated local energy decay estimate.

2
6Note that the rescaled vector field 5—2&, is equal to 7%81 in the coordinates (u,z :=1/7,0,¢).



RELATIVELY NON-DEGENERATE ESTIMATES FOR MASSLESS VLASOV FIELDS ON SCHWARZSCHILD 23
4.1. Degenerate ILEDs. We start by proving a boundedness statement together with an ILED that only
degenerates at the photon sphere and at spatial infinity.
Proposition 4.1. Let f be a solution to the massless Viasov equation X4(f) = 0. Then,

|r = 3M 2|pn | Py |? ’ 3M | |pl?
+ + 11— —| L |fldup SE 0).
/7r_1(R) r3log2(2+r) |f| rlog2(2—|—r)|f‘ r 3 ‘f| up [pr]( )

sup E[pn f](7) +

7>0
Proof. From Proposition 3.4, we recall the estimate for X,(|¢]) and that |{] ~ |pn]|. The result then follows
from the energy estimate of Proposition 2.16 applied to &f. O

A similar degenerate ILED for massless Vlasov fields was previously derived in [Big23, Proposition 3.4]. In
particular, the degeneracy at {p,» = 0, r = 3M} can be weakened (see also Lemma 6.17). We observe that
if we do not assume the finiteness of a stronger energy norm than E[px f](0), the degeneracy at the photon
sphere is necessary as proved in [Big23, Proposition 3.12]. Nonetheless, one can remove the degeneracy at
r = 3M in the previous ILED by assuming stronger decay assumptions on the initial data.

Proposition 4.2. Let f be a solution to the massless Viasov equation. We have,
|Q<P+>> ] / < lpn|? |]”2> K (|Q<P+>> ]
sup E|( lo T)+ —_— + = dup SE|( lo 0).
s | Qo (S50 ot [ (g o 0w <o (S0 ) o]0
Proof. By Corollary 3.13 and X, (|{f|) < 0, we have

Qe | P | pn|?
Xg( log (2(7"4'6]\4)%) ff|) S _rT|ff| S _T\f|~

The result then follows from the energy estimate of Proposition 2.16 and from Proposition 4.1. O

For the previous two ILEDs, the bulk term is degenerate with respect to the boundary term. We now
prove an ILED without relative degeneration for a degenerate weighted norm.

Proposition 4.3. Let f be a solution to the massless Vlasov equation X4(f) = 0. There holds,

swElp-f]n)+ [ o flaw Efp-r)0),
>0 ~1(Rr) T

Proof. 1t suffices to apply Proposition 2.16 to ¢_ f, and to compute Xy(p_ f) = X (p_)f using Lemma 3.8.
Then, we use py ~ p; + Q 2p, and py = p; for r > 2.7M. O

4.2. ILEDs for the rP-method. We show an ILED that will be used to implement the rP-method. We
denote by [-] the ceiling function.

Proposition 4.4. Let p € N* and f be a solution to the massless Vlasov equation. Then,

sup | (]2 - T

sup . f’ﬂ><pf} (T)+/T:0 E[<rp_1

Proof. Note first, according to Corollary 3.15 and using X,(j¢—|) < 0, that
%1 254

Pv Po

Pt

—(y Y|Py
X(X(T)@ "

Let A, > 0 be a sufficiently large constant and recall the parameter Ry > 3M of the foliation (3;),>¢. As
Xg(p-) S —lpnlr~lo- and |pu| < Ipn|, we have

|‘P7f|> Sp Ipelle—f|Lan<r<ons — P77 %tz

|pv‘ |907f|]1r27Mo

e

5 2241

by By |pv|’¢—f}]lr2R0'

1
Xg{(Aerrp >"P—f@ Sp *|pNH(p_f|]1TSRO _p-1
Pt o

Recall from Lemma 2.10 that [p,,,_| ~ [pn| for 7 < Ry and [pyy,_| = [py| for r > Ry. Hence,

m)hﬁ-f@ <, -2

Po

DPv
X A, +1rP —
gK P bt

bt

|pnz,| ‘P—f|~
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We then deduce from the energy estimate of Proposition 2.16 and from (coarea) that

Dy [15] } /+°° { _1|Pw re34 :| |: Dy |15 :|
sup E|(rP|— _fl(m)+ E|rP™ | — _fl(m)dr S E|(rP|— —_f1(0).
sup | (] 2| o f] )+ [ 2 gt | (a5, B| (]2 -t | O
The result then ensues by using also this estimate for p = 1. O

Remark 4.5. The ILED of Proposition 4.4 can be extended to the more general case when p > 0 instead of
p € N* (see [Big23, Section 4]).

Finally, we prove a slight generalisation of Proposition 4.4. We will apply it to the system of the commuted
Vlasov equation that we consider in Section 6. The individual derivatives that we will consider do not satisfy
the Vlasov equation. However, we will circumvent this difficulty by considering a well-chosen weighted
combination of them.

Proposition 4.6. Let n > 1. Let further gp: P — R, with 1 < k < n, be sufficiently reqular distribution
functions such that

Z Xg(lgel) < - Z IpN gkl Lr<7a (25)

1<k<n 1<k<n
Then, for any p € N*, we have

wp 3 w2 alorr X (el T el s, 5 e alo)
> 1<k<n /T=0 <k<

2V 1<k<n
Proof. Tt suffices to follow the proof of Proposition 4.4 by formally replacing |<p, I by > |9kl O

Po p|Pv

b

Do
Y43

5. COMMUTATION VECTOR FIELDS

Let us introduced a well-chosen class of commutation vector fields that will be used in the article.

5.1. The complete lifts of the Killing vector fields. For any (conformal) Killing vector field X € T'(T'S),
the associated complete lift X € I'(TT*S) is tangent to P, and commutes with the Vlasov operator X,. In

fact, X = Xp(x), the symplectic gradient of the conserved quantity p(X). This result holds in a general
Lorentzian manifold. See [AnCGS22, Appendix F] and [FJS17, Appendix C] for more information. We
restrict our discussion to the case of a Schwarzschild background.

Definition 5.1. The complete lifts of the Killing vector ﬁelds of Schwarzschild spacetime are

ﬁl = —singdy — cotfcosp Oy — cosd) 8,,9 + (cos ¢ pg — sin ¢ cot 0 py )y, ,
Q= cos ¢ Oy — cot O sin ¢y — smgb 3p9 + (sin ¢ pg + cos ¢ cot 0 py) 9y, ,
ﬁ3 = (9¢, 8,5 8,5

The time derivative and the angular derivatives of the energy-momentum tensor T[f] of a massless Vlasov
field f can then be estimated using the next result.

Proposition 5.2. For any Ze {8,:7 ﬁl, ﬁz, ﬁd}, we have [Xg72] = 0. Moreover, there holds
Lz (TIf]) =T[Zf].

It will be convenient to work with the following commuting vector fields associated to the total angular
momentum |p|. Recall from (20) the Carter tensor Q.
Definition 5.3. Let Xg € T'(T'P) be the projection of the symplectic gradient %sz. In local coordinates,
cot

Py 2
Xo = pyOy + O, + Oy, -
@ = Poce sin?0 ¢ sin? 9p¢ bo
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In order to work with a vector field with the same homogeneity in p as the other vector fields we will manip-
ulate, we also introduce

X = Pl Xq
Corollary 5.4. There holds Xg = le(nz)ﬁz In particular, we have [Xq, Xq] = [Xg, X, ] = 0.

Note that the radial derivative does not generate a symmetry of Schwarzschild spacetime. Consequently,
controlling Ly T[f] requires a more thorough analysis.

5.2. The radial scaling vector fields. We investigate further the structure of the massless Vlasov operator.
We focus on the properties of the time-radial part R € T'(TP) and radial part R € F(TP) of X,, given by

R = —7at+ p’“*a Mk WP R= pr*a Nk AP (26)

In this relativistic setting, it is more natural to work with R. We note that contrary to R, the vector field R
is regular up to H*. Nonetheless, as R — R is a multiple of d;, which commutes with X, focusing on R will
sometimes be convenient.

Lemma 5.5. The following decomposition holds
1
Xg=R+ T—QXQ.

Note that if f is solution to the massless Vlasov equation Xy(f) = 0, Lemma 5.5 together with Corollary
5.4 allow to prove boundedness for 7?Rf. Unfortunately, this does not allow to get a satisfying estimate for
Ls, T[f]. In order to obtain more information on this last quantity, let us exhibit a scaling vector field in the
span of {J,+,0, . } that commutes well with R. Let L € I'(TP) be the vector field defined by

1

L= g(r)0r + pr0p, ., g(r) = A

Proposition 5.6. There holds

r(r—3M)(r+6M).

(r — 3M)(r + 5M)
9M2

Proof. We will prove that L is the unique vector field of the form ¢(r)d, + p,- 0, . that is not singular at the
photon sphere and having a commutation of the form (27) with R. For this, we first note that

Lo, — (s, (=2 )0, + o0,
= (9rg(r) = 1)pr0r + (r _TfM — g(r)8r< r?’M )) 120y, -

Then, [R, L] is collinear to R if and only if g verifies

r—3M r—3M r—3M
e R e Rl

[R7 L} = pr*arg(r)ar + -

which is equivalent to

r—3M r—3M
o, (9™ =) 2"

Integrating this last property and using that g is continuous, we get

r—3M72/T s—3M 1 2M 1 (r—3M)2(r +6M)
3

r

9(r)— ds=——5+ "5+ =

T v st r2 r3 27M? 27M?293

It gives us the expression of g(r), from which we can compute 9,g(r) — 1 and conclude the proof. O
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It will be convenient to add a vector field proportional to 9; to L in order to improve its commutation
properties with R. Let L € T'(TP) be given by

g(r)pr-
L=— L. 2
O2p, O+ (28)
Proposition 5.7. There holds
(r—3M)(r +5M) (r—3M)(r +3M) 4(r — 3M)(r + 3M)pypy
X,, L] = X, — X 0.
[Xg, L] WE g 27 M2y2 Q+t 27TM202p, ¢

Proof. Recall X, = —Q72p;0; + R+ r~2X and note that [Xg, L] = [0;, L] = 0. Hence, by Proposition 5.6,
Dt g(r)
X, L] = [R, L] +L(@)at +297%,

g(?‘)XQ N <_g(r)r —3M PP 2Mg(r)p.  |pr-

(r—3M)(r+5M) 2 5
i Q2p, r204 02p, t

- 92 R+ 275

Moreover, as X, (p:) = 0 and [Xy, 0;] = 0, we have

T)pre g(r)(r — 3M)p|? 2Mg(r)|py-? .
[Xg, _g( 2)p Op| = — 102 s gg( 1|p O — |p§ 9rg(r)0k.
Q2p, riQ2p, r2Q4py 02py
We now write R = X, + p2720, — T‘_QXQ, and use the relations
(r—3M)(r+5M)

2

O +

Org(r) — 1= Q1 = r*(Ipel® — lpr*),

9M2 ’
to get
(r—3M)(r+5M) (r—3M)(r +3M)
X,, L] = X, — X
%o, L] 9M2 I 27M? ?
r—3M 2Mg(r) (r—3M)(r+5M)\ |p:|* — |p|?
— (2 — 0,
( 90 g T g OM202 P
from which we deduce the result. O

Remark 5.8. The vector field L has to be compared with a scaling vector field used in [VRVR24] for the
study of the linearised system Xyin(f) = 0 (recall Subsection 1.5) and an associated non-linear problem. It is
closely related to the vector fields Vi that we use to deal with trapping (see Proposition 5.14 below).

5.3. Trapping vector fields. Let us introduce some projections on T"P parallel to 9,, of symplectic gradients
that arise from the unstable and stable trapping effects. We refer to Appendix B for more details.
We first introduce Vi € T'(T'P), the projection of X, , which is given in coordinates by

Vi = 0p,(0-)0k + Op,. (9-)0p+ — Ops (0-)0p, .,
where 0,,o_ has to be understood as a quantity defined on T*S.
Proposition 5.9. In local coordinates, we have

B |7‘+6M|%
=

r2

1

r r—3M r2
r—3M)0, —&-ar*—( e+ T )8 . 29
(r = 3M), + & o P ™) (29)

Vi

Proof. The quantities 9y, ¢_ and O, . ¢— can be easily computed from the expression of ¢_, introduced in
Definition 3.6. Then, we have

1

_ i —3M) 2 re (r —3M) rt

= x4 .
3 Pt rQ Pr |’I“ T 6M|%th

ar* - r*+Q
(e-) |r—2M\%p lr+6M|z2|r — 2M|?
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Remark 5.10. [t will sometimes be convenient to use an alternative expression for Vi by rewriting the last
term of (29) using
r—3M_ ri _r—3M 27M3Q)
rQ Dr+ |7‘ + 6M|%th - r2 Y-

+ . 30
e (30)

We now compute two commutators that will be useful to determine [Xg, V. ].

Lemma 5.11. There holds

(r—3M)p;  (r—3M)|p-~|? r—3M a7 —6M, 0?
[X97 87“*] = ( TQQQ + 7‘292pt 8t -2 TQQQ Dr* 87“* + Q 7'5 |p| 8177"* + 27X97
Dr= 1
[ngap,,‘*] = QTptat - @@n*»
Proof. We first recall the definition (26) of R and Lemma 5.5. We have
Xy =R+ r X, [Xq,0r] = [Xq,8p,.] =0.

The second commutator can then be obtained from (16) and (18). For the first identity, we compute

_ _ 2
(O R (’" pe > e N

2

which can be obtained using Q2 =1 — TM and 0,~ = Q20,.. Moreover, we also have

02\ lp? (r = 3M)[p|?
O+ =0 — | - = —2— 31

w=0-(%5 )5 - (31)

by using again (16). We then deduce that
(r —3M)|p|? oM oM o —4M
[XQ’ a?"*] = r4pt at - 7‘2Q2ptat + T‘QQQPT*&"* +3Q 3 |¢| 6pr*
0?2 2 2 ,r—3M
+ QTX‘(] + ;ptat — ;pr* 87-* — 2Q 7’5 |p| 8pr* .

