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ABSTRACT. In this paper, we study small data solutions to the Vlasov—Poisson system with
the simplest external potential, for which unstable trapping holds for the associated Hamil-
tonian flow. First, we provide a new proof of global existence for small data solutions to the
Vlasov—Poisson system with the trapping potential in dimension two. We exploit the
uniform hyperbolicity of the Hamiltonian flow, by making use of the commuting vector fields
contained in the stable and unstable invariant distributions of phase space for the linearized
system. In contrast with the proof in [VRVR23], we do not use modified vector field tech-
niques. Moreover, we obtain small data modified scattering for this non-linear system. We
show that the distribution function converges to a new regular distribution function along
modifications to the characteristics of the linearized problem. We define the linearly growing
corrections to the characteristic system, in terms of a precise effective asymptotic force field.
We make use of the scattering state to obtain the late-time asymptotic behavior of the spa-
tial density. Finally, we prove that the distribution function (up to normalization) converges
weakly to a Dirac mass on the unstable manifold of the origin.
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1. INTRODUCTION

In this paper, we study the asymptotic behavior of collisionless many-particle systems on
R2. We consider many-particle systems described statistically by a distribution function sat-
isfying a collisionless non-linear model arising in kinetic theory. More precisely, we investigate
the asymptotic properties of small data solutions f(¢,x,v) to the Viasov—Poisson system with

the potential %”’0‘2; given by
8tf+v'vxf+x‘vvf_ﬂvm¢‘vvf:07

W Pt 2) = Jgg F(t,,v)do,

ft=0,2,v) = fo(z,v),
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where t € [0,00), z € R2, v € R% and p € {1,—1} is a fixed constant. The interaction

between the particles of the system is attractive when u = 1, or repulsive when y = —1. The
nonlinearity in this kinetic PDE system arises from the mean field generated by the many-
—lz|?

particle system. The Vlasov—Poisson system with the external potential ——, describes a
collisionless many-particle system for which the trajectories described by its particles are set
by the mean field generated by the system, and the external potential %ﬂ? We call V¢ the
force field, and p(f) the spatial density.

The Vlasov—Poisson system is a non-linear PDE system whose dynamics have been ex-
tensively studied in the scientific literature. The first well-posedness results for this PDE
system (without external potential) were obtained by Okabe and Ukai [OU78], who proved
global well-posedness in dimension two and local well-posedness in dimension three. Seminal
independent works by Pfaffelmoser [Pfa92] and Lions—Perthame [LP91] proved global well-
posedness for the Vlasov—Poisson system (without external potential) in dimension three. See
also Schaeffer’s proof [Sch91]. These global well-posedness results can be adapted to incorpo-
rate an external potential ®(x), as long as V,® has Lipschitz regularity (see the introduction
of [GHK12]). Although the well-posedness properties of the Vlasov—Poisson system have been
settled in [Pfa92, LP91, Sch91], the description of the non-linear dynamics of the solutions to
this PDE system for arbitrary finite energy data is not yet fully understood.

The class of small data solutions for the Vlasov—Poisson system has been studied in great
detail in the literature. The first small data asymptotic stability result for the Vlasov—Poisson
system was obtained by Bardos and Degond [BD85], who studied the evolution in time of
solutions to the Vlasov—Poisson system for compactly supported initial data using the method
of characteristics. Later in time, this small data global existence result was improved by
Hwang, Rendall and Veldsquez [HRV11], who proved optimal decay in time for higher order
derivatives of the spatial density for compactly supported data, using again the method of
characteristics. Subsequently, the stability of the vacuum solution for the Vlasov—Poisson
system in [BD85] was revisited by Smulevici [Smul6], who proved small data global existence
based upon energy estimates using the vector field method. As a result, Smulevici [Smul6]
obtained boundedness in time of a suitable energy norm, and optimal space and time decay
estimates for the spatial density. We emphasize the novel modified vector field technique
introduced in [Smul6], in order to address the small data global existence for the Vlasov—
Poisson system in dimension three. Later Duan [Dua22] simplified the functional framework
and the proof of the stability of vacuum for the Vlasov—Poisson system in [Smul6]. See also
the work by Wang [Wan23| for another proof of the stability of vacuum for the Vlasov—Poisson
system in dimension three via Fourier techniques.

Moreover, there have been several works concerned on the scattering properties of the
distribution function for small data solutions to the Vlasov—Poisson system on R3 x R3. First,
Choi and Kwon [CK16] proved that the distribution function converges to a new distribution
function along modifications to the characteristics of the linearized problem, for small data
solutions to the Vlasov—Poisson system. We refer to this property of the distribution function
as modified scattering. Later, Ionescu, Pausader, Wang, and Widmayer [[PWW22], obtained
a new proof of small data modified scattering using methods inspired from dispersive analysis.
The work [IPWW22] identified an explicit correction to the characteristic system, in terms
of an effective asymptotic force field defined using a normalized mass for every energy level
{v =} for vg € R3. Around the same time, Pankavich [Pan22] proved modified scattering
for a multispecies collisionless plasma assuming that the electric field decays sufficiently fast
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(instead of assuming smallness of the compactly supported initial data considered in [Pan22]).
The work [Pan22] also identifies precise self-similar asymptotic profiles for the spatial density
and the electric field.

More recently, the first author has established small data modified scattering for the rela-
tivistic Viasov-Mazwell system on R2 x R? [Big22b], which models the dynamics of a collision-
less plasma of charged particles. We observe that the small data modified scattering result
in [Big22b] does not require smallness on the Maxwell field. The strategy used to obtain the
stability of vacuum for the Vlasov—Maxwell system simplifies previous vector field methods to
address small data global existence for the classical Vlasov-type systems in dimension three.
The proof in [Big22b] is obtained through a commuting vector field approach which does
not require modified vector field techniques to obtain small data global existence. Moreover,
[Big22b] establishes small data modified scattering to a new highly regular distribution func-
tion along modifications of the characteristics of the free relativistic transport equation. This
part of the proof requires the introduction of novel asymptotic modified vector fields, whose
components depend on an effective asymptotic Lorentz force for the characteristic system. See
the work of Pankavich and Ben-Artzi [PBA23] for an alternative proof of small data modified
scattering for the relativistic Vlasov—-Maxwell system for compactly supported initial data.