It remains to use the null-shell relation Q*[p|* = r2p7 — r?p2.. O

We can then compute [Xg, V]. One can check that the coefficient of V; in the error term has a good sign.
This suggests that V. is a good vector field for the analysis of massless Vlasov fields.

Proposition 5.12. There holds

|pe| _r+3M
rilr o 6MEQ2 T rir 4 6M3

Xg, Vil = — pt|¢—Op,. +20X,.

Proof. We will work with the expression of V given by Remark 5.10. Since [Xy,d¢] = 0, Xy(p¢) = 0 and
Oy = Q%0,., we have

r+6M|2 r r—3M r—3M
P = ) R O X o ) L R SR

27TM?3Q) T r—3M 27M?3Q
e (a4 01 = (e e )

From Lemma 5.11, we can infer that

[Xg7 V+] = atat —+ Ay 3,,* + G,pr* apT* + ZQXQ,
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where a, are smooth functions of 7, p;, p,- and [p|?. Let us determine a;. As r2Q) = |r — 2M|2, we have

Ir—2M|}  2lr+6M[Er—2M|3  2r—2M|3
_2(r+6M)(r —2M) + (r —3M)(r —2M — 17— 6M))
2r + 6M|z|r — 2M|3

ar(|r+16M|é(r—3M)>: lr + 6M|z r—3M (r —3M)|r + 6M|2

rz

r2

e+ 6M]z[r — 2M]3

Thus, we get using first Lemma 5.11 and then relation (30) that

r? (r—3M)p;  (r—3M)|p,-|? r—3M 27M?Q) Dy
ar = T 3 Pre 3 + 3 - 7 p- Tt T 3Pt ]2
|r +6M|2|r —2M|?2 r{) rQ3p; r Ir+6M|2r3 02p,
—3M 6M|2
_(T )pt:_ 1 |pt| 1 '|T+1 |2<7'—3M).
Q23 rz|r +6M|2Q2 r2()

Applying once again Lemma 5.11 and the relation (30), we obtain

o (T 27"—3M n 1 (r—3M n e |pe r
Qp+x = PrxOp| = | — &4——=5 DPr* ~o * = = -1
p 0 w3 T\ T P T e

We recall from Lemma 3.8 the expression of X;(¢_). We then have to prove that
r—3M |pe 27M?) r+3M

ap . + ——X,(p_) — P = — Do
Pr r2 a($-) 7“%|7"—|—6M|%Q2 |r—|—6M|%r% ‘ r%\r+6M|%| tle

Crbr+6MEQ2 Q

For this, we compute
5 (r—3M> _ r—6M ( 27TM3Q )_54M2(r2+2Mr—12M2)
"2 ’ "\|r+6M|zr3 Ir —2M|2|r + 6M|373

r3

Hence, by Lemma 5.11, we have

20,2 2
Moreover, by the null-shell relation there holds
1
QT _TA?M Wg =7 ZQgM(|pt|2 = |pps |2) =1 ;2?2M |pt|2 - _T;?M@fpr* + (r = 6M)(r ;;SA;W)‘T - 6MP? PtPrx -
We further remark that
r—6M, Dt 27M?Q r? —9M? 9
eo P e e T Pereana
r+3M r+3M
= mﬁt@— - mpﬂ?r*-
The result then ensues from
(r — 6M)(r — 3M)|r + 6M|z r+3M (r —6M)(r — 3M)|r +6M|? — (r + 3M)r3
19 _7‘%|r—|—6M|%Q: ri|r 4 6M|3Q ’

and the relation

(r —6M)(r —3M)|r + 6M|* — (r + 3M)r® = —54M?*r? — 108 M>r + 54 - 12M*.
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Let us also consider the projection on T'P parallel to 9, of the symplectic gradient X, associated to the
weight ¢ . It is given by

Ir+6M|2

r2()

V.= (r —3M)3; + 6&» - (T 3 e )C%-

T T oM

Even if we will not use this vector field in the proof of Theorem 1.1, we state the next two propositions for
completeness.

Proposition 5.13. We have

|pe| r+3M
X, V] = ~ pilpsd,.. + 20X,
%o V-] rilr + 6M|3Q2 r%|r+6M|%| o+, g
Proof. The computations are similar to the ones carried out during the proof of Proposition 5.12. 0

Finally, we obtain some identities relating the radial part of the Vlasov operator R = X, — r~2Xg, the
radial scaling vector field L and V..

Proposition 5.14. The following relations hold,

0 V. + o, Vy =2r°R+ 54M?p,0;,

54M2pt
V- V=
v T oM
Proof. We have
r+6M 3 r
e Vit Vo= %(r = 3M)(p+ = 9-)0; + G+ + )0
r—3M e )
— (=P (o4 + o)+ —¢_) )0y,
( P (e +e-) |r+6M|%th(<p+ ©-) | Op,
and
TPy r+6M 3
P+t =2, pi — = 2 EOME T = 3ap.
r2()
Consequently, we have
r+6M r? r—3M
Vit Vo = —zw(r —3M)?p;0; + 2@1%*8” + 2?(\%\2 — [pr<*)0p,..-
Similarly, one has
2|+ 6M|3 r2|r 4+ 6M|2 27 M?

o Vi—@ V. =2 (r—3M)p,0y — 2 (r —3M)p;Ops — 2 T Dr=POp, . -

02 02 r%|7’+6M|5

2 2 2
Finally, recall the null-shell relation W = ”:;L as well as the definitions (26) and (28) of R and L. O

5.4. The improved commutation vector field. The commutation formula for V, is not completely
satisfying because of the error term proportional to ¢_9,, .. While one can expect the energy flux of ¢_0, .. f
to be bounded in L!(7~1(3,)), we will avoid controlling a non-degenerate bulk norm for this quantity in
view of the discussion of Section 1.5.3 (recall in particular (13)). For this purpose, we modify V; with a
vector field proportional to d,, ... The correction will compensate for the bad error term.
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5.4.1. Some properties of the vector field ¢_0,, .. It turns out that one obtains a simpler commutation
formula by rescaling ¢_8, . by rQ~!. For this reason, we recall ¢p_ = Q7 1p_.

Proposition 5.15. There holds

e, e
[Xg,’l"(p,8 7_*] = Iy 5t 0 V+.

Remark 5.16. Contrary to ro_p.0Op,.., the vector field reo_0,, . is not regular up to the future event horizon.

Proof. By Lemma 5.11 and the expression (29) of V. in local coordinates,

o_ . p r—3M 27M?p,
X, p:0p ] = =0, — —=V, — _ Op .
X9, p10p,.] Q7 e T pt( r3Q) v +|r+6M|%r% Pr

We then obtain from Lemma 3.8 that

lo—|? - r—3M 27TM?p, [P
Xgy0-0p ] = O ——=Vi—gp_ | —=—p- Op. .
e N R V3% A T TV T A
lo_|? o (r+6M)(r —3M)>? r—3M ,
= O — —=V. n _Op . — —— " 0p,.
T T ez STV
N (r — 3M)p,-
T rQpy O rQ) vy r2Q2 $—Op,.
Finally, we get the result from ¢_ = Q~'p_ and
M r—3M
—1y _ -1 -3 _ -1
67«(7’9 ) =0 - 79 = W’FQ .

O

We note that one cannot control a non-degenerate bulk integral of r¢_pnp;0p, . f near H* by simply using
the previous commutation formula and an energy estimate. Indeed, in view of Remark 5.16, one cannot use
the redshift weight in order to generate a good error term because of regularity issues. To circumvent this
difficulty, we will use the next estimate.

Lemma 5.17. Let f be a solution the massless Viasov equation. For r < 2.7M, there holds

2|pu|
QQ

TPr*
(r—3M)

Py . [ — QL S [ ouf | + Pl X £+ (Ipd? + [p17) |0y, f]-

Proof. As py = 2p, — py-, in view of the null-shell relation 4r2|p,|[p,| = Q*[p|?, it suffices to estimate
Zg;‘pr*apT*f. We write

2py, r — 3M r—3M r%pr*pt r%pr*pt r—3M
T e d,, = ——————|p|?0, ., - —— 9, .+ .+ s DeOp s
QQ r p Do Qg |p | Dr |T+6M|%QQ Dr |T+6M|%QQ Dr TQQ Dr=Pt I
We remark now that
3PPy +r—3Mp o . = 27 M? _—
632 T e I T e R (e — e+ 6M 3 (r—3M))

and

r=3M, o rEpepy Pre I+ 6M|2 r
——|p |0y, — ———F—0, . = Vi —ppe—5——(r —3M)0; — prr = Oy
02 [Py [“Op, |r—|—6M|%Q2 Dr Q/+ P o2 (r )0 —p 02

Next, we use

T r—3M
@ptat -

r _
PO = r(Xy —r?Xgq) + p*0p,.,

3



RELATIVELY NON-DEGENERATE ESTIMATES FOR MASSLESS VLASOV FIELDS ON SCHWARZSCHILD 31

and we observe that

r+6M|2 r 2Py, 27 M2y
————(r—=3M)p 0 + —p10y = O+ — : o O
rzQ)2 ( Jpr-0 Q2P 02 r?(r%f|r+6M|§(r73M))p !
The last five equalities imply the result since X,(f) = 0 and X¢q = [p|X. O

5.4.2. The modified vector field V_TOd, Let us now define the modification of the vector field V that we will
use to perform integrated energy estimates without relative degeneration.

Definition 5.18. Let VI*°d € T'(T'P) be the vector field
vired =V, + Qdre_0,, .,

where ® is uniquely determined by

[Pt r+3M

X (QP) + —H (D)= —— " |p,|Q, Q®) 4o = 0.
(22) r%\r+6M|%Q2< ) rg|r+6M|%‘pt‘ (@2)ler=o
Proposition 5.19. There holds
Qelp_|?
X, Vired] = — | viped 4 0 — Dp_V, + 20X,
[ g + ] T%|T+6M‘%Q2 + D t ' + g9

Proof. We write first
(X, VIed] = Xy, Vi + QO[Xy, rp_0,,.] + Xy (Q@)rep_0,, ...
Next, recall the commutation formulae in Propositions 5.12 and 5.15. Finally, we use the definition of ®. [
In order to use the vector field Vf‘)d, we have to estimate ® as well as the derivative ¢_0, . ®.
Proposition 5.20. There holds
[P | + [re—|

sup 7|r<1>’ +
m=1({t*>0}) |pt|

3
re-|* |r®| + |p—0p,. | < +oo.

|pt|%
The proof of Proposition 5.20 is performed in Appendix A (see Proposition A.1 and Remark A.2).

5.5. The rescaled trapping vector fields. In order to exploit the redshift effect and obtain a stronger
control of massless Vlasov fields near H+, we will work with Q~1V, which does not vanish there. This vector
field is smooth up to the future event horizon.

Lemma 5.21. Let Vo = Q7 'V, and recall the definition of a from Lemma 3.8. There holds

r+3M
50— |pt|Op,. +2X,.

X,. V. = — i VvV, - ——
[ gs +] a(r,pr-,p:)Vy T%‘T+6M|2

Proof. We have
Xy, V4] = Q7' Xy, Vil + pre 0, (271 Vi

To get the result, it remains to use the commutation formula of Proposition 5.12 and to perform the same

computations as in the proof of Lemma 3.8, which lead to

|pt|

S I B ( 2 32
oo @) (32

a’(Tv DPr=, pt) =
O

Similarly, we can work with a regularised version of V_TOd, allowing for a better control of f near HV.

Corollary 5.22. Let V$°d = Q_lVf‘)d, and let f be a solution to the massless Viasov equation. Then,

£, (Vi ]) + alrre VS| < B o g 2Py g

7
ra
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Proof. We use the commutation formula in Proposition 5.19 to get

3
4

3 1
Pl d ro-[Ir®| | [ro_[5lr®| |7 p|
X, (|viredy +|—Vm°f§97-—8f+ : Vi f|
9(| + |) 7"%|T’+6M|%QQ| + | |pt| 7«2 | t ’ |pt|% 7‘% ‘ + |
We conclude the proof by using (32) and Proposition 5.20. O

It turns out that in order to control |p;|3|r~1p_|% |V, f|, we will need to study a well-chosen derivative of
f collinear to Jp, ...

Definition 5.23. Let D, . € T'(T'P) be the vector field given by
Dp,. = Q2 |pi|5|r |0,
Remark 5.24. We have Q% |p,|%|[r~'o_|% < |ps||pn|, so that D,, . is regular up to H.
We conclude this section with a consequence of Lemma 5.17.

Corollary 5.25. Let f be a solution the massless Vlasov equation. For r < 2.7M, we have

p

Pulyy, | < ol 9% 2oV £] + [0 f| + [pweo— Xy £| + (|pt| 4 ) D, f].

7Dp7‘* f

2
Q2 |t

Proof. We use the estimate of Lemma 5.17, multiplied by Q%|pt|*%|r*1<p_|%. We conclude the proof by
using Q2 |r~tp_|1 < 3|p|3. O

6. INTEGRATED ENERGY DECAY ESTIMATES WITHOUT RELATIVE DEGENERATION

We introduce a well-chosen energy flux £[f] to show decay for massless Vlasov fields on Schwarzschild.
Using this energy flux, we prove an integrated local energy decay estimates without relative degeneration.

6.1. Energy norms and statement of the main results. Motivated by the discussion of Section 1.5
(recall in particular Steps 3 and 4), we introduce the following first order energy fluxes.

Definition 6.1. We set, for any distribution function g : P — R, the first order energy flux
mo 3 - 1
Flgl =E[p_0ig] + E[p_X 9] + E[pn V] + E[lpn|ilr o |1V, g] + E[D,, . g].
Let further
€lg] = Elpngl + Flgl.
The main result proved in this section can be stated as follows.

Proposition 6.2. Let f be a solution to the massless Vlasov equation such that E[f](0) < +00. There exists
C > 0, depending only on M, such that

+oo
sup E[f](7) + / £ [ril log_2(2 + r)f] (r)dr < CE[f](0).

7>0 =0
For the proof of this proposition we will first show a similar result for the weaker norm FIf].

Proposition 6.3. Let f be a solution to the massless Viasov equation such that F[f](0) < +o00. There exists
C > 0, depending only on M, such that

+oo
sup F[f](T) + / Flrtlog™?(2 +7)f](r)dr < CF[£](0).
T>0 =0

We fix, for the remainder of this section 6, a solution f to X,(f) = 0 verifying F[f](0) < 4o0. Since
Xg(0f) = Xy(Xjp f) = 0, we get from Proposition 4.3, [pny_| < [pn| and (coarea) that, for all 7 > 0,

—+oo

E[p-0:f](r) + E[p-Xy f](1) + /:0 E[r~'o_ 0. f](1) + E[r o X f](r)dr < F[f1(0). (33)

Consequently, we only need to control the last three fluxes constituting F[f]. We will proceed as follows.
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(a) In Section 6.2, we control the derivatives of f in a favourable region that can be treated independently
of the rest of the null-shell. This is explained by the fact that no future-directed null geodesic can
enter this domain.

(b) In Section 6.3, we will control the two degenerate derivatives |py|3|r—tp_|7V, f and D,.f.

(¢) In Section 6.4, we conclude the proof of Proposition 6.3 by estimating pNVri"df.

(d) In Section 6.5, we control f using the norm £[f]. This will show Proposition 6.2.

6.2. The far-away incoming particles case. We begin controlling the Vlasov field f in the region where
7> 2M and p,~ < 0. In this region, motivated by the Minkowskian case, we will use the vector field

r r
@@ + @ar* — PrOp, ...
We will prove the next estimate.

Proposition 6.4. Let R > 832M . There exists C > 0 such that for all T > 0, we have
1
E[pt|Sf| L>pl,. go} (1) + ZE {pt‘ptapT* fllsr ]lpT*SOi| (1)

+/ ( |pr* 2 + %
A1 R)N{r2R,pe <0} \ (1 +2)log?(2+7) 43

< 4E[pi|S 1 Loz Ny, <0| 0) + E[pi|pidy,. f| 1rr 1y, <0] (0) + CE[-0:f](0) + CE[ip-Xy £](0).

) (‘Sf’ * i|ptapr*f‘)du79

Remark 6.5. This energy estimate allows to control |py|3|r—'o_|iV,f and D, .f in{r > R, p~ <0}
As R > 4M and py» <0, we have |p_| ~ r|p| on this region, so
E 1
|peSf|+ el [peOp, f| S [0—0ef| + low | Ir o3|V f| + | Dy, - f]
and

3, _ 1 m
|3 r o | T [V f| + [pn VU] S Jo—0uf| + eS| + [pel [pedy,.. 1, Dy, f| S Ipel|peOp,.. f|-
To prove Proposition 6.4, we will apply the energy estimate in Proposition 2.16 to p;Sf and |p:|?0, . f,
both multiplied by suitable cutoff functions. We begin computing two commutators.
Lemma 6.6. We have

4(r —3M)p?  2prpy 3M 5

pI*Q? MlpIQ I}Iﬁl2
Xy, pt0p.. | = — S — O, + 8 .
X5 7:%..] r3py rip, P tT P, pe
Proof. We recall from Lemma 5.11 that
4(r — 3M)p? —-3M r—6M 0?
Xy, 0p+] = gy, O —2f Sz Pre (004 0m) + O ——[p*0),. +2—X,,
2p, 1
Xy, 0p,.| = O — — (0 + 0+ ).
[ g» pr] szt t QQ( s + )
As Xy (rQ72) = p,. =3 we have
r—4M r
[Xg, 5] = pr- Q4 (O + 0) + 0z [Xm Op+] = 20p,. =0+ [Xg, 0p,. ],
from where we obtain the first relation. For the second one, we use the null-shell relation (16) to show
Py [pr- |2 pI®
X = ) — -
[X9:0p..] = 02p, 0= 2|Pt|28 7“2|pt|2(9
Pre I 1 (r — 3M)|p|*
= O — O~ Xy Lo — =Xg—— 0, ).
0 [ Bt el w%e R
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It remains to use X, (p:) = 0 and to rewrite 0,~ in terms of S. O

To generate good error terms and absorb the problematic ones, we will multiply the derivatives S f and
PiOp,. [ by the weight w(zx, p) defined by

w(z,p) =1-— Pt (3—1log " (2+1)). (34)

|Pt|

We note that 1 < w(x,p) < 4 on the domain of incoming particles {p,~ < 0}. The error terms arising from
the cutoff function will have a good sign as well.

Lemma 6.7. For allr > 6M, we have

2 2
D= | |
iy (o) < - P
(2+7r)log“(241r) 2r
Let x € C*°(R) be an increasing function such that x(s) =0 for s <0, and x(s) =1 for s > 1. Then,
X [x(r = R)x(=p,-)] 0.

Proof. As X,(p:) = 0, the first inequality follows from 3 — log *(2+7)>1,r—3M > %7’, and

X[ —pr(3-log7'(2+7))] = - M|J¢|2(3 —log~'(2+7)).

2+r)log>2+r) 14

For the second one, we have

Xy [x(r = R)x(=pr+)] = pr=X'(r — R)X(—pr=) X'(=pr)x(r — R).

Finally, it remains to use x’ > 0 as well as r — 3M > 0 and p,« < 0, when the RHS does not vanish. g

We are now able to show Proposition 6.4.

Proof of Proposition 6.4. By applying the energy estimate in Proposition 2.16 to the functions
x[e 71 = R)]x(— ¢ o )wlST, x[e 7 (r = R)]x( = e e )wlpedp,. £,

for € > 0, we get from the dominated convergence theorem and Lemma 6.7 that
E[wpi|SS1 L5 Ly, 0] (7) < E[wplSf] 121y, <0] O+ | X (@) lpS f+olpel X (15 1) dyip
REN{r>R, p,» <0}

and

E [wpt 1PeOp,. [l Lr>r 1y . 30} (1) <E {wpt\z?taw fllr>r 1, 30] (0)
+ X o (@) 0y, £] + wlpt %o (121D )i
RIN{r>R, p,» <0}

Applying Lemma 6.6, we have for »r > R that

3M W 3M |;¢|2

R

GPth

Ipe|X, (1S £1) < 5 D10y, | < Tlpe|lpo |0 f| + —

and, as r'[Xq f| = 7’71\]/‘|\X|p|f| < 2|pt||X\p\f| for r > R,

0cf| + — 5 [P0y, f1,

M W

|;'/f|2 |1f’|2 |Pt|
|pt|X(|pt5pr|) |Sf‘ + ‘ PiOp,. fl + =5 |Ouf| + 27—~ ’X\p\ﬂ

By the null-shell relation, we have % < 6|pt||py|- Hence, as w < 4, we get for r > R,

13M W
R

w Ip|?
A%y (1571 + 115y (10 1) < 2L 1, 11+ Y5151+ ol 071+ 2 1.
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If R > 2M is such that % < 6—14, we have from the upper bound for Xg(w) in Lemma 6.7 that

1 w
Xg(W)peSf|+ wlpe| Xq (IS f1) + Exg(wﬂptuptam* fl+ E|pt|xg(|pt8pTx f1)

_( |p7'* 2 + %
- (r+2)log?(247r) 4r3
Proposition 6.4 then follows from the integrated energy estimates satisfied by d;f and Xipf- We recall (33)
and the estimate |[¢_| 2 7|p;| in the region being considered. O

1 2
V[1851+ 5 tni. 1] + 2lpiplions + 2o sl (@9

Remark 6.8. We note that the region of outgoing particles near HY, corresponding to {r < Ry, p. > 0} for
some Ry € (2M,2.5M), can also be treated independently from the rest of the null-shell. This will however
not be required for our purposes.

6.3. Boundedness and ILED without relative degeneracy for degenerate derivatives. Let us prove
the following energy estimates.

Proposition 6.9. For all 7 > 0, we have

E[lpw - [*Vf] () + [

p 3, _ 1
H(R)\{py- <0 >R}|7J’V|‘pN4|T Yo [TV, fldup < FI1(0),
T ppx <0, 7>

and
|pt| <
E|D,,. f|(7) + 2 Do, fldup < FI11(0).
=L (R)\{p+<0,r>R} T

Remark 6.10. Note that [p;|272 = |pn|-
In order to lighten the presentation and until the end of this section 6.3, we introduce the notation
3, 1 1
Dy, = i r e 3V
For the purpose of controlling Dy, f and Dy, . f in L*(7~*(X;)), we begin computing the following identities.

Lemma 6.11. Let f be a solution to the massless Vlasov equation. Then, there hold

1 5 3Xy(lpw 1)\ 2 (r +3M)|pn|[pe] 5 o
XQ(T4DV+f) = <4a(7’,p7~*,pt) - m T4DV+f* T%|T +6M|%Q% riDy. f,
error term with a good sign bad error term

1 2 4 2M7r + 3M? 2M|p,, i
Xg(T%Dpr*f) ( (7“ +1 :+ )|pt| . 2|p2|)7‘ZDpr*fQéQ0_ |p25|43 T%DVJrf

4\ rlr+6M|2(r2 + M|r+6M]|z) r2Q |pn |7

error term with a good sign bad error term
O2p_ |1
+ !VP*F@JC-

\pt\%
Proof. Recall from Definition 5.23 that 73D, . = |p;||Q%p_|ire_d, .. For the first relation, we write
X (Ion|Flo- 13V ) = X (low ) -1V f + X (ko [9)ow TV f + o -3 [%,, Vi ()
and we apply Lemmata 3.8 and 5.21. For the second one, we have
KXo (riDy,. ) = Xy (0% ) i Frp- 0y, | + el 19| [Xy, 100, ] ().

We deal with the last term on the RHS by using the commutation formula in Proposition 5.15. For the first
term, we use Lemma 3.8 and |p,| — pr+ = |py|, which provide

2Mpy B (r? + 2Mr + 3M?)|p,| 2 _ 2M |p,|
202 Flr+6M|z(r3 + M|r+6M|z) ~  r2Q2

Xy (Q%p-) = 0Ky (p-) + Vo = Ve (36)

O
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The next remarks will be crucial for us.

e The vector fields ri Dy, . and r%DpT* carry too strong r-weights. For this reason, we rescale them by
using the well-chosen weight functions @w; /4 and Wg/4 which are introduced in Definition 6.12.

e The system of commuted equations is not triangular. When performing the energy estimates, we will
have to check that the second terms in the relations in Lemma 6.11 can be absorbed by the error
terms with a good sign.

e The good error term in the second equation does not allow to control the bulk integral of p,Q2~2D,, . f
near HT. We will circumvent this issue by applying Corollary 5.25, which will not provide new
problematic error terms.

e We will crucially use that we have already controlled the derivatives Dy, f and D, . f in the region
{r >R, p,- <0}.

Then, in order to deal with the error terms, we will proceed as follows:

(a) The bad error term in the first equation can be bounded by a (large) multiple of the good one in the
second equation and |p,Q72D,, . f|.
(b) Then, we need to bound r~2Qz¢_|p,[*/*|px|~3/*Dy, f by a small multiple of the good error term in
the first equation. The strategy is the following.
o We will generate additional good error terms degenerating at the photon sphere, the future event
horizon and spatial infinity. The idea will be to use the weight function ¢4, for A > 0 large
enough, where ( is introduced in Definition 6.16 and studied in Lemma 6.17.

o As Ipt‘ ; degenerates near HF, we will prove a(r, p,-, p;) + Alpr| > Q2o |‘|p He: for r ~ 2M.
° Explomng that ¢_ degenerates at trapping, we will also be able to absorb the error term near
r ~ 3M by making use of 4.
e Finally, since ¢_ ~ rp, is well behaved for r > 1 and p,- > 0, we will also be able to deal with
a neighborhood of spatial infinity {¢t < +o00, r = +00}.
We start by defining the weights that allow us to compensate for the Ti—growth of [p_ |% and the r%—growth
of rlp_|5.
Definition 6.12. Let x € C*°(R) be a decreasing function such that x(s) =1 for s <0, and x(s) =0 for
s>1. Fora € Ry, we set

Wa(r,p) == Max(r —R)+ Tia [1 —x(r— R)}X<21;7:).
Remark 6.13. By definition, we have
V2M <r <R, We(r,p)=M"°
Vr>R4+1, :]lpT*>o<wa(rp)§ria]1p >_lpgl-
Remark 6.14. The cutoff function x will allow, when p,.~ <0 and r > R+ 1, to use the property that
1 2 _ 24l
lpr<| < §|pt| = [pe|” < Q 3,2 (37)

which directly follows from (16). This property turns out to be important to deal with terms with borderline
spatial decay. We recall from the degenerate ILED of Proposition 4.1 that the p,.~ component requires slightly
more spatial decay to be integrable than the spherical ones.

The error terms arising from X (@,) will be handled as follows.

Lemma 6.15. There exists C > 0, depending only on R, such that

X ( %)|’I"4DV+]C| < C<|p,::;| |p| > |:{Sf| + |pf8pr f|:| P <0 1T>R+C‘pt‘ |(P 5’ff|

Xy (@

wlo

r

J— * 2
)|T'%Dp7.*f‘ S C<|pr2| —+ %) |pt8pr* f| ]lpr* <0 ]lr2R~
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Proof. Let a € Ry. We start by observing, as X,(p;) = 0, that

Xy(@a) = proX/'(r — R) [z\;a - %X(Qz;: )] - e - xe - Rﬂx@?:)

2(r — 3M) pf? -
2= SOWE - (22,
+ ratip, [ x(r )]X o
By support considerations and since x’ < 0, we have for r > 2M that

|pr*| WP

ra+l Ta+3pt>]1p2t<17r* <0 ]]-TZR

Xg (wa) 5 |pr*

1, .<0lr<r<ry1 + (

We now use (37) to get
Xy(@a) S pi 1 1r R+1 + 7| " 1 1,>r (38
g( a) ~ pat2 prx <0 <r< 1 |pt|7"“ 3 |102t\ <p,x <0 r>R- )

It remains to use Remark 6.5. O

Next, we introduce and study a Wlicl -weight ¢ that can be used to derive an ILED that degenerates at
r=2M, at r = 3M, and when r — +o0.