The small data modified scattering results [Big22b] and [PBA23] for the relativistic Vlasov—
Maxwell system on R3 x R3 have been obtained after several proofs of small data global
existence have been established in the literature. The vector field method for collisionless
systems was used by the first author [Big20, Big21, Big22al, in order to prove the stability of
vacuum for the relativistic Vlasov—-Maxwell in dimension greater or equal than three. Wang
[Wan22] obtained another proof of the stability of vacuum for this system in dimension three,
by combining the vector field method and Fourier techniques. Small data global existence for
the relativistic Vlasov—-Maxwell system was first shown by Glassey and Schaeffer [GS87] using
the method of characteristics.

The motivation behind considering small data solutions to the Vlasov—Poisson system with
the potential %“2 comes from stability results for dispersive collisionless systems for which the
dynamics described by their particles is hyperbolic. We consider the Vlasov—Poisson system
with the simplest external potential for which unstable trapping holds for the Hamiltonian
flow associated to small data solutions of this system. We say that unstable trapping holds
for a Hamiltonian flow in R2 x R2, if the trajectories of the flow escape to infinity for every
point in phase space, except for a non-trivial set of measure zero for which the future of
every trajectory of the flow is bounded. The second two authors [VRVR23] have recently
established small data global existence for the Vlasov—Poisson system with the potential %‘I‘Q
in dimension two or higher. Furthermore, it was proved that unstable trapping holds for
the Hamiltonian flow associated to small data solutions of this system. In fact, [VRVR23,
Theorem 1.3] provides an explicit teleological construction of the trapped set in terms of the
non-linear evolution of the force field in dimension two or higher. The proofs of [VRVR23]
exploit the uniform hyperbolicity of the Hamiltonian flow by making use of the commuting
vector fields contained in the stable and unstable invariant distributions of phase space! for
the linearized system. In the specific case of dimension two, [VRVR23| makes use of modified
vector field techniques due to the slow decay estimates in time, which suggests that small data

IWe refer to a distribution in phase space Ry X Ry as a map (z,v) = A v) C Tia,0) (R X RY), where A, 4
are vector subspaces satisfying suitable conditions (in the standard sense used in differential geometry).
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—_ 2 . . .
modified scattering holds for the Vlasov—Poisson system with the potential ‘g " in dimension
two.

In this paper, we prove small data modified scattering for the Vlasov—Poisson system with
—|=?
2

existence for solutions to the Vlasov—Poisson system with the potential in dimension
two. In contrast with the proof of [VRVR23, Theorem 1.2], we do not use modified vector
field techniques to establish small data global existence. Later, we obtain small data modified
scattering for this non-linear system. We show that the distribution function converges to
a new highly regular distribution function along modifications to the characteristics of the
linearized problem. We define the linearly growing corrections to the characteristic system
in terms of a precise effective asymptotic force field. The regularity of the scattering state is
proven by introducing novel asymptotic modified vector fields, whose components depend on
the effective asymptotic force field for the characteristic system. Later, we make use of the
scattering state to obtain the late-time asymptotic behavior of the spatial density. Finally,
we prove that the distribution function (up to normalization) converges weakly to a Dirac
mass on the unstable manifold of the origin. The mass of the corresponding Dirac mass is
explicitly identified in terms of the scattering state.

We investigate this model with the hope to offer new insights to study asymptotic stability
results for dispersive collisionless systems for which the associated characteristic system is
hyperbolic. This dispersive behavior holds locally for 1D Hamiltonian flows arising from
potentials with a global maximum in a neighborhood of the associated hyperbolic fixed point.
An important example of dispersive collisionless systems for which the associated Hamiltonian
flow is hyperbolic is given by collisionless systems in the exterior of black hole backgrounds
which admit a normally hyperbolic trapped set. We have in mind massless collisionless systems
on the exterior of black holes spacetimes, as for example, the subextremal family of Kerr black
holes. See [WZ11, Dyal5] for more details.

in dimension two. Firstly, we provide a new proof of small data global

—|z[?
2

the potential

1.1. A first glance to the main results. In this manuscript, we investigate the non-linear

dynamics of small data solutions to the Vlasov—Poisson system with the external potential

a2 . o . .
—5— in dimension two, given by

Of+v-Vof+az-Vof —pVeg-Vyf =0,
Azd = p(f),
p(f)(t.2) = foo (.2, 0)dv,
f(t=0,2,v) = fo(z,v),
where t € [0,00), * € R2, v € R, and p € {1, —1} is a fixed constant.
The local well-posedness theory for this PDE system is standard (see for instance [HK19,

Section 3]). We study the evolution in time of small initial distribution functions fp : R2 x
R2 — [0,00), in a space of functions defined by a higher order weighted Lg7, norm

ol ar = Z sup  (z — )M HBl g 4 )MH (9, — 8,)P (0, + 8,)" fol,
18]+ x| <N (@0) EREXRE

(2)

where N, M € N and (-) is the standard Japanese bracket. The differential operators con-
sidered in this norm are obtained as compositions of vector fields in a class A of commuting
vector fields for the linearized system, at time ¢ = 0. Similarly, the weights considered in the
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norm above are conserved quantities along the characteristic flow of the linearized system, at
time t = 0. See Section 2 for further details concerning the commuting vector fields and the
weights for the linearized problem.

In the following, we denote by (X ¢, V) to the components of the characteristics to the
linearized problem, given by

(Xg(t,x,v),Ve(t,z,v)) := (xcosht + vsinh ¢,z sinh ¢t + v cosht).

a2
For a distribution function satisfying the linear Vlasov equation with the potential %, we

have that f(t, X #(t),Ve(t)) = fo(z,v), for every t € [0,00). In contrast, the expression

ft, X o(t,z,v),Ve(t,z,v)) does not converge as t — oo, for small data solutions to the
a2

Vlasov—Poisson system with the potential |§ ® in dimension two, unless the initial data is

identically zero.

We introduce the coordinate system (s,u) in phase space, defined by

i'_xi—vi Z-'_:Ui+vi
§'=—0 U=

which is more suitable to capture the hyperbolicity of the linearized system. We will frequently

use this identification without explicit reference. In the following, we write a distribution

function in the hyperbolic coordinate system (s,u) by

f(t,s,u) = f(t,2,v).
Similarly, in the rest of the paper, the notation A < B is repetitively used to specify that
there exists a universal constant C' > 0 such that A < CB, where C' depends only on the
corresponding order of regularity, or other fixed constants.