Definition 6.16. Let (: P — R be the weight function

1
1 Pex 3|1 1 |2
,p)=2— M+ * —3M - - —
C(x,p) sgn(p,+ )sgn(r ) o Y Vi
Lemma 6.17. The weight function ¢ satisfies 1 < |¢| < 3. Moreover, we have
- 3M| Ipl?
X S———1-— :
G(C) ~ 7’2 r r3|pt|

Remark 6.18. Compared to X,(§), estimated in Proposition 3.4, the degeneracy at the photon sphere is
linear in |p.«| + |r — 3M| and not quadratic. This will allow for simplifications in the upcoming analysis.

Proof. The first statement ensues from r > 2M and |p,«| < |p;|. For the second one, as X,(p;) = 0, we have

5
1

—= = Dr*
M~ pr] 1, (¢) = -

113 sgn(r—?)M)‘l 1d (r=3M)p)?

4r2 1y  3M 4]py- b r  3M rd
5 2
< _% e —3M|3#.
7‘Z|7”73M|Z rT|pT* I

Note that, as |p.«| < |p¢|, it implies the stated estimate for the region {r < 2.5M} U {r > 4M}. Next, we
note that if 2.5 <r < 4M, then |p;| ~ [p,| + |p| and 1 < [r —3M|~'. Consequently, we have on this region

5
1

4 . 1 ik lpI®
P | S*'%"’*'V_?JWHPH5%4‘“—3]\/—”&
5 |r—3Mlilp|t 5 |r— 3M|7|p| [Pl
as well as
9 5 5 2 5
4 |r—3M|slp|z 1 «|3 |4
e L. L LI
el 75 peelilpelz 5 el e |5 el ¥ | = 3M% |py |3
These last two inequalities allow to conclude the proof. O

We now start the proof of Proposition 6.9. Let us consider a constant A > 0 that will be chosen sufficiently
large. We apply the energy estimate of Proposition 2.16 in order to have

E U%CAr%DV+f] (1) < E[@C"‘T%Dwﬂ (0) +/

_ 1
T 1(RE) %o (wiCAVAIDVJ“fDdMP'
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Similarly, we have

B[@3¢*riD,,. f] () < E[@y¢'rip,,. 1] 0) + [

X, (@3¢ riDy,. f])dup.
T=1(RY) *

We now make two observations:
e In order to prove Proposition 6.9, it is enough to control Dy, f and D, . f in the set {r < R} U{r >
R, p+ > 0}, in view of Proposition 6.4 and Remark 6.5.
e On the region {r < R} U{r > R, p,- > 0}, we have @y /4 ~ /4 Wo/a ~ r=9%and ¢ ~ 1.
Thus, in view of the ILED (33) satisfied by 9;f and X, f and Proposition 6.4, a sufficient condition for
Proposition 6.9 to hold is given in the following lemma.

Lemma 6.19. For A > 0 large enough, there exists ¢ > 0 such that

1
%o (@34 Dy A1) + 5, (231D, 1)+ o 2Dy g1 4 D, 1) 14 comom

PN PN Pre | 2
2 o)+ 2o s+ (B5E B [1514 1900, L oo
Proof. Recall first |p;| < |pn| and Proposition 3.5, which in particular implies

Xo(Ipnl) S Ipel* Vasmr<r<arm S ‘1 - f‘|pt| 1,<g.

i . pl?
Xg(CA) = AXQ(OCA '< AXQ(OCA N _A(rz TfPﬁ)CA-

We further stress that |pi| < [py«| + [p|r~". Thus, according to Lemmata 6.11 and 6.15, there exists b > 0
depending only on M, such that if A is large enough,

Next, we have from Lemma 6.17 that ¢4 < 34 and

M
'1_3
r

(r + 3M)|pn |1 |pi|

— A2
= w1 r<D, .
Er+oarior 1< P

%, (3, ¢4[rDy..£]) < ~3(p)@; ¢t Dy, ] +

- r* 2 | |2
+ 3AC<|pT.2| + fg) (’Sf‘ + ’ptapT* f‘) Prx <0 ]1T>R + 3AC|pt

TLﬁ;ﬂ ) .

where the function §(r,p) is defined as
5(r® + 2Mr + 3M?)|pi| 5M|pu| +bA<|pr*

§(r.p) = +
(r.p) Ar|r +6M|2 (r2 + M|r +6M]|z)  2r2Q2

-2
r

Similarly, there exists C > 0 such that

_ 9 _ 0 Qrp_|pe| _ 1
Xy (wgCA’T?‘DpT*fD < —(‘50(7‘7p)wgCA’TZDpT*f‘ + ;p:g,”wgCA]rtiﬂ
p 4
A [ [Pre | |1?|2 AN |pN\
+3°C 2 IPtOp,.. fl1pu<olisr +3°C——|@p_0f
with
2 4+ 2Mr + 3M? M|p, - 2
Bo(r,p) = ( M1 )|pt| - 2|p2|+bA(|p |+’1_ Ifl )
4r|r +6M|z(rz + M|r +6M|z) 2r?Q r2 r | 73| pe]
[Pt Mp,| |pr . M| |p®
- +bA 1- 2= :
T drzlr+6M[z 20202 |3 pdl
and where we controlled the term proportional to d;f by using
o | Srlpnl, 1% | Srlpel,  @me SrTE A<t
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Note that &g(r,p) does not control |p,|Q2~2 near H*. To deal with this issue, we apply Corollary 5.25. It
implies that there exists Cy > 0, depending only on M, such that, if A is large enough,

)Q%(p,‘pt‘%

X, (@3¢ r¥D,,. f]) < —&(r,p)@g¢AriD,,. f] + (1 + Colrcaru PE
PN

@3¢ [riDy, f|

- r*2 | |2 ~
+3AO(|p712| + fz)’) |pt(9pr*f\ 11’%* <0 ]ITER + 3AC|pT7N|’Q0_8tf‘ + 3A00]17'§2.7M|(p—p1\7|(‘8tf‘ + |Xp\f|)a

where

[P Mip,| | Mlp.|
& = 1, . 39
(r,p) 47‘%|r—|—6M\% + 27202 + 922 TS2TM (39)
We recall Remark 6.5 and the properties of @,, in particular (37). Then, we have that in the domain
{r > R, p.~ <0},

r

X (f Ay @oCArt L P S Pyl 5
g(W1¢ ’7“ DV+f‘ + Xg(We ¢ |7" Dsz| S 72‘*‘7"73 (Ip+0p, - 1 + | f|)+7|‘P7 tf‘-
Finally, the result is a consequence of the following technical Lemma 6.20. O

Lemma 6.20. We have, on {r < R} U {r > R, p,~ > 0}, that

S(rp) -+ (r+3M)[px |3 pel i@1/s _ |p]
P oMy, T

and, if A is large enough,

1 3_
D%l 4 (1+C'o]l <2 7M) 2 pr]

|pN|%w1/4 r

1
g%(ra p) -

Proof. We will prove several estimates which, together with §(r,p), &(r,p) = |px|r~!, will imply the result.
We focus first on the domain {r > R+1, p,.» > 0}, with R > 832M. For this, we will use the next properties.

e For 7 > R+ 1, we have px = py, Wy/4(r,p) = r~1/% and Wy/a(r,p) = r=9/4,
e If pp- >0, then 2|pu| = |p| + pre = |pe-
e For r > 3M, we have by Remark 3.7 that
(@.0) = T (pr + 7o) 27T M?r3
_(z,p) = = ) — .
P g P T MR (r — M) B

Consequently, in view of the null-shell relation 4r2p,p, = Q2|p|2, one obtains that for r > R+ 1 and p,+ > 0,

1 3 __ 1
Qo |lp|1Toss _ Q2lp-| _ 2|py| L2 Alpllpl | 2TM2 I _ pl? L 2T p|

|pN\%w1/4 r2 = rQ2 r3 — rQ2|p 73 = r3p 73

Hence, if A is large enough, we have

Qzlo_||p|iw bA [ |p,- 3M | |pP? 1
LAl W“S("’Z ‘ M)y )s%(r,p).
lpn| 11 /4 16\ r ro|r3|pe] 16
For the other inequality, note that
r+3M)|pn |1 pe| i@ 3M
( w3 lpel @1 (r+3M)|pi| < |pi| < 56(r.p).

rilr+6M[3Q3@g  rElr+6M|2Q3 T r3|r+6M|3Q3(R)

Assume now that 2.7M < r < R+ 1, so that py = p; and @y /4/wg 4 < 2M?. Hence,

(T+3M)‘pN‘%|pt|iwl/4 < 2M2|py| < D]
rlr+6M|3Q35g, r3|r+6M[2Q3 T

< 46(r, p).
relr4+6M|z ~ (r:p)
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Since Q2| | < r|py| + 2|r — 3M||p:|, we have for a certain constant C' > 0 depending only on M,

2
|Z”'><1s<r,p>,

r3lp| ) ~ 16

1 3__
Q> |<P7|\Pt\4w9/4 jo

lpn | %51/4

(|pr*

3M
wr-sml < 55 (25l i -

r

provided that A is large enough.
We finally consider the case r < 2.7M, so that @, = M. As |py| < 16|p;|Q272, we have

3M 2
(r + )\pN\4|pt|4w1/4 SMZ|pe|  _2Mpi| _ o, [Pl + [Pu

< 46 (r, p).
73 |r 4+ 6M|3 Q3w _r%|r+6M‘%QQ_ 202 a2 < 46(r,p)

We conclude the proof by using |¢_| < [pny| and Q%|¢_| < |ps|, which implies

Q%|<Pf||pt\%wg/4 Clpil < <|pr* ’ _3Mm| pl? > < ig(r »)
|pN|%w1/4 =16 ror3p ) T 160 T
for A chosen large enough. O

6.4. Boundedness and ILED without relative degeneracy for pNVTFOd. We are now able to control
the derivative V‘ﬁ‘r‘)d I

Proposition 6.21. For all 7 > 0, we have
mo pN mo
Blowviets) o+ [ P pevedlan < FA0).
7(71(73) r

Proof. Recall the weight function &(z, p) introduced in Section 3.2, which verifies Xy(|¢]) < 0 and |¢] ~ |pn].
By Corollary 5.22, we have

mo MO p p —_
%, (Vi) +atrpe 0|V £ 2 o] + Pt fvig. )
Then, we apply the energy estimate of Proposition 2.16 to [£V™°? f| and we control the integral over 7~ (R)

of the two error terms in the RHS of (40) as follows.

e We use (33) in order to deal with the first one.
e For the second one, we apply Proposition 6.9 for the region {r < R} U {p~ > 0, r > R}. For the
domain {p,» <0, r > R}, we use Remark 6.5, Proposition 6.4 and (33).

O

We then obtain Proposition 6.3 from (33), Proposition 6.4, Remark 6.5 as well as Propositions 6.9 and
6.21. Note that we also used |p,,_| < |pnv| and (coarea).

In the perspective of applying the rP-weighted energy method through Proposition 4.6, we conclude this
subsection with the following result. Let us define

g1 =0 f, g2 =@ X|p§|fﬂ 93 =peSfli>r 1y . <o, 91 = [P0y, f L5k 1y <0,
95 %C o lilo- |3V f, g6 = wgCAT%DpT* fs g7 =V,
with A > 0 chosen large enough in accordance with Lemmata 6.19-6.20.
Proposition 6.22. Let k € [1,7]. There exist constants ¢ > 0 such that
> aXlah - Y ) (a1)
1Sher ISk§7rlog (2+7r)

Proof. It follows from Lemma 3.8, the identities X,(0,f) = Xg(XWf) = 0, the estimate (35), Lemma 6.19
and (40). O
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6.5. Proof of Proposition 6.2. Our argument will rely on a Sobolev inequality involving the vector field
G defined in (4). We introduce first a coordinate system on Schwarzschild spacetime that is related to the

integral curves of r~1Q27'G. These regular hyperboloidal coordinates have been previously considered in
[Mav23].

Definition 6.23. The hyperboloidal coordinate system (t,7,0,¢) € R x (2M,400) x (0,7) % (0,27) is defined
by

Tmt—HE),  HO) = [ s, 5(r)::<1_%)(1+%)%

an S22(s) r r

To avoid any confusion, we denote by Oy the derivatives with respect to the variables x* in the hyperboloidal
coordinate system.

We recall t* =t + 2M log(r — 2M) and we collect several useful properties.

Proposition 6.24. The following properties hold:
(a) The Jacobian determinant of the map (t,r,0,¢) — (t,r,0,9) is constant equal to one.

(b) We have the relations
1
3 =0+~ (1- 37{”)(1+%)2@, J,=0,, Do=0p  Dy=20y
(c) The vector fields G and V‘j‘r(’d are related to the vector field 0, through the relations
Q7@ = dn (Vo) =10,
(d) If € > 0 is small enough, then we have the following inclusions
{t* > 92, |r—3M| < e} c {%+2Mlog(M) >1, [r—3M| < e} c {t* >0, [r—3M| < e}.

Moreover, we set
g(iv T, 97 d)?p) = g(f + H(T)v " (T)a 97 ¢7p) .
We are now able perform the proof of Proposition 6.2. We then assume that E[f](0) < +o0.