Theorem 1.1 (Small data modified scattering for the Vlasov—Poisson system with the po-

2
tential %) Every solution f to the Vlasov—Poisson system with the potential # arising
from smooth and small initial data is global in time. Moreover, the following properties hold.

(a) Let u € R2. The normalized stable average of f along {u = u} converges to a regular
function Qs : R2 — R such that
. 1+t)?
Vit € [07 OO), ‘th f<t7 S, et’L_l,)dS - QOO(E) S %
R2 e
(b) Let ¢pasymp : R2 — R be the solution to Aydasymp = Qoo. The force field has a regular
self-similar asymptotic profile u — Vy@asymp, in the sense that

(1+1)7

V(t,z,v) € [0,00) x RZ x RZ,  [e'Voo(t, Xo(t,2,v)) — VuBasymp(u)| S (€7 s)—

e
(c) We have modified scattering for the distribution function, in the sense that there exists
a regular distribution fo : R2 x R2 — [0,00), such that

(1 + 75)16

V(t,z,v) € [07 00) X R% X R?}’ |f(t, Xe(t, z,0), Ve (t, 2, v)) — foo(z,v)| S ol

)

where the components (X4, Vi) of the modified characteristics are defined as

t
X¢(t,x,v) := xcosht + vsinht + %quﬁasymp(u),
e

ut
Py vu(lsasymp (u) .

Vg (t,z,v) := xsinht + vcosht — 5
e
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Remark 1.1.1. (a) The proof of Theorem 1.1 fits into the general framework of vector field
methods for dispersive collisionless kinetic equations. In order to show small data

modified scattering for the Vlasov—Poisson system with the potential J we follow
the strategy outlined by [Big22b]. We observe that the self-similar asymptotlc profile
Vu@asymp of the force field allows us to write an explicit correction to the characteristic
system. The self-similar asymptotic profile V,@asymp is defined as the field induced
by the asymptotic Poisson equation Ay@asymp = Qoo, Where the normalized stable
average Qoo plays the role of density on the unstable leaves of phase space. See
Subsection 5.2 for further details.

(b) We exploit the uniform hyperbolicity of the non-linear Hamiltonian flow by making
use of the commuting vector fields contained in the stable and unstable invariant
distributions of phase space for the linearized system. In contrast with the proof of
[VRVR23, Theorem 1.2], we do not use modified vector field techniques to show small
data global existence. Nonetheles, the regularity of the scattering state is proven by
introducing novel asymptotic modified vector fields, whose components depend on the
effective asymptotic force field for the characteristic system. The modifications to the
commuting vector fields for the linearized system grow linearly in time. This contrast
with previous results [CK16, IPWW22, Pan22, Big22b, PBA23] concerning small data
modified scattering for collisionless kinetic equations, where the modifications grow
logarithmically in time.

The first part of Theorem 1.1 consists in proving small data global existence for the Vlasov—
Poisson system with the potential %3:‘2 For this purpose, we prove exponential decay in
time of velocity averages. Previously in [VRVR23], the second two authors proved that
Ip(f)] < e % for small data solutions of this non-linear system. As part of the proof of
Theorem 1.1, we establish the late time asymptotic behavior of the spatial density.

Theorem 1.2 (Late-time asymptotic of the spatial density). For every solution f to the

2
Vlasov—Poisson system with the potential |§‘ arising from smooth and small initial data.
Then, the corresponding spatial density has a self-similar asymptotic profile, in the sense that

Y(t,x) € [0,00) x R2, ‘e2tp(f)(t, x) — /R? foo(s —>ds‘ < 1:;)7.

Moreover, the spatial density satisfies

Y(t,x) € [0,00) x R2, e2p(f)(t,z) — foo(s,0)ds u

R?

S (14 [zf)

Remark 1.1.2. (a) As we commented before, we use the hyperbolicity of the Hamiltonian
flow, by making use of the vector fields contained in the stable and unstable invariant
distributions of phase space for the linearized system. As a result, we obtain optimal
exponential decay in time for the induced spatial density. The rate of exponential
decay for the spatial density coincides with the sum of all positive Lyapunov expo-
nents of the Hamiltonian flow. Moreover, we obtain a self-similar asymptotic profile
fRZ’ foo -)ds of the spatial density in terms of the scattering state. We observe that

fRQ f(t,s, 0 ds is a conservation law along the stable manifold of the origin for the
linearized system. As a result, the limit at infinity of the corresponding conserved
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quantities for the linearized system describes the late time asymptotic behavior of the
spatial density.

(b) We observe that the self-similar asymptotic profile [5o foo(s, -)ds of the spatial density
is defined by integrating the scattering state on the stable manifold of the origin. In
terms of the initial data, this quantity corresponds to integrating the initial distri-
bution function on the trapped set at time {t = 0}. The second two authors have
obtained an explicit teleological construction of the trapped set in terms of the evolu-
tion in time of the force field (see [VRVR23, Theorem 1.3] for further details).

The decay in time of the spatial density holds due to the concentration in time of the
support of the distribution function on the unstable manifold of the origin. Motivated by this
fact, we capture the concentration of the support of the distribution function in the unstable
manifold with a suitable weak convergence statement.

Theorem 1.3 (Concentration of the distribution in the unstable manifold). Let ¢ € CF5, be
a compactly supported test function. Then, for every solution f to the Vlasov—Poisson system

with the potential _|;‘2 arising from smooth and small initial data, we have
lim e%/ f(t,s,u)@(s,u)dsdu = foo(s,(])ds/ o(s,u)ds=p(s)dsdu.
¢—00 RZxR2 R2 R2xRR2

In other words, the distribution function e* f(t,s,u) converges weakly to ([ foo(s,0)ds)ds=o(s).

Remark 1.1.3. We observe that the mass of the corresponding Dirac measure is explicitly
identified, as the mass of the stable manifold of the origin in terms of the scattering state.
The mass of the Dirac measure is equal to the mass of the trapped set in terms of the initial
distribution function. In the core of the paper, we prove a more general weak convergence
statement for % f(t, s, u +ue'), for a fixed u € R2. We show that e* f(t, s, u +ue!) converges
weakly to the Dirac mass ([ foo(s,%)ds)ds—o(s). We observe that the masses [ foo(s,@)ds of
these Dirac measures are explicitly identified, as the masses along the leaves {u = 4} in terms
of the scattering state. Note that the mass of the stable leaves {u = u} defines the self-similar
asymptotic profile of the spatial density.

For every sufficiently regular solution f to the Vlasov—Poisson system with the potential

2
#, we consider the Hamiltonian energy of the system, given by

1
(3) H[f] := 2/R%<R2(’v|2 — |z*) f(t, 2, v)dzdv — g/}RQ |Voo|?(t, z)dz.

==

The Hamiltonian energy of a solution to the Vlasov—Poisson system with the potential —5—
is conserved in time. This quantity has a key role in the Hamiltonian structure of this PDE
system. We conclude this subsection with an explicit characterization of the Hamiltonian
energy of the system in terms of the scattering state, in the class of small data solutions
studied in this paper.

Theorem 1.4. Let f be a solution to the Viasov—Poisson system with the potential %"E‘Z

arising from small data. Then, the Hamiltonian energy of the system is equal to the asymptotic
one induced by the scattering state. In other words, we have

1

M) = Hlfol =5 [ (0 =l (o 0)dede = § [V P
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Remark 1.1.4. (a) The asymptotic Hamiltonian energy H|foo] of the system in terms of
the scattering state has a contribution coming from the self-similar asymptotic profile
Vubasymp[@oso]. The contribution of this asymptotic profile does not appear in the
corresponding formula for the asymptotic Hamiltonian energy #[fso] in terms of the
scattering state for the standard Vlasov—Poisson system on R3 x R3.

(b) Later in the paper, we also obtain an explicit characterization of the total mass of the
system | f|[z1 ~in terms of the scattering state, in the class of small data solutions
studied in this paper. We show that [£(®)]lz: , is equal to the total mass || fooll11
induced by the scattering state fo. ’ ’

1.2. Outline of the paper. The article is structured as follows.

e Section 2. We study the linearization with respect to the vacuum solution of the
Vlasov—Poisson system with the potential %:Ul? We introduce the weights and vector
fields used to define the norm considered in Theorem 1. We conclude with some basic
lemmata. for the commuted equations.

e Section 3. We state detailed statements of the main results of the paper.

e Section 4. We set up the bootstrap assumptions and discuss their consequences.
Later, we prove that weighted Lg%, norms of the distribution function grow at most
polynomially in time. We improve the bootstrap assumptions on velocity averages,
and we conclude the small data global existence part of the paper.

e Section 5. We refine the decay estimates, by proving that the spatial density and
the force field have self-similar asymptotic profiles. This profiles allow us to define the
modified trajectories along which the distribution function converges. We prove small
data modified scattering for the distribution function.

e Section 6. We obtain the late-time asymptotic behavior of the spatial density. We
prove that the distribution function (up to normalization) converges weakly to a Dirac
mass on the unstable manifold of the origin. We also capture the hyperbolicity of
the system with a more general weak convergence statement. Finally, we relate the
Hamiltonian energy of the system to the corresponding asymptotic Hamiltonian energy
of the scattering state.

Acknowledgements. LB conducted this work within the France 2030 framework programme,
the Centre Henri Lebesgue ANR-11-LABX-0020-01. AVR received funding from the grant
FONDECYT Iniciaciéon 11220409. RVR would like to thank Jacques Smulevici for many in-
sightful discussions. RVR received funding from the European Union’s Horizon 2020 research
and innovation programme under the Marie Sklodowska-Curie grant 101034255.

2. PRELIMINARIES

In this section, we introduce the class of commuting vector fields used to study dispersion
2

estimates for the Vlasov—Poisson system with the external potential ‘; ", This is motivated

by the dynamics defined by the characteristics to the linearized system. Furthermore, we

prove some useful lemmata which are going to be applied in the following sections.

2
2.1. The Vlasov equation with the external potential # In this subsection, we
study the dynamics of the linearization of the non-linear Vlasov—Poisson system with the

trapping potential (2) with respect to its vacuum solution, which is given by the Viasov
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_ 2
equation with the external potential % taking the form

hf+v-Vof+ax-Vyf=0,
f(t = 0,$,U) = fO(ZEav)v

where fo : R2 x R2 — [0,00) is a sufficiently regular initial data. We emphasize that this

linear Vlasov equation is a transport equation along the Hamiltonian flow given by

dx’ - dv’

7 i

5 = =

( ) dt v ) dt € 9

defined by the Hamiltonian system (R2 x R H) in terms of the Hamiltonian

Lo, oo 1100 1 909

SO S0P (@) — ()

The Hamiltonian system (R2 x R2, H) is completely integrable in the sense of Liouville due
to the two independent conserved quantities in involution

Hi(xﬂ}) = 7(1]1')2 - 5(1'7;)27
where i € {1,2}, whose sum yields the total Hamiltonian H. The flow map of the Vlasov
system is given by the explicit formula

(Xg(t,x,v),Vg(t,z,v)) = (xcosht + vsinht,x sinh t + v cosht).

(4)

H(z,v) :=

In particular, we can write an explicit solution to the Vlasov equation (4) using the formula
ft,x,v) = fo(Xg(—t,z,v), Ve (—t, z,v)).

Lemma 2.1.1. Let fy be an initial data for the Viasov equation (4). Then, the corresponding
solution f to the Viasov equation is given by

(6) f(t,z,v) = fo(x cosht — vsinht,vcosht — xsinht).

2.2. Macroscopic, microscopic, and unstable vector fields. In this subsection, we in-
troduce classes of vector fields contained in the tangent space of phase space used to study the
dispersion of small data solutions for the non-linear Vlasov—Poisson system with a trapping
potential (2) motivated by the explicit dynamics of the linear Vlasov equation (4). For this
purpose, we introduce the following terminology: we say that a vector field is macroscopic if
it is contained in the tangent space of R2, and we say that a vector field is microscopic if it
is contained in the tangent space of R2 x R2.
Let us consider the following microscopic vector fields which commute with the generator
of the linear Vlasov equation (4) given by v -V, + x - V,,
(a) unstable vector fields U; := €!(9,: + 0,:),
(b) stable vector fields S; := e (0, — 0,:),
(c) scaling vector field L := Z?:1 20,1 + v' 0y,
(d) rotation Ryp := x'0,2 — 220,10 + v10,2 — v?0,,
and define
A= {Uza Sia L7 RZ]}>
where 4,7 € {1,2}. The collection of microscopic vector fields A\ was previously used in
[VRVR23] to set the energy spaces on which the last two authors proved small data global

2
existence for the Vlasov—Poisson system with the potential # In this article, the stable
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and unstable vector fields play a more central role compared to the scaling and the rotation
vector fields. The vector fields in A commute with the linear Vlasov equation, so the next
lemma follows (see also [VRVR23, Lemma 2.2.1]).