Proof of Proposition 6.2. We first recall the volume form dup = h(r)drdus_dpp,, where h(r) ~ 1. For
convenience, we introduce for a distribution function g the quantities

Jlgl = plIpellgldpp,

/1(R)n{t+2Mlog(M)>1 |r—3M|<e}

Tgl(r) = / / / / / / 191171 dpadpadp,- dédodz,
t=142M log(M) J0=0 J p= +ER JpgeR JpyeR

where € < M is a constant that will be fixed small enough. In view of the expression of the volume form
dpp, we have

o~ [ g 42)
|r—3M|<e
We also note that

/ pllpellgldur < sup E[png](r) < Elg)(0).
7=1(R) N {0<t*<2, [r—3M|<e} 0<7<2

Let us come back to the study of the solution f of the massless Vlasov equation. In view of [p|* < [p|p|
for r ~ 3M, the ILED in Proposition 4.1 and Proposition 6.3, it suffices to show

I < EL110) (43)
in order to prove Proposition 6.2. According to (42), we have
Jlf1<e sup  I[f](r). (44)

[r—3M|<e
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The factor € > 0 will allow us to absorb in the LHS terms proportional to J[f] that we cannot control a
priori by £[f](0). We now apply a local Sobolev inequality to have

swp 1A [ 1+ palar
|r—3M|<e [r—3M|<e
To deal with the radial derivatives, we stress that [p| is independent of (t,7,p,+) and we write
—3M n T2 P
QQ Pr=* |»,1 i GM‘ %QQ Dt Dy
Consequently, as Q71 and r are bounded on {|r — 3M| < €}, we obtain by integration by parts in p,- that
sup  I[f](r) < / I[VRodf] 4 I[(1+ |9] + o0, &) f]dr
|r—3M|<e [r—3M|<e

We recall now that ® and ¢4, . ® are bounded in Lg%, (7~ *(R)) from Proposition 5.20. Thus, by (42) and
the ILED of Proposition 6.3, we have

sup  T[f)(r) < /| o, [V + 111 S TIVIS) + T S FIAIO) + T

|r—3M|<e

1

fl — ®re_0,, .

B, || = Vol () + ( I

We then deduce (43) from this last estimate and (44), by choosing € small enough. O

7. DECAY OF THE ENERGY FLUX

Let us now show quantitative decay estimates for the first order energy flux £[f] studied in the previous
section. For this, we use the rP-weighted energy method suitably adapted to the framework in place.

7.1. The rP-weighted energy method. Let us begin by proving the following elementary result.

Lemma 7.1. Let p € N*. For g € [0,p], let F4: Ry — Ry be functions satisfying the following properties:
(a) Uniform boundedness. There exist constants C, > 0 such that
VTQ 27’1 20, fq(Tg) Séq]‘-q(Tl).
(b) Hierarchy of integrated energy decay estimates. For any q € [1,p], we have

V71 >1 >0, / Fg-1(r)dr < aq]:q(ﬁ)'
T=T1
Then, there exists a constant Cp > 0 such that
Cp
vV 2>0, Fo(r) < Wfp(o)-

Proof. We note that the result holds for 0 < 7 < 1 in view of the assumption (a). We deal with the case
7 > 1 by performing an induction. Let us prove that there exists a constant C' > 0 such that

C
VT2l R F0) (1H.q)
holds for any ¢ € [0,p]. By (a), the induction hypothesis holds for ¢ = p. Let g € [1,p] such that (IH-q)
holds. Fix i € N and use the first assumption (a) for (11, 72) = (7,2"1) to obtain

git1 2 oi
Fye1(r)dr > / fq,1(21+1)d7' = ——F,1(2").
T=21 q-1
Combining this estimate with the assumption (b phed on the interval (11, 72) = (2¢,2"1), we obtain from

the induction hypothesis that
— 2i+1 J—

Ty C,..C, ¢

i "op—a)i F(0).

]:q_l(QiJrl) S



RELATIVELY NON-DEGENERATE ESTIMATES FOR MASSLESS VLASOV FIELDS ON SCHWARZSCHILD 43

Let us consider 7 > 2 since the case 7 < 2 is straightforward by (a). Then, there exists ¢ € N such that
20l < 7 < 212 g0 2¢ ~ 7. Using again the assumption (a), we have

¢ 7, (0).

For(r) < CqrFga (2 <[Coa POy g Fo(0) S =g o

By considering a larger constant C, the induction hypothesis holds at step ¢ — 1. From here the proof
follows. O

7.2. Decay of the energy flux £[f]. For p > 0 and g: P — R, we define the norm
Dy |15]
EP[g] == E[<r7’ ™ >g} .
Remark 7.2. As a direct application of Lemma 7.1, we get from Proposition 4.4 applied to Oy f that
Vr>0,  Elp a](r) S, () PE [ 0,f](0).
We set further the following energy fluxes,
FPlg] = BP[p_0ug] + EP[p_ K9] + EP [pn Vi) + P |pw| i |r Y- |3Vg] + EP[D,, . g],
EPlg] = FPlg] + E?[pny]-

We now prove the main result of this section.

Proposition 7.3. Let po € N* and f be a solution to Xy(f) = 0. For any p € [1,po], we have

+oo
sup £°(f)(r) + [ &1 {f)(r)dr S €°11)(0). (45)
>0 =0
Moreover, there holds
vrzo.  eln s U0 (16)

Proof. Let us observe first that (46) is a consequence of (45) and Lemma 7.1. Since the exterior of
Schwarzschild black hole is static or, alternatively, by applying (45) for the foliation (X} );>0 = (XZr4r )r>0,
we get
+o0
Vvnzo,  sw el + [ e ndr S ).

T>T1 T=T1
The stated decay rate of the energy flux then follows from &[f] = £°[f] and Lemma 7.1. According to
Proposition 6.22 and Proposition 4.6, for any p € [1,pg], we have

+oo
sup FP[f](7) + FPHf(r)dr < FPf1(0). (47)

7>0 =0
Next, by Corollary 3.15, where the cutoff function  is introduced, and X(p;f) = 0, we have

5 [221

oy TP P |E] 2 —1|Po
R P < _ 1|y
Xq (X(T) 0zv | p, |Ptf|> S pel* | fLanr<r<rmn — 7 D |pollpe fILr>70r-
Hence, by the energy estimate of Proposition 2.16 and since 2Q2? > 1 for r > 4M, we have, for all 7 > 0,
po|T41 L |po |12
E{T” = o f ]17271\4 (1) +/ PPyl pe f [ rardpp (Eq-p)
bt 7=1(R) bt

N [2" 2
5E[rp Py thfllr>4M} 0) + / P g
Dt (R

)

Recall now that p,,, = p, for 7 > Ry. By adding the estimate of Proposition 6.2 multiplied by a sufficiently
large constant to (Eq-p) and (Eq-1), we have

+oo
sup E¥[py f](7) + / EP~pn f)(r)dr < EP[pw f1(0) + EL£1(0).

>0 =0
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The result follows by (47). O
Remark 7.4. The estimate (46) can be extended to the case py € Ry instead of po € N* (see Remark 4.5).

Finally, we prove that if the initial data is exponentially decaying, then one can prove an integrated energy
decay estimate that leads to exponential decay for the energy flux. For b > 0, we introduce

Elplg] = B[ 5 g
and we define accordingly F¢, [g] as well as €5 [g].

Proposition 7.5. There exists a constant 0 < by < b, depending on M and b, such that
V720, E[fl(7) S e TELLS1(0).

exp

Proof. Note first, in view of the support of the cutoff function ¥,

— TPy 2 TPy
ELXMat L ITE for p <2M, L~ 1 forr < max(7M, Ro).

Hence, according to Corollary 3.15, applied for p = 1, we have

() TPy TPy
2 (0 ) =03, (3 g )OS Dol — ol drzrar

O2p,
We then get from Proposition 6.22 that there exists a sufficiently large constant A > 0 such that
bX(r) g8 < prew
> X |(A+e™ 9 gl S —(IpvlLecre + pole" ™ Trzry ) D loal. (48)
1<k<7 1<k<T7

Recall that p,,, ~ pyx for r < Ry and p,,,_ = p, for r > Ry. By the energy estimate of Proposition 2.16, we
then obtain

Py
sup Fo,[f1() + / pus €5 S Jgrldp < FoL[£1(0).
T20 m1(R) 1<k<7

Similarly, one has

sup By lp )+ [ s, € Il ldie S b eI + [ ol
>0 ) “1(R)N{r<Ro}

T

The last term on the RHS is bounded by £[f](0) < &2.,[f](0) according to Proposition 6.2. This yields,

exp

+oo
sup €5, [£](r) + / el S E(0).

>0

Using again the time-invariance of the exterior of Schwarzschild black hole, we get that the same estimate
holds but with initial time 77 instead of 0, for all 7y > 0. This directly implies the exponential decay. O

8. POINTWISE DECAY ESTIMATES
We start by collecting some relations which will be useful later.

Lemma 8.1. There holds

mo r—3M _
Vi 4py) + Tpta P | S |pel on 7 ' (R),
V2ed(pn)| < Ipwl onm H(R),
’VmOd (pv | < |pol on {r > Ro}.

Moreover, for any complete lift K€ {0, fli, Q,, Qg}, we have
K(r) = K(pr-) = K(jpl) = K (pe) = K(pn) = 0.

Remark 8.2. Note that the first relation implies [V (p,)| < |pn |-
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Proof. We start with the first inequality. Since

¥, (pr) = =0 (%)W __(r=sapi?

2 Y43 3y
we have
m (r=3M)p]* [(r-3M 27 M?
V+0d(Pt) = 3 ¢ - 2 -+ (49)
TPy r relr + 6M| 3

Since r|p_®| < |p:| by Proposition 5.20, the last term is bounded above by |pt|. The same holds true for the
third one. Finally, we compute

2 2 2
Pr el — Ipl
pta T*(‘O_—LQD_:7“| t| 2 = p .
Dt 02py TPt
Note now that
4(r — 3M)pupy r—3M 27M? P £t
Vmod D :I:p L) = — — —+ p dreo_ —
+ ( t T ) 7”Q2pt 72 #- |r+6M|zr§ b ¢ Dt

from which we directly get the third inequality since 2p, = p: + pr+. For the second one, we assume that
r < 2.7M since py = p; otherwise. From the last equality, one gets

212 4r(r —3M)p,  4r(r — 3M)pyp 27 M2z f 2(pu|
Vmod(i ): v ulv _3M)o_ 4+ = P |2
- gzt Q! Qip, r Jo- el T ) e,
2(r — 3M)|pu| <2r|pu| ) BAM?ra|py| 5 2lpul
= —p_ | - L 3 g 50
Q%p, 02 r + 6M|2Q2 Yz, (50)

By Remark 3.7, the second factor of the first term in the RHS is bounded by |p;|. According to Proposition
5.20, the last term is bounded by |pn|. We then deduce that

272
]Vﬂod(mpu) <|pn|  on {r<2.7M}.

In view of the definition (17) of py and Remark 8.2, it implies the second inequality. Next, for any 1 < ¢ < 3,

there exists a spherical coordinate system (6, ¢') in which €; = 0y, from which we directly deduce ﬁz(\ Pl) =
0. The identities for the complete lifts of the Killing vector fields follow from direct computations.

We recall a standard result, proved for instance in [Big23, Lemma 5.2].

Lemma 8.3. Let h: P — R be a sufficiently reqular function. Then,

[ il <Y/ / 19 B dpp, dpse.

Y (t,r*) € R? ‘
L°°(SQ) |I1<2
The next step consists in proving the next result.

Proposition 8.4. Let h: P — R be a sufficiently reqular function and
(t Te ¢7 ) (t _2M10g(T_2M> ( )597¢7p)'
Let © € R and 7 > 0 such that x € X.. We have

<>/ Wi, S S Z/

n+q<i |1]<2 7 r=r(x)

/ / VmOd nﬁqﬂlh} ‘(t*(l')7’I",w,p)du'me‘QdﬂgadT.
S2

Remark 8.5. The radial domain of the integral could be chosen to be [r(x) — M,r(x)] if r(z) > 3M.
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Proof. Tt will be convenient to work with g := h/p;. We have

ar‘g ’(t ,T,9,¢,p) = |: - @at|g| + 9237"*|g:| (t - 2M10g(7‘ - 2M)7T (T)797¢7p)

1. r+6M|z(r —3M)+ 2Mrz r—3M 27M?
= ;V+°d(\gl) - &l ) Algl + ( 5Dt — <I><p>8pT* lgl,

3 +
T A oM
where the functions in the RHS are evaluated at (¢* — 2M log(r — 2M),r*(r), 6, ¢, p).
As |pi|ridup, = sinfl(e)dp,.*dpgdpqﬁ, we have by a one dimensional local Sobolev inequality,

r(z)+M
r(z) / Ipeg| dpp, N/ / Ipeg™| dpp, r? dr+/_ " /7: |0y (|g*] ) dpep, |

Performing integration by parts in p,- and using that |r 4+ 6M|z (r — 3M) + 2Mr? vanishes for r = 2M,

‘/ |0 (|97 |) dpep, / Dt g dum+/ |p|
Pa

+ / 191l (14 183y, 0| + o0y, B])|g° | dup, .

o

Recall now from Proposition 5.20 that ¢_d,,. ® € L, (' (R)). We further have |p;d,,.¢_| < rlpn| since
ptOp,. and ¢_ are both smooth up to H*. This can also be obtained by using Remark 3.7. Consequently,

dr.

Viesy] - =20, 0-)

r2

[5t9] ' ‘dNPx

20,..0- S 10l -] € Pl < o

Finally, as h = p:g, we get from Lemma 8.1

[Vnrdg] - ﬂapr* (p-)g"

|pt| ’1"2

< ‘ [ved] ' + |n*]
and it remains to apply the Sobolev inequality of Lemma 8.3. O

It allows us to deduce the next result. For convenience, with n-_.s) the normal of a hypersurface of
constant t*, we define

2MN—3 2MN 3 py
pee = p(npr—csty) = (1 + T) Do + (1 + T) N

Note in particular that p;« ~ py. We will also denote by dpifs—csty the induced volume form on the
hypersurface {t* = cst}.

(51)

Corollary 8.6. Let g : P — R be a sufficiently reqular function, 7 € Ry and x € ¥,. Then,
o ifr(x) < Ry, we have

@ [ nPloldnr, S 30 S BlpaVI o))
n+q<1|I|<2

e Otherwise r(x) > Ry and we have, for p € N,
Py

r(ac)z'”’/m o

DD/ Ll
{t*=t*(z),0<r(z)—r<M} bt

n+q<1 |I]<2

2

|PN| lg|ldup,

pNVmOd nanI dp;p dﬂ:{t* t*(ﬂf)}

|Pt*\

Proof. We apply the previous Proposition 8.4 to h = |px|2g or b = 7P|p, /p¢|P/?|pn|*g and we use 9;(px) = 0,
ﬁi(pN) =0, |Vrjl_°d(pN)| < |pn| as well as |Vri°d(rp|pv/pt|p/2)| < 7P|p, /p¢|P/?, which follow from Lemma,
8.1. Note that if r(z) > 3M, we also use Remark 8.5. Finally, we exploit py ~ pp+ and that X, N {r < Ry}
is equal to {t* =7, r < Ro}. O



RELATIVELY NON-DEGENERATE ESTIMATES FOR MASSLESS VLASOV FIELDS ON SCHWARZSCHILD 47

In order to be able to exploit this Sobolev inequality for r(x) > Ry, we will make use of the next result.

Lemma 8.7. Let p € N and f be a solution to X4(f) =0. For all T € Ry and z € ¥, N{r > Ry}, we have

> [
n<il {t*=t*(z), 0<r(z)—r<M} J P,

Proof. Let y € R such that (t*(y),0(y), o(y)) = (t*(x),0(z), ¢(x)) and r(y) = r(x) — M. Then, there exists
7' > 7 such that y € ¥,.. We then consider the domain D with boundary

Po

d,
. pNVIOS f

* e dpp, dppgpe=e(2)y S EP[fI(T).

{t/ =t"(x),0<r(z) —r < M}, S0 {r <r(z) - M}, HEN{r <t <7}, .0 {r <r(z)}.
Recall now the functions g, 1 < k < 7 and Proposition 6.22. In particular, g; ~ pNV‘iOd f. Let further
go =& f and ¢g = 1. Then,

e if p =0, we use Proposition 6.22 and the divergence theorem, applied in D to N|cxgx].
e If p > 1, we apply the divergence theorem to
pad
2
gk]

and we use Corollary 3.15. The error terms arising from the cutoff function  are handled through
the ILED of Proposition 6.2 since 7=1(D) C 7=1(P).

Pv
02,

N [Ckx(r)rp

O

We are now able to get the main result of this section, from which one can obtain decay estimates for the
null components of the energy-momentum tensor T[f]. In particular, by using Proposition 7.3 (respectively
Proposition 7.5), one obtains Corollary 1.1 (respectively Corollary 1.4).

Corollary 8.8. Let f: P — R be a solution to the massless Viasov equation. Then, for all x € R,

LY e ] (r().

" fn<s

Consider futher p € N. We have

[po” 2 ! p[990)!

p
] a+I11<3

Proof. For the first estimate, we apply the previous Corollary 8.6 and Lemma 8.7 to 9} Q! f, for any ¢+|I] < 3.
For the second one we further use Proposition 7.3 providing the decay of the energy flux. U

A. UNIFORM BOUNDS FOR THE CORRECTION TERM

In this appendix, we prove the next result which implies Proposition 5.20.
Proposition A.1. Let ¥ := (r + 6M)® and 0 < 6 < 1. Then, we have

+ 72|p, 1
sup MN’\ + ;!(p,ﬁp,,_*\lﬂ < +00.

=1 ({t20}) [P |

Remark A.2. In view of Remark 3.7, we have |ro_| < r2|py| + |pi| for r > 3M. As |ro_| < |pn| for
r < 3M, it implies |ro_|°|p|*=° < |pn| + 72 |po| for any 0 < 6 < 1.
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A.1. Preliminaries. The study of ¥ and its derivatives will be based on LZ°, estimates relying on Duhamel
formula (see Lemma A.4 below). For this purpose, we need to introduce the flow map defined by X,.

Definition A.3. For 7; € R and y € n=1({t* = 73}), we define
T = O (15, y)
to be the flow of Xy parametrised by t*, so that ®.x (75, y) = y.

We also recall from (51) the notation py for the contraction of p with the normal of a hypersurface of
constant t*. It verifies py+ ~ py.
We now prove a general estimate for a solution to a damped massless Vlasov equation.

Lemma A.4. Let 7{ € R, and let Z: P — R be a function such that

X,(E) +d(x,p)= = s(z,p), sup  |Z| < +oo,
mt({tr=7})
where the damping term d: P — Ry and the source term s: P — R wverify
V(z,p)€P,  |s(z,p)| Sd(z,p).
Then, there exists a constant C > 0 depending only on d and s such that

Y1y > 11, sup ‘E| <C + sup |E|
rt({ri<tr<73}) T ({tr=1})

Proof. We parametrise the flow of X, by the variable ¢*, so we introduce

d s

|pt* ’ |pt*

We further consider 7* > 77 and y € 7~ 1({t* = 7*}). According to Duhamel’s formula, we have

¥

o 2 do. (77 y)dz

(1]

() =e Sy do®: (7" y)dz Eo®.(7",y) + / s0 D, (7", y)dg.

—
q=Tq

It remains to remark that, by assumption,

*

T * * o T* * _ *
A R L B
q=Ty q=T}

1

O

A.2. Pointwise estimate of . We compute first the damped Vlasov equation verified by ¥ = (r 4+ 6M ).

Lemma A.5. The function ¥ is uniquely determined as the solution to

X (0) +@(r, pre, pe) ¥ = b(r, py), W1 ooy =0,
where a: P — Ry and b: P — R are given by
a(rpep) = ST 2] e
rlr+6M|z(rz + M|r+ 6M]|z) 2 02 r+6M
b(?",pt) = (ZLW
7"2|7’+6M|2

Moreover, they satisfy the bounds
6M|pi| 2M |pul
rlr 4+ 6M|+r3|r +6M[3 0 12 Q2

_ 2
a‘(rap’l’*apt) 2 ’b<r7pt)‘ < ﬁlpt|
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Proof. Recall from Definition 5.18 the equation verified by Q2®. Then, using the computation performed in
(23), we have Xy (®)+a® = (r+6M)~'b. The first part of the statement then follows from X, (r+6M) = p,.

Next, as 72 4+ 2Mr + 3M?2 > r2 + Mrz|r + 6M|z and |p,-

[P _pel 2M |p|
r%|r—|—6M|% r+6M 7’2 927

< |pe|, we have

6(7‘, DPr=, pt) 2

implying the lower bound for @. The estimate for b follows from r + 3M < 2rz|r 4+ 6M|2. O

We are now able to control ¥ pointwise.
Proposition A.6. There holds
72 [po]

|pe|

Proof. Let us recall from Proposition 3.4 the properties of the weight & capturing the redshift effect. In
particular we will use that £ ~ py and —X,(|£]) > 0. Thus, we have

€] € el
* (|t| v) +a(p e

where, using |py| ~ |p| + Q272|p,| and Lemma A.5,

\PN\
sup |

| + 1
m=1({t*>0}) |pe|

|¥] < 4o0.

(7"7pt)7

P
r2

a(r,pre,pt) = a(r,pre,pr) — [€] 7" X ([€]) > @(r, pre, ) 2

Consequently, we have

|f| |PN|

|‘b T, Dt | Tz S a(r,pr, pr).

The first estimate ensues from Lemma A .4, since U vanishes initially. Note that we only need to prove the
second one for the region {r > 7M?}. Recall the cutoff function ¥ € C°°(R) which satisfies X(s) = 0 for
s <4M and x(s) =1 for s > 7M. Then, by Lemma 3.14, we have

r|p, | €l g _3
X (*7" ) +a(r, pr, U = b(r, py«,pt),
o(XO) gy ¥) +80 e 1) 20 =Bl pre )
where
—3M ~ 72 r? )
2 brpean) = X ) gy TPy .

5(T,pr*,pt) = 6(T7pr*7pt) + 2?( ) Q4| | |pU

02 |Pt | Q2 |Pt |

In particular, by support considerations and the boundednes of W,

|b’ (r7p7“* 7Pt) S ‘pvl]lr24M-

As a > 0, the result would follow from Duhamel formula if we could prove that

+oo
Vyen L({t" =0}), / {5” 11T24M] o0 ®4(0,y)ds < C,
s=0 t*

for a constant C' > 0 independent of y. For this, one can simply exploit that, according to Proposition 3.4
and Corollary 3.15, for A > 0 large enough,

_ 72 Do 3M
Xg (A§ + X(T) QQ||pt|| ) S Agmf

| + |pt|11r§7M - T‘pv‘]lrz’?M S 7|pv|]11’24M~
O

A.3. Boundedness for the derivatives of W. The analysis performed to estimate derivatives of W shares
some similarities with the one carried out in Section 6. However, since we will control LZ°, norms of the
derivatives of ¥ along null geodesics, we are able to separate the estimates in the different regions of the
null-shell in a cleaner way. We recall that the final goal consists in estimating r~ <p,8pr* v.
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A.3.1. Preparatory results. We will have to commute the damped massless Vlasov equation satisfied by W,
by the vector fields 0O, Xipl» V4 and ¢_0, .. For this, we will use that

Xg(Z9) +a(r,pre,p) 29 = [Xg, Z)(V) = Z[@(r, pr+, pe) |V + Z[b(r, pr)] (52)
for any vector field Z. Then, we estimate Za and Zb for all the derivatives that we will consider.

Lemma A.7. There holds
oa = Xwa = 0:b = wa =0

Moreover, the following estimates hold,

b s 15 5 i ] < 2
Ve ] < B2 Vbl < 2.

Proof. The first identities follow from the relations Z(p.~) = Z(p:) = Z(r) = 0 for Z € {0, X} }. Next, we
recall from (49)—(50), where we formally set ® = 0, that

V(o] 5 Ipwl. Ve (20.)| 5w, Vi(r) =r.
We further note that
Pul| _ [Pul
PiOp,. Dt = Drv, PiOp,. D = D1, Py, 35| < "z S Ipwl-
It allows to obtain the upper bounds for the derivatives of b. Using in addition |pyP| < |pt|, we get the
estimates related to a. O

For the derivatives V¥ and r’ltp,(‘?pr* U, the analysis will be divided in three regions, {p,~ <0, r > R},
{r < R} and {p+ > 0,7 > R}, where we recall that R > 832M . This separation is allowed by the properties
of the null geodesic flow in Schwarzschild stated in the next lemma. See for instance [O’N83, Chapter 13] for
more information.

Lemma A.8. Lety € {t* =0}. There exists 0 < ¢ (y) < t5(y) < 400 such that

(a) ti(y) < +oo and
o for all s* € (0,t5(y)), we have @4+ (0,y) € {p. <0, r > R},
o for all s* > t5(y), there holds ®4-(0,y) ¢ {p-~ <0, r > R}.
(b) t5(y) is infinite if and only if the orbit s* — ®(0,y) is future trapped and
o for all s* € (t5(y),t5(y)), we have 4-(0,y) € {r < R}.
o Ift5(y) < +oo, either the orbit s* — B4 (0,y) crosses the future event horizon H' at t5(y) or
.. (0,y) € {ppx >0, r > R} for all s* > t5(y).

For our purposes, we also need to control the derivatives of ¥ on the hypersurface 7= ({t* = 0}).

Lemma A.9. The following estimates hold,

le-| 1
S.z ) V Xy =D 0, X v

I NS L P s qae=opy — P s e <o

Proof. Since the (trivial) data for ¥ are prescribed on 7 ~1({t* = 0}), it is convenient to work in the coordinate

system € = (t*,7,0,¢,pr,p9,p,) of P induced by the coordinate system (t*,r,6, ) on Schwarzschild. We

note that

< |pt|
m1({t==0}) ~ rlpn]|’

pre 2Mpy  pe —py

2 7 02 7 TP

Q rQ Q

In order to avoid any confusion, we will denote by 0 the derivative according to the variable a of the

coordinate system %. For any A € {0, ¢}, we have
Q%p,

* _ * _ * * _
815* - Y apr - 2M 81»*’ 8A - aA’ apA - 8PA'
Pt — T DPr=

t* =t 4 2M log(r — 2M), Dr =
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For the radial derivative, the computations are slightly more complicated and we will prove

2M o L, 2Mp. 6Mp, 2Mpy- (pu + 30%p,)
ET g2t r20)2 r2 r2(pt — prv + Q2ppr) Pr-

o) =

" rQ2

For this, note first that

apr* - apr* +

2M M- —p),.  2M

* * 2 *
6r = @8“ + 67" - ’["2Q4 pr @8r(pt)3m.

Next, we have using the null-shell relation (16) that

Ly (QV' _ =3M)P (= 3M)(pr — py) (e + pre)

6 = - =
T(pt) 27"\ r? Dt r4py r202p,

It implies, as p, = p; + pr~ and p, = p; — Pr=,

4M|p,|? . 12Mpupy .,
7"2941715 Pr r292pt Pr?

2M ., N
ar = @815* +a’r‘ +

from which we get (53).
By definition W|,-1(f+—0}) = 0, so we have 9; V|, -1 (f4=—oy) = 0 for any variable a # t* of the coordinate
system %. Using the damped massless Vlasov equation verified by ¥, we then have

2Mp,- B .
_%at\p‘*‘%at@:b(r’pt) on T 1({t :O})
Since
Pt 2Mp,- 4M|pu|
2 02 pe| + 02 12528
and [b(r, p)| < r72|pe|, we have
A ||

~i({t==0n ~ 2w |
We then get the result by using |¢_| < r|px| and that, on 771 ({t* = 0}),
27M?r 3
7% —|r+6M|2(r — 3M)

Ir+6M]|2 r 2M

r2()

at\Il — r@t\I/.