Lemma 2.2.1. Let f be a regular solution of the Vilasov equation with the trapping potential
(4). Then, Zf is also a solution of this equation for every Z € \.

Let us also consider the following set of vector fields given by
(a) unstable vector fields? 9,
(b) unstable scaling vector field L, := u'd,1 + u%0,2,
(c) unstable rotation Ry, := uld,2 — u?d,1,
and define
N = {0 Lus Riju

where 4,5 € {1,2}. The collection of microscopic vector fields A, will be used to study the
asymptotic Poisson equation, which describes the asymptotic behavior of the force field of the
system. See Subsection 5.2 for more details.

2.3. Weights preserved along the linear flow. The set k of weight functions composed

by o o
't —vt _ T+
o ::et< 2 ) s t( 2 )
where i € {1,2}, are conserved along the characteristics (¢,z,v) — (X¢(t, z,v), Ve(t, z,v))
12
of the linear Vlasov equation with the potential % As a result, the weight functions

are solutions to the linear Vlasov equation, in other words, Vz € k we have Ty(z) = 0. If
To(g) = 0, then the same property is satisfied by zg, so weighted Sobolev norms of g are
conserved for solutions to the linear Vlasov equation. In our nonlinear setting these norms
will grow polynomially in time and will then provide useful decay properties for the Vlasov
field. For convenience, we define

Z = (1 + Z 22) ,

z€k

N

which by construction satisfies To(z) =0, and z > 1.

Lemma 2.3.1. Let Z € A\, z € k, and a € N. Then, we have either Z(z) € kU {0,1} or
—Z(z) €e kU{0,1}. Moreover, we have
(7) 1Z(2%)] < lalz”.
Proof. If Z = U, then, we have
UZ(Z;_) = O, UZ(Z]_) = (5@',
for every ¢,5 € {1,2}. If Z = S, then, we have
SZ(Z;'_) = (5@', SZ(ZJ_) = 07
for every i,7 € {1,2}. If Z = Rj9, then, we have
Rip(#) = —2f, Ru(23) =2, Ruief)=-2, Ruia(z)=2.
2The unstable vector fields 0,: are not the same as the unstable vector fields U; previously defined. Note
the extra exponential weight in the definition of U;.
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If Z = L, then, we have
L(z)=z, L(z) =2,
for every j € {1,2}. The estimate (7) follows directly by using the previous identities. O

Motivated by the fact that any regular solution to the linear Vlasov equation To(h) = 0 is
constant along the flow lines, that is h(t, X (¢, z,v), Ve (t, z,v)) = h(0, x,v), it will sometimes
be useful to work with g(t,z,v) := f(t, X#(t,z,v), Ve(t,z,v)), in particular when studying
the asymptotic properties of p(f)(¢,z) and its derivatives. The following result suggests that
g enjoys strong decay and that none of its derivatives grow exponentially in time.

Lemma 2.3.2. Let f : [0,00) x R2 xR2 — [0, 00) be a sufficiently reqular distribution function
and g(t,x,v) := f(t, X ¢(t,z,v), Ve(t,x,v)). Then, we have

(x,v>a|g(t,x,v)] S/ |Zaf’(th$(t7$7’U)a Vg(t,l’,’u)),

and,

(Ve & Vo)gl(tz,0) < Y IZF(E Xty 2,0), Ve (t, z,v)).
ZEN

Proof. Since weights in k are preserved by the linear Vlasov equation,
1 1
2*(t, Xz (t,2,0), Ve (t2,0) = 2°(0,2,0) = 1+ L (|z = v’ + o+ 0f*) = 1+ S (|a* + [v]?),
and thus the first inequality holds. The second inequality follows by noting that
(ax’ + avi)g(t7 €, 1)) = eit(azi + a’ui)f(t7 Xﬁf(tv z, U)7 Vf(tv z, U))
O

Remark 2.3.1. There is an explicit correspondence between the set of stable and unstable
vector fields, and the weights in k. More precisely, we have U; = {1, }, and S; = {2, },
where {-, -} is the Poisson bracket of the standard symplectic structure on R? x R”.

2.4. Macroscopic, microscopic, and unstable differential operators. Let (Z¢); be an
arbitrary ordering of the microscopic vector fields contained in A. In the following, we use
a multi-index notation for the microscopic differential operators of order |«a| given by the
composition
7Y =727 7%,

for every multi-index o € N™. We denote by Al the family of microscopic differential opera-
tors obtained as a composition of |«| vector fields in .

Furthermore, we can uniquely associate a macroscopic differential operator to any micro-
scopic differential operator Z* € Ml by replacing every microscopic vector field Z by the
corresponding macroscopic vector field Z,, so that

Uig = eld,i, Siz = e 10, L, = xlﬁxl + 93289627 Rioy = xlaﬁ — x28x1.

By a small abuse of notation, we denote also by Z¢ to the associated macroscopic differential
operator to an arbitrary microscopic differential operator Z¢. We denote by Alel to the family
of macroscopic differential operators of order |«| obtained as a composition of |«| vector fields
in A.

Let us now consider a microscopic vector field Z% without stable vector fields. In this case,
we can uniquely associate an unstable differential operator to any microscopic differential
operator Z% € Aol by replacing every microscopic vector field Z by the corresponding unstable
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vector field Z,. By a small abuse of notation, we denote by Z& the associated unstable

differential operator to an arbitrary microscopic differential operator Z¢. We denote by )\Lal
to the family of unstable differential operators of order |a| obtained as a composition of |«|
unstable vector fields in A,.

Finally, we denote by 0% a standard macroscopic differential operator

9 = 9% 9%,

x
for every multi-index o € N x N.
The following two results can be found in [VRVR23, Lemma 2.3.1, Lemma 2.3.3].