O

A.3.2. The case of the Killing vector fields. As a starting point, we treat the case of the derivatives associated
to the symmetries of Schwarzschild.

Proposition A.10. We have X;(¥) =0 and

sup |
7= 1({t*>0}) |pe|

|8t\1’| < +00.
Proof. For Z € {0, X}, we have [Xy, Z] = 0. Hence, we get from (52) and Lemma A.7 that
Xy (Z¥) +a(r,pr-,pe) Z¥ = 0.

As Xy (¥) = 0 initially according to Lemma A.9, we get X, (¥) = 0. For 0;¥, the Lemmata 3.8 and A.9
provide

XQ(&({%\I}) + [6 +a‘] (Tvpr*apt)so;atq/ =0, sup |(P7| |at\I]| < F00.
Dt Dt r=1({t=>0}) [Pl

We conclude the proof by using Duhamel’s formula through Lemma A.4. O
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A.3.3. Radial derivatives along trajectories of incoming far-away particles. We now control the derivatives
of ¥ along the flow s* — @+ (0,y) until time ¢} (y).

Proposition A.11. Let y € {t* = 0}. There exists an absolute constant By > 0 such that

sup V0|0 @ (0,y) + |r'p_0p,. | 0 @4 (0,y) < Bi.
0<t* <t*(y)

Proof. We first recall that in {p,- <0, 7 > R}, we have Q=2 ~ 1 and |¢p_| ~ 7|p;|. Hence, in this region,
Vi®|+ |~ o 0p,. O ~ [SU| + [p:Dp,. ¥| + |0, ¥,

so, in view of the previous Proposition A.10, it is enough to control SV and p:0, .%¥. By following the
analysis of Section 6.2, which allowed us to obtain (35), one can prove

1 1
XQ(W|S\IJ|) + Exg(w|pt8p7‘*\ll|) S —WE(T7PT*7Pt) |:|S\II| + E|ptapr*\j[j|:| + 0@7

where the weight w is defined in (34). The differences in the analysis are the following:
(a) According to Proposition A.10, we have X (¥) = 0 and |p, |[0:¥| < |p¢|r~* in the region considered.

For the second estimate, we also use |p;| < r~!e_|, which holds in {r > 4M, p,- < 0}.

(b) Here we have X, (¥) # 0, whereas we had X,(f) = 0 in Section 6.2. The extra (bad) error terms are
handled by applying Lemma A.7.

(c) We simply bound above by 0 certain good error terms related to Xy (w).

Note now that @(r, p,+, p;) = 7~ |pn| since p,« < 0 in this region. As w ~ 1, it remains to use Lemma A.4. [

A.3.4. Radial derivatives along trajectories located in the bounded region. We now deal with the bounded
region {r < R}, that is, we focus on the time interval (¢} (y),t5(y)). On this domain, there holds 2M < r < R,
so we can work with multiples of V. and 7~'¢_0, .. We recall the function a introduced in Lemma 3.8.

Lemma A.12. There exists an absolute constant Cy > 0 such that
Xy (|r@—0p,. U|) +@(r, pre, p)|ro—0,,.. U] < |@_V, ¥| + Corlpn|,
|pt|
r3|r 4+ 6M|2
Proof. From (52) applied to Z = r¢_0, . and Lemma A.7, there exists C; > 0 such that
Xy (Ir0-0p,. O|) +a(r, pre, p1) lro-0p,.. W] < |[Xg, 100y, (V)| + Cilep|.
Next, we apply the commutation formula of Proposition 5.15 together with Lemma A.10 to get
o |?
[P

It remains to use |p_| < r|pn|. We now prove the second estimate. Let us recall the commutator [Xg, V]
from Lemma 5.21. Applying (52) to Z = V. and Lemma A.7, we then get

X ([Vau]) + [+ ) (rypoerp) [V 0] < r 0]+ o2

|[X9,T(P_a r*]\II| S

10,9 + @V, ¥| < Cilp-| + @V, 0.

_ r+3M DN
%, (V2 0]) + 3+ a)(r eV ] € =530, w25, + 0, 2,
rz|r+6M|2 r
Finally, we use |X, (V)| < r~!|p:|, which follows from Lemma A.5 and [@¥| < r ! py¥| <77t pel. O

As in Section 6.3, we use the weight (4 with A large enough, in order to absorb the bad error terms away
from the future event horizon #* and the photon sphere {r = 3M}.

Corollary A.13. There exists an absolute constant ¢y > 0 such that for all A > 0, we have on {r < R},

X, (¢l 0y, 1) + (coAlpye | + coAlr — 3Mlpe] +(r, pre, 1) ) o0y, ¥] < (Ao Vo 0]+ CoCArlpy|
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and

X, (C1|V40]) + (codlpy-

+ coAlr = 3M|pi| + [@+a] (1, p,+,pr) ) A Va0
[Pt A alpn|
< —————CPre_0, . V| + Co¢" —.
r§|7’+6M\§C ’tp Pr | o6 r
Proof. Let us recall from Lemma 6.17 that ¢ ~ 1 and X,(¢) < —[pr+| — [r — 3M]||p¢| on {r < R}. The result
then follows from Lemma A.12. O

We are now able to conclude the analysis in the bounded region.
Proposition A.14. Let y € {t* = 0}. There exists an absolute constant By > 0 such that
sup |V U)o @ (0,9) + |ro—0p,. U] 0 @4(0,y) < Bs.

0<t*<t3(y)

Proof. We assume that t3(y) > ti(y), otherwise there is nothing to prove. We claim that for A > 0 large
enough, there exists ¢ > 0 such that we have on {r < R},

¢ Op.. U 1% ¢ Op . V| + A VLv| ) S

Xy 72|7"P7 Dy | "’XQ(C ’ +‘I’|)+C\PN\ 72|7"‘P7 o | +¢ ’ + | < Ipwl- (54)

8M 8M
Then, the result will be a direct consequence of Proposition A.11 (providing the estimates up to time ¢} (y)),
¢ ~ 1, and Lemma A 4.

We now prove (54). For this, we remark that according to Corollary A.13 and since a(r, p,~, p:) = |[pn|r~2,
it suffices to show that if A > 0 is large enough, then

1 _ ) |pt
——— | coA|pr Alr —3M s Pres )>7-717 55
oz (ol + codlr = 3Mlp] 4 3rprep) > - s (55)
_ 3 _
coA|pp+| + coAlr — 3M ||pe| + [a +a] (ry ppe, pt) > 3 |8(§\/IQ‘ (56)
We introduce ¢p > 0, which will be fixed small enough and we recall
(r? + 2Mr + 3M?)|p;| 2M |py| Dr=

a(r,pr,pt) = a(r, pre,pt) —

a\r, Pr=, = : ) .
(rspres pe) Flr +6M|2(r3 + M|r +6M|?) r2Q2 r+6M

We deal first with (55) and we consider two cases:

e Close to the photon sphere, where |r — 3M| < ¢g. We have

2|pi| 2|pu|
a(3M, p,+, = ,
(M pre 1) 3(V3+1)M  3M
4 [P _4 [P < 1 . 2|pe|

3 3M[3l9M|2 3 27V3M3® ~ 8M2 3(V3+ )M’

Consequently, if A large enough so that |p,.«|(r + 6M)~! < coA|p,«|, we get by continuity that (55)
holds on {|r —3M| < €}, provided that ¢ is small enough.
e The rest of the bounded region, r < R and |r — 3M| > €. In that case, since |r — 3M]| is bounded
below, the inequality is verified as soon as A > 0 is large enough.
For the estimate (56), we consider again two cases:

e Close to the future event horizon H* where 2M < r < 2M + ¢y. By Remark 3.7, we have

lo-| _ 2rlpl 1 27M?r|p| <‘1 € 3 2M|py|

+ M 02

co
' 2D Alr - 3M
8M? ~ 8M2Q2 " 8M2 15 — |r + 6M|3(r — 3M) +5Alr P2,

provided that A > 0 is large enough. We get (56) if €y is small enough so that %|1 + 537 3 <2
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e The rest of the bounded region, 2M + ¢y < r < R. In this domain, we have

3 le-l o
2 8M2 ™~

We then get (56) if A > 0 chosen large enough compared to €, L

Pre| 4 [ = 3M ]y .

O

A.3.5. Radial derivatives along trajectories of escaping far-away particles. We finally treat the domain {p,~ >
0, r > R} or, equivalently, the time interval (¢3(y), 4+00).

Lemma A.15. There exists an absolute constant Cy > 0 such that on {p,~ > 0, r > R},

Xo(|r -0y, ¥|) +a(r,pre, p)|r -0, ¥| < |‘i—;'|V+\If} + CO@,

|pt|

PN |
r2|r 4+ 6M|2

Xo(|V4®]) + [@+a] (r, pre, po) [V ¥| < |70y, W] + Com

Proof. As Xy(r=?) = —2p,-r—3, we get the result using Lemma A.12 and that, for p,~ > 0,

a(r,pre,pt) + 2prr =t = a(r, pre, pe) — pre (1 +6M) 7+ 2pr ™! > a(r, pre, ).

This lemma allows us to deduce the next result, which in particular implies Proposition A.1.
Proposition A.16. There exists a constant Bz > 0 such that for all y € 7~ 1({t* = 0}),
sup ’V+\I!| o ®-(0,y) + |7"71<p_8p7,*\11| o &+ (0,y) < Bs.
>0

Proof. Let y € 7~ 1({t* = 0}). We remark that in view of Proposition A.14, we only need to treat the time
interval t* > t5(y). We then assume that the orbit 7 — ®.(0,y) escapes to future null infinity Z*, since
there is nothing to prove otherwise. The key step consists in proving that

3 _ P 3 _ p
%, (30 o0 w1+ V) + P (B0, v+ ) £ 62 (57)

on {p,+ > 0, r > R}. Indeed, since
V0] 0 @y (0,9) + |17 108y, U] 0 By, (0,) < Bo

by Proposition A.14, the result will follow by Lemma A.4.
We note now that (57) is implied by Lemma A.15, py = p; for r > R and
3 e [P

a o > — .
[a—l—a](r,p, 7pt) =9 2 4(7"+6M)

\pt\
T T
rz|r+6M|2

a(’/‘, Dr=, pt) 2

The first inequality follows from 72 +2Mr+3M?2 > 12+ Mrz |r+6M| 2. By Remark 3.7, we have for r > 3M,

oI _ Ipel = pre 27M2p,| o el = pe 2702
r2 T rQ? 4 rs|r+6M[z(r—3M) Q2 7

Moreover, we have

&l prespr) = alr o) — Lo > P il m e
P it PP TN 6M T p | 6M|E T+ 6M T r 4 6M
so that, for p,« > 0,

| 8M(lpe| —pr)  2TMZ|pi| _ | 8M|pi| _2TMP|py|
72 (r—2M)(r+6M) r T 2 (r—2M)(r+6M) r3

a(r,py-,pt) >
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Now, still for p,« > 0 and r > 3M,

}a(r prept) > |p:] lo—| 8M|pi| 2TMP|py|
2 T = ey 6M) T 202 2(r — 2M) (1 + 6M) 23

We conclude the proof by noting that for » > R > 832M,

24M |py| _8IMZpr| el 24M |py| _8IMPp| el
r—2M)(r + 6M) 3 T r+6M (r—2M)(r+6M) r3 T 2(r+6M)

a(r, p?‘*apt) - (

O

B. COMMUTATOR ASSOCIATED TO A CONSERVED QUANTITY ARISING FROM TRAPPING

In order to consider symplectic gradients, we cannot merely work on the null-shell P and we need to
consider a larger subset of the cotangent bundle, that is the one of the causal geodesics. The goal of this
section consists in justifying our choice to work V., which is a particular projection of X,  on T'P. For this
purpose, we recall the notations introduced in Section 2.2.

We start by defining, for all m > 0, the mass-shell

P = {(m,p) eT*S | g; (p,p) = —m?, pis future—directed},

2

so that Py = P. In particular, if s — 7(s) is a future-directed geodesic verifying g(¥,%) = —m?, we have for

all s that
(7(5)a Gry(s) (7(5)’ )) € P

The relation g, (p,p) = —m?, often called the mass-shell relation, is equivalent to

2 _ 2 2 o PP
[pef? = [pye 2+ 92 (m? + ). (58)
The mass-shell P,, can be parametrised by the coordinates (¢,7*,6, ¢, pr+,pg, py) using (58). The geodesic

spray, which is tangent to the mass-shell, then reads on P, as

m2Mr? — (r — 3M)|p|? t 0
(4 )Pl o, + co

%, = Lo+ lg. By Do g

2
Oy, . 59
r2sin’ 0 r P Cpo (59)

r2gin? 6

B.1. Circular orbits for causal geodesics. Let m > 0. Since the circular orbits for causal geodesics lie
in {p, = 0}, the possible orbits associated to a given angular momentum |p| are the roots of

90 T—=3M o, 2 2 T2 2
mor® — i \p|:mr—M\p| +3\p|.

As a result, we find circular orbits if and only if |p| > 2/3mM. They are then located on the spheres

{r=r2(pl)}, where
= (12 "

9MB3m?2
pl?

We remark in particular that

4 m pI?
+ Om—o(m?), r(pl) ~ (61)

rZ(lpl) = 3M + m—0 Mm?2’
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B.2. The weight functions ¢7'. We start by extending the functions ¢, which are defined on the null-shell
(see Definition 3.6 and (24)). The choice of the extensions of ¢y is justified in [VR24, Subsection 5.1.4].

Definition B.1. Let m > 0. We define the following quantities on P, :
o If |p\ > 2v/3mM, we set
() = 2m2M2|TT(IP|)I3
/ [pI>(4M — ™ ([p]) (r™ (Ipl) — 3M)°

o For |p| > 4mM, let p7(|p|) be the roots of m*r? — ﬂ7" + |p|*. They are given by

|;z>|2  16M2m?
o We consider, for |p| > 4mM and p™(|p|) < r < p(|pl), the functions
o A DY (Y
¢ (2,p) = o + By o) (pr*:l:< + ) ( " )Hpt\ | >

One can check, using (61), that

m

a™(lpl)  ~ 6M, ()~ 2M, P (IpD) ei(z,p) ~ s (62)

We can then set p+(|p\) = 400 and extend by continuity a™ (|p|), p” (|p|) and @7 at m = 0.

*)02

Proposition B.2. Let m >0 and [p| > 4Mm. We have on Py, and for p”(|p|) < r < pF(|pl),

X (<pm) - m2(|pt|2—m2)%r%(r—r+(|p|)) .,
g\P+) =
2(r + am(\p|))% (m2r? — ‘27)1‘»17“ +1p?)
Remark B.3. In the limit m — 0, we recover the relation satisfied by ¢+ = ¢ on the null-shell (see
Lemmata 3.8 and 3.10). Indeed, by (62), we have

m?(pe* —m?)2rs (r =P (pl) [pi|r _ [Pl
(r+am(|p|)) (m2r2 |1”| L+ [l ) m—0 \r+6M|é(r—2M) r%|r+6M)\%QQ

Proof. In order to lighten the notations, we drop the dependence in [p| of r' and a™. We first compute,
using X, (|p]) = 0,

X, (|-

\]ﬁl e ‘ ) pre (2m2r — %)

- ’ m2r2+wr—| ‘2’%
2M P

31 2 M(m2r2 |P|2

3
XQ(TQPT*) = §T2‘pr*| - ’I”%
3r —r"™ 4 2a™

2(r +am)z

“—r+ 3[p| )
Xy ((r +a™) 2 (r = 1) = pr-
Consequently, we have
e e
| —m2r2 4+ Brr — pP|

— *21 2 ’
)b W )

P2 7 M P2 it
2| —m2r2 + By — ppp2| |~ mr2 4 B 2|
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We then deduce, using the mass-shell relation (58), that

S e sn T
9 2 A B = UPt m
vz — Bl g2/ | ez B2 2
1
msztz* 2‘27’%7"*7@) ) (r+a™)z(r—rm) |l ‘2_m2’%

2(r +am)z (m2r? — WJET—FW)P) |m2r? — W +|p\2’

We also obtain

< (r+a™)z (r —r™) _ Drs
1 )

2,2 4 IpI° 2|3 2am L 2,2 4 IpI° 213
| —m2r2 + g — pl?| (am +7)2 | —m?r? + gyrr — [pP?|

'((QmQT |p|2>(7"+a )(r — )+(3T+2amfr’f)( m2r? + W — 1y ))

Now, we claim that
‘p|2 m m m m 2.2 |p| _ 2.3 2.m, 2
2m?r — 2= ) (r +a™)(r — ™) — (3r + 2a™ — ™) (m3r r+|p| = —mr’ +mrire.
For this, note first that the polynomial on the LHS is equal to —m r3 + bor? + byr + by, where
2 2 2
by = %amr’f - 2\p|2am + 7{“|1,7)|27 by = —2m2a™r™ W 3\p|2 by = —m?r™ + %
By (60), we have by = m?'". Then, recalling first the definition of o (|p|) and using then the relation
2
m2[rm|? — W ™+ 3|p* = 0, we get
2m?2M?|r™|?
|p|2am
Similarly, one can check that

2m2 M2 |rm|3

am

bo = Mm?|r™ > — AMPm? 7™ |* + [p|*(4M — r™)(r™ — 3M) = 0.

by = —4M2mA [P [ 4 [P M2 P 3l 2 — 21| M+ 36]p| 1M
= _4M2(|p|2M_1TT — 3‘p|2)2 + \p|2Mm2|7“T|3 + 3‘?|4|TT|2 . 21‘p|4MTTlL + 36‘p|4M2
= [pPMm2 ™ P — e+ 3lpl M = 0.
We then deduce that
xg<| (r+a™)(r—rm)

) B m2rz (r — ) 73 P
o 2 ’
—m2r? + %r — [pl?|? 2(am +1)% (m2r2 — %r +1pl2)  |m2r2 - W w7+ PP ’

which allows us to conclude the proof since Xy (|p:|* — m?) = X (|p|) = 0. O

In what follows, we denote by m the function m(x,p) = | —g;l(p,p)ﬁ, which is well-defined on the subset
{g-(p,p) < 0} of the cotangent bundle. Recall that, for (z,p) € P, we denote by 7+ ®,(z,p) the flow map
of X, parametrised by t* with data ®;.(,)(z,p) = (z,p). Then, according to the previous Proposition B.2
and Remark B.3, the following statement holds.

Corollary B.4. Let s be the function defined as

@) m2(|p )2 me)%r%(r—rm(\pD)
)ea(m,p)’ a(x7 ) — - + o (PT(:L', )dT
p /T:O 2(r+am(|p|))§(m27"2 |7’| It ) p

E(x,p) = @T(f,p

Then, s can be extended on P, that is at m = 0. Moreover, it is conserved along the causal geodesic flow.
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B.3. Symplectic gradients. We now compute the symplectic gradient of ©”. For this, remark that we can
write

2
SDT:¢* <m23|7;b2arap’r*7pt>7 (b, 601(07R)7
where the open set O is the interior of O, given by

O = {(xl,...,z5) €eRy x [0,%) X (2M, +00) x R x R* | p_(\/a1/22) < 23 < p+(\/1:1/7:1:2)}
Moreover, in view of (61), ¢_ and Vé_ can be extended continuously on O, so that
=92 =6_(0,0,-), - =0%0,20-(0,0,-),  Fp.p- = 0p40-(0,0,-),  Tp,p— = Dus-(0,0,).
Since m? = 2H, we have 2X,,,> = Xg4. By the chain rule, we then obtain
1
2lp?
Remark B.5. We abusively wrote Oy« (ap’”), Op, .~ (@T) and Op, ((pT) instead of V20,s¢0_, Opyacd_ and Oysp_.

1
Kom = 50016-Xg+ 550026 Xg=20 30020 Xy +Vy, Vi =0y, (™) 040y, () Oy — Oy (™) O, ...

m?
lpl3

For convenience, we introduce
1 1
mg(rap’r* 7pt) = ia:rl(b* (07 07 r, pT*apt) + Waaﬂ(bf((h 0) Ty Drx 7pt)-

Then, we have V = X, m —x,X, on the null-shell P and V is indeed given by (10). Moreover, as s is a
conserved quantity, we have

[Xg7X5] =0, X, = ea(wm)xw + @Tea(w,p)xa'
We summarise these properties in the next statement, which also uses Remark B.3.

Proposition B.6. The vector fields X, XW’ and Xg commute with the geodesic spray Xq. We have

t* () |
pt|
V(x,p) € P, alp(x, :/ —————— 0 ® (z,p)ds.
( p) |7?( p) o T%‘T+6M|%Q2 ( p)

On the null-shell P, we have
vV, = e—clP@p)xX, — £,X, — o_Xa,
where

—a|p(z |pt| — T
[Fare . 71))X5} - _me rPEPX,, (X, 24Xy] = Xg ()X,
We then observe that the vector field V is the sum of

o e~ lP@P) X, which enjoys a good commutation relation with Xg,
e a term collinear to X,, which is then irrelevant once applied to a solution to the Vlasov equation,
e a term proportional to ¢_.

The issue is that V is not tangent to P so we need to project it on TP to use it for the study of massless
Vlasov fields. However, since the normal to P is also tangent to it, there is no canonical choice of projection.
The next result justifies that any choice should allow to close the estimates.

Proposition B.7. Let W be a vector field transverse to TP and

Projyw : |J TapT*S— TP
(z,p)eP

be the projection parallel to W. Then, for any vector fields Wy and Wy transverse to TP, we have
Projw, (V4) — Projw, (Vi) = ¢ (Projw, (Xa) — Projju, (Xa) ).
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Proof. Since s is conserved along causal geodesics, the vector field X, is tangent to P. As X,|p € TP, we
get that V 4+ ¢_X, is tangent to the null-shell as well. Thus,

Projjw (Vi) + o-Projjw (Xa) = Vi +¢_Xq
for any vector field W transverse to TP. O
In this article, we choose to work with V3 := Proj s . (V). As suggested by Proposition B.9, for certain
well-chosen W5, the difference Vi — Proj)y, (V4) is collinear to ¢_p;0p, .. Let us now briefly justify that
working with V. = Q7 'V, is a relevant choice. The next result can be obtained similarly as Proposition B.6.
Proposition B.8. Let ¢™ := Q~1¢™. Then, the following properties hold.
o The quantity 3(x, p) == @™ (z,p)e®®P) where
* 11 m
_ W m?([pe|* —m?) 2z (r —r(|p)) M
Oé(l',p) T 1 |p|2 + 292p7‘*
=0 N2 an ()} (mee? = B pR)e 7
can be extended on P, that is at m = 0. Furthermore, it is conserved along the geodesic flow.
o The function ¢_ defined on the null-shell in (22) and ¢° corresponds. Moreover,
" (x)

V(I’,p) € P7 a(fﬂ,p) :/ a,ofl)s(x,p)ds,
s=0

)O®A%pﬂﬂ

=0

where a is the function introduced in Lemma 3.8.
e Since s is a conserved quantity, its symplectic gradient Xz = ea(”’p)X‘pr_n + =P X verifies
Xy, X5] = 0. Furthermore, we have on P, in the coordinate system (t,7*,0, ¢, pt, Dr, P, Do),

[Xg, e—a\r(z,p)xﬂ — _a(x,p)e—a‘p(x,p)xg

and, using similar abuse of notations than in Remark B.5,
z
X = O, (p-) 01 + O, (=) Orr = Oy (9-) Dy, + 2
In order to compare V; = Q7 'V, with a projection of Xym — 2,07'X, on TP, we will work in the
coordinate system (¢, 1,0, ¢, D;, P, po, Py) of T*S induced by the hyperboloidal coordinates (t,r, 6, ¢), which
were introduced in Definition 6.23. In particular, we have
_ Tg(s) 3M 6M 3 _ — _pe ()
t=t— da :(]—_7)<1 7) 3 = s = ——Dy.
s S2(s) § £(r) , T Pt = pt Pr="gz Tz Pt
In order to avoid any confusion, we denote by 0, the derivative with respect to a in this coordinate system.
Then, as 8‘p‘<pT|m:0 = 0 and since J5,¢™, 05 @™ and 0,¢™ are continous at m = 0, we have on the null-shell
P, with similar abuse of notations than in Remark B.5,
_ z = = .3 = = = = _=
p— =1D,, Xom = %y = 95,(¢-) 0 + 9, (p-)0r = 0, (¢ )05, = 10 =D, Ty,

We finally prove the next result.

X,.

Proposition B.9. We have
=z, M _ rag(r)

Vi = Profyay, (Xor) = 9% = SqaPeOr. — gy reaPr O

The sum of the last two terms is a vector field reqular up to Ht since £(2M) = —1.

Proof. We parametrise the null-shell P by the coordinate system (¢,, 6, ¢, p,., ps, py) and we abusively denote
by O, the derivative with respect to the variable a. Then, as X4 is tangent to P,
Zy

X,

Projya,, (Xpm) =70y — P, 0p, +
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We now relate d, with the derivatives of the coordinate system (¢,7*,6, &, Dr, Do, Pg). For any A € {0, ¢},

we have

_ + . _ _
0y = O, Op,. = thi(pt)pa 04 = 0a, Opa = Op,

For the radial derivative, note first that

2M pr* +§( )pt57

&ﬂ _ _5( )8t 4 8 5, + %(%(f(f)pﬁgﬁr

This implies,

o202 02
Then, using (31) and the null—shell relation (16), we have
(r = 3M)(|pe[* — |ps-[?) 270
19) = — O = .
- (Pe) r202p, ; (&(r)) rEr + 6M|2
€)% 5 _ 2M _ 5 )P — e P) 2TM?
Op = =507+ 0, — 05 — = 5 5.
Q2 ot LS TP VLT TG +r%|r+6M|%Q2 b

Recall now

v =rig

from (29) the expression of V., = Q~1V,. We have

— —3M 27M? R
T)at+rar—(T Byt —— 1)pt+§(r)p )
r fr§|'r—|—6M|§

02p, Pr

5 =7 — 5 M _ - 7"%|§(7")|2(|Pt|2 — |pr 2)* 27M?p, =
= 7’87«— r87 + 7"87 v r87 - 5,‘ D,
( P.05,) +P,05, 2 Pr I+ 6M|EQp, P i oM E2 P
r—3M_ 27 M?p, pe + E(T)prv =
- Dy 3 1 2 aﬁr
T rz|r 4 6M|2 Ppy
Sy M () P(pl? — e ) relE(r)Ppep, | 2TMEE(r)p \
= (1D, — 7,0y~ MPrg 1€(r)[*(] tll | )8@ B 1€(r)] ! 42 ( )l 7,
rQd |r + 6 M |2 Q4p, |r +6M|2Q2p;  rz|r+4 6M|2Q3
The result then follows from

27 M?2
E)pe|* = &(r)|pr- ] + TQ%T% = pe(E(T)pt + Prv) — Pepre — E(7) |prv

[AB15]
[ABJ18]
[Ago8d]
[AnCGS22]

[And11]
[Arell]

[BFJ+21]

[Big23]

27 M2
R e LY

= pe(§(r)pe + pre) = E(r) Ipe=* = 1€(7)Pprep1
= pt(&(r)ps + prr) — E(r)pr= (E(7) Pt + Prv)
= O?pp, — VE(r)pr-D,.-
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