Lemma 2.4.1. Let Q € {\ A}. Let o and B be two multi-indices. Then, the commutator
between Z« € Qo and Z° € QP is given by

a 7B — af 7y
[Z%,Z°] = E g cyrzy,
[vI<|e+|8]-1 Zzveqll
» B
for some constant coefficients C5”.

Lemma 2.4.2. For any multi-index o, we have
(8) (e +lz)or= > > Cp7°,
181<|a ZBeAlsl

for some uniformly bounded functions Cg.

In the later result we have used the following key identity (see [Smul6, Lemma 2.5]),

n
|x‘28xj = Z xiRi]‘@ + ijx.
i=1
We conclude this subsection by relating the macroscopic and microscopic differential oper-
ators Z“ in terms of their action on Z%p(f) and p(Z¢f).

Lemma 2.4.3. Let f be a sufficiently regular distribution function and let @ be a multi-index.
Then, there exist constant coefficients C’g such that

9) Z%(f) = p(Z°f)+ D Cip(Z°)),
18<|e| =1
where the vector fields in the left hand side are macroscopic, whereas the ones in the right
hand side are microscopic.
2.5. The commuted equations. Let us denote the non-linear transport operator applied
2
to the distribution function in the Vlasov—Poisson system with the external potential # by
T¢ ::8t+v-Vx+x-Vv—uVmgb-Vv,
where the force field V,¢ is defined through the Poisson equation A,¢ = p(f). In order to

identify hierarchies in the commuted equations, we introduce the following notation.

Definition 2.5.1. Let o be a multi-index and Z* € Aol or Z* ¢ Alel. We denote by ay
(respectively ay) the number of unstable (respectively stable) vector fields composing Z¢.
Then, |a| = ay, + a5 and, for instance, if Z% = U1S3LR12, we have a,, = 3 and a; = 1.

By straightforward computations, one obtains the first order commutation formula.
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Lemma 2.5.1. Let Z € A and define cz :== =2 if Z = L and cz := 0 otherwise. Then,
[Ty, Z) = uVa (26 + cz0) - V.
Iterating the above, we obtain the higher order case.

Lemma 2.5.2. There exist constant coefficients C’g‘7 € 7 such that
(10) [Ty, 2= > Y. C§V.Z76-V, 2",
[BI<]al=1 |v]+|8I<]«l
where the vector fields Z¢ € Mol zv e AP and ZP e NPl. Moreover, we have that either
Bu < @y, o1 By = i, and s > 1.
As obtained in [VRVR23, Lemma 2.4.2], we have the next result for the Poisson equation.

Lemma 2.5.3. Let f be a sufficiently reqular distribution function, and let ¢ be the solution
to the Poisson equation Ay¢ = p(f). Then, for any multi-indezx o the function Z%¢ satisfies
the equation

(11) N Z% = Y Cip(Z°f),
1B1< ]|

for some constant coefficients Cg.

Remark 2.5.1. If Z® does not contain the scaling vector field, then A, Z% = p(ZP f).

2.6. Conservation laws. For every sufficiently regular solution f to the Vlasov—Poisson
a2
system with the potential %, we define the total mass of the system, given by

(12 £les, = [, ftao)dado,
’ RZ xR3
and the Hamiltonian energy of the system, given by
1
(13) H[f] = / (Jo]* = |2[) f(t, 2, v)dadv — M/ Vool (t, 2)da.
2 Jr2xR2 2 Jr2

By standard arguments in collisionless systems, the following proposition holds.

Proposition 2.6.1. Let f be a regular classical solution to the Vlasov-Poisson system with
2
the potential % Then, the total mass and the Hamiltonian energy of the system, are both

conserved in time. In other words, for every t € [0,00) we have
1FOloe, = Wollss . HIF®] = HLfo]

The Hamiltonian energy (13) is a central quantity in the Hamiltonian structure of the
—|z[?

Vlasov—Poisson system with the potential —5—.

3. THE MAIN RESULTS
We recall the hyperbolic coordinate system (s,u) in phase space, defined by

;g xt= ;i T
s'i= , u' = ,
2 2
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which is more suitable to capture the hyperbolicity of the linearized system. We observe that
2 = s' +u', and v' = u’ — s°. The coordinate system (s, u) induces the following vector fields
in phase space

Ogi = Opi — Oy, Oyi = Oyi + Oyi.
We observe that 0,i = 5(9yi + 0, ), and 9,i = 3(9yi — 94i). We write the distribution function
in (s,u) coordinates by

f(t7 87 u) = f(t7 :B, /U)'
Furthermore, we write the derivatives of the distribution function by Z¢f = Zof, where we
abuse of notation by writing Z in terms of the hyperbolic vector fields {9,:, 0y }. We will
frequently use these identifications without further references.

3.1. Precise statements of the main results. We are now ready to provide a full and
detailed version of the main results of the article. First, we prove the global existence of small
data solutions to the Vlasov—Poisson system with external potential —|;? . We further provide
pointwise estimates for derivatives of the distribution function, and exponential decay in time
of the force field. These properties will be needed later to investigate the scattering properties

of these small data solutions.

Theorem 3.1. Let N > 2, and fy be an initial data of class C™ for the Viasov—Poisson
2
system with the potential # Consider further e > 0, a constants M € N, and assume that

(14) > s (MHA@MH20r (5, ) < e
If M > 6, there exists 0 < 0 < 1/4 and €y > 0 such that if € < €y, then the unique solution f
arising from this initial data is global in time. Moreover, the following properties hold.
(a) The force field and its derivatives V,Z7¢ decay exponentially in time. For every
(t,x) € [0,00) x R2, we have
V|’Y‘ < N — 17 |€thZV¢|(t7x) 5 €,
V’Py‘ = N, |€tvmzv¢|(t71‘) 5 ce’.

(b) The following L, estimates hold for the derivatives of the distribution function. For

v
every (t,x,v) € [0,00) x RZ x R, we have
VB <N =1, [ZMZ0f|(tzv) S e(1+ )M,

VIBl=N,  |ZMZ0f|(t,z,0) S e(1+1)Me,
V|s| < N —1, le Rl (8, — 8,)" f|(t, z,v) < e

(c) The spatial density and its derivatives p(ZP f) decay exponentially in time. For every
(t,x) € [0,00) x R2, we have

VIBI <N,  |p(Z°f)|(t,z) S,
VBl =N,  ¥|p(Z°f)|(t,x) S ee

We now proceed to state the main scattering result of the article. Given a function Q :
R2 — R. In the following, we denote the unique solution ¢ : R2 — R to the Poisson equation

Aufb = Q by ¢asymp [Q]
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Theorem 3.2. Let f be a smooth solution to the Vlasov—Poisson system with the potential
a2

% arising from initial data satisfying the assumptions of Theorem 3.1. Then, the following
properties are satisfied.

(a) The normalized stable averages of Z°f along {u = ug} converge to a function ng €
L>®(R2) of class CN='71Pl. For every |8] < N — 1, we have

vt € [0, 00), ‘(u)M_‘g <62t/ Zﬁf(t, s,e'u)ds — Q’go(u))‘ S 6(14-62]\[”,
R2

where ng can be computed explicitly in terms of 0 Qo for |k| < |B].
(b) The spatial density p(Z° f) has a self-similar asymptotic profile. For every |3| < N—1,
we have

vt € [0, 00), ‘th/ ZBf(t, x,v)dv — Q5 < )‘ < ew.
R2

o2t

(c) The force field and its derivatives V,Z7¢ have a self-similar asymptotic profile. For
every |y] < N — 1, we have

(14 t)N+5

Ve 0,00), (V.20 Xo(t)) — Vudueympl Z1Quc)(0)] S € (675

e
(d) If N > 3, the distribution function f has modified scattering to a distribution foo € L,
of class CN=3. For any |k| + |8| < N — 3, we have
B B (1 +t)3N+M+1
vee[,00), ()M WM (9507 (L Seu) — 0500 Fuolsw)| S €

~ t 9

e

where the component S¢ of the modified stable characteristics is defined as

Se(t,s,u) := et (S + %Ntvu¢asymp[Qoo](u)>'

(e) The asymptotic modified vector fields of the unstable vector fields U;, the rotation R;j,
and the scaling L, given respectively by

2
1
Ut i= U+ 51ty O, Gasymp [0 Qoo <§> S
k=1

. u
R = Rjj + WZ e Gasymp | RijuQoc] <3) Sk

LmOd =L+ %,Uzt Z 8uk¢asymp [Lquo] (%) Sk? - Qauk ¢asymp [QOO] (%) Sk’

k=1

verify the improved estimates

U fllrge, S e IR fllrge, S L™ |z

v N T, 0 N IIJ’UN

Remark 3.1.1. The statements (a), (b) and (c) hold true as well for any |3| = N — 1, but with
the weaker rate of convergence ()™ +t6=(2-9)t  Similarly, fx is in fact of class CN 2,
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Remark 3.1.2. We consider asymptotic modified vector fields to prove regularity of the scat-
tering state with respect to the unstable variable u. The modification to the commuting
vector fields for the linearized system grows linearly in time. Compare the asymptotic modi-
fied vector fields UMd, Rg-‘(’d, and L™°4, with the modified vector fields previously considered
in [VRVR23, Subsection 5.1] to show small data global existence. The corrections in the
asymptotic modified vector fields U{“Od, R?;Od, and L™ are identified dynamically in terms
of the asymptotic behavior of the force field and its derivatives.

Theorem 3.3. Let N > 3 and M > 6. Let f € CN be a solution to the Viasov—Poisson system
.2

with the potential % arising from small data. Then, the corresponding spatial density has

a self-similar asymptotic profile, in the sense that

1+1)7

Y(t,z) € [0,00) x Ri, e2tp(f)(t,:c) — /R2 foo<s, g)ds‘ < 6(62t

Moreover, the spatial density satisfies

- 1+t)7
Vitr) € 0.00) < BL [ep(n)(ta) — [ Fols,0)s] < et + 1) U EL
RS
Next, we capture the concentration of the support of the distribution function in the unsta-
ble manifold with a suitable weak convergence statement. We also capture the hyperbolicity
of the non-linear system with a more general weak convergence statement for f(¢,s,u + ue!)
for a fixed u € R2.

Theorem 3.4. Let p € Cg%, be a compactly supported test function. Let u € R2. Let f

be a small data solution to the Vlasov—Poisson system with the potential %ﬂ? Then, the
distribution e* f(t,s,u) converges weakly to ([ foo(s,0)ds)ds=o(s). In other words, we have

lim 62t/ ft, s, u)@(s,u)dsdu = foo(s,())ds/ o(s,u)0s=0(s)dsdu.

t—00 R2xR2 R2 R2xRR2
Moreover, the distribution € f(t,s,u + ue) converges weakly to ([ foo(s,w)ds)ds=o(s). In
other words, we have

lim e? / f(t,s,u+ue")@(s,u)dsdu =
R2xR2

t—o0

foo(s,ﬂ)ds/ ?(8,1u)0s=0(s)dsdu.

R2 R2xR2

Finally, we show an explicit characterization of the total mass and the Hamiltonian energy
of the system in terms of the scattering state, in the class of small data solutions studied in
this paper.

Theorem 3.5. Let f be a solution to the Viasov—Poisson system with the potential %ﬁ
arising from small data. Then, the total mass and the Hamiltonian energy of the system are
equal to the asymptotic ones induced by the scattering state. In other words, we have

1l = ooy

and
M) = Hlfol =5 [ (o o) cade 8 |19y @] Pl

T v
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4. GLOBAL EXISTENCE OF SMALL DATA SOLUTIONS

In this section we prove Theorem 3.1, which states the global existence of small data
solutions with respect to the weighted L3°, norm in (14). For this purpose, we will prove
decay in time of the spatial density and its derivatives via a bootstrap argument. Parts (b)
and (a) in Theorem 3.1 are proved along with the proof of the bootstrap argument. The
estimates obtained in this section are crucial inputs in the proof of the modified scattering
theorem obtained in Section 5.

4.1. The bootstrap argument. Let N > 2 and M > 6. Let us consider an initial data
fo satisfying the hypotheses of Theorem 3.1. By a standard local well-posedness argument,
there exists a unique maximal solution f to the Vlasov—Poisson system with the potential
%ﬂ? arising from this data. Let Thax € (0,00] be the maximal time such that the solution
f to the Vlasov—Poisson system is defined on [0, Tiyax). By continuity, there exists a largest
time T € [0, Tinax], and a constant Cpeot > 0 such that the following bootstrap assumption
holds:

BA1 For every (t,x) € [0,T) x R2 and every |3| < N — 1, we have

Cboote
Z8f(t do| < ——Zboott

BA2 For every (t,z) € [0,T) x R2 and every |3| = N, we have

Choot€ et

‘/R% Zﬁf(t,x,v)dv) < W,

where 0 < 0 < 1/4 is a fixed constant.

We will improve these estimates when € > 0 is small enough, for a constant Cpoo; > 0 chosen
sufficiently large.

Structure of the proof of small data global existence

(a) First, we prove decay estimates in time for the force field and its derivatives V,Z7¢.
We consider non-linear modifications of the weights z;r , which are defined to be pre-
served by the non-linear Vlasov equation. We prove that these modified weights grow
at most linearly in time.

(b) We prove that for every [3] < N — 1, a weighted Lg<, norm of ZB f grows at most
polynomially in time. At the top order |3| = N, we will merely be able to close
the estimates with an e growth. Next, we obtain uniform boundedness in time of
normalized weighted stable averages of Z°f for every || < N — 1. These estimates
allow us to prove exponential decay in time for velocity averages p(Z” f) for |3| < N—1
and improve the bootstrap assumptions (BA1)-(BA2).

4.2. Pointwise decay estimates for the force field. We start slowly with an elementary
calculus lemma.

Lemma 4.2.1. There exists a uniform constant C > 0, such that for every x € R? we have

d
/ Y <c
Rz [y|(1+ [z +yl)
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Proof. First, we observe that in the region {ly| <1}, we have

/ / / @demw
lyl<1 \Z/|(1+’$+y’ r=0.J0

We deal with the remaining region {|y| > 1}, by applying Hoélder inequality from where we

have
2
dy 3 / dz
— | <2 — < 400.
/y|21 (L4 |z +y])? rz (1+2])?

1
3

fyo e <| o
=1 1YL+ [z +y|)? ly>1 Iy\

As a consequence of Lemma 4.2.1, we obtain decay in time for the integral term

1 1 1 1
15 / dy = / dy < —,
o) ey W@ T 2~y T Joe, I - ZPY S @

by using the change of variables y = efy/. We use the estimate (15) to prove decay for the
gradient V,Z7¢.

Proposition 4.2.2. For every |y| < N — 1 and every (t,z) € [0,T) x R2, we have
VaZ79[(t, ) S

e(14+2vs)t"
For the top order derivatives |y| = N, there holds
VaZ7¢|(t,2) S

€
e(1=o+2ys)t”

Proof. Combining the commuted Poisson equation in Lemma 2.5.3 with the relation between
the macroscopic and microscopic vector fields established in Lemma 2.4.3, we obtain

NZe= Y Chp(Z7 ),
[ 1<)l

for some constants C’;’, > 0. We use the Green function for the Poisson equation in R? to
write the solution of the commuted Poisson equation as

o) = 3 / CClog lylp(Z7 f) (1, — y)dy,
I [< ]

whose gradient can be estimated directly by

(16) V2ot S Y / p(Z7 Ptz — y)dy.
V1<l
Hence, the solution of the commuted Poisson equation satisfies that for every |y| < N —1, we

have
dy €

Vo Z é(t, §e/ S
V2oL DNS € f e+ o= g2 > &

where we have used the bootstrap assumption (BA1) and the estimate (15). We get similarly
from the bootstrap assumption (BA2) and (15) that

Virl=N,  |VaZ27¢(t,z)| S ee 179,
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The improved estimate in terms of 85 follows directly by rewritting the stable vector fields in
Z7 in terms of the corresponding unstable vector fields, S, = e 2Uj. O

4.3. Key lemma for the L7°, bounds of the distribution. In this subsection, we pre-
pare the ground to prove Lg°, bounds for the distribution function based on the method of
characteristics. For this purpose, we prove the following technical lemma.

Lemma 4.3.1. Leta € [0,00) and g : [0, T) xR2 xR2 — R be a sufficiently regular distribution
function such that

W(t,0) € [0,T) x B2 xRS, [To(g)|(t,2,0) < Cy(1+ 1),
for some constant Cy > 0. Then, there exists C > 0 depending only on a, such that

ce
V(t,w,0) € [0,T) xR xRy, |g(t,z,0)] < [|lg9(0)]| 2z, + a+gl

(1 + t)a—i—l.

Moreover, if a distribution function h : [0,T) x R2 x R2 — R werifies, for some constants
Cp >0 andd > 0, that

Y(t,z,v) € [0,T) x R2 x R?, Ty (h)|(t, 2,v) < Cpe™™,
then, there exists C > 0 such that
Y(t,x,v) € [0,T) x R2 x R?, h(t,z,v)| < C|[h(0)| Lo, + CCRI~.
Proof. Let gy and hg be functions defined as the solutions to

T(b(g()) = (1 +t)a7 gO(Oaxvv) = 07
T¢(h0) = €_t5, ho(o, x,v) =0.

By Duhamel’s formula, for every [0,7) x R2 x R2 we have
(17) 9l < 9(0)llzge, + Cylgol, Al < R (0)]lLge, + Chlhol.

Fix a point (¢,z,v) € [0,00) x R2 x R2. Let us denote by (X (s),V(s)) the characteristic flow
associated to the transport operator Ty such that

%X(S) =V(s), %V(S) = X(s) — nVzo(s, X(s)),

where X (t) = z and V (¢) = v. Using the method of the characteristics, we have

t
1
t = [ (1+5)%s = ——(141t)"
go(,.’I),'U) /0( +S) S a+1( +) ’

t
1

ho(t,z,v) = / e ¥ds < =
0 5

The lemma follows by using these estimates in (17). O
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4.4. The modified weights. Since we expect e!(z —v) to grow as ¢ along the nonlinear flow,
we will rather work with the following modification of this weight.

Definition 4.4.1. Let ¢ = (o', ¢?) : [0,T) x R2 x R2 — R? be the unique solution to
Ty(¢') = ~Ty(e(a' — '), (0,2,0) = 0.
We define the modified weight function zmeq as
Zinod (1, 2, v) 1= (e (x — v) + p(t, 2,v)).

One important property of the weight z,,,q4 is that it is, by definition, constant along the
nonlinear flow. In order to exploit this property, we need to prove that it does not deviate
too much from the weight e!(z — v), which is preserved by the linear flow.

Lemma 4.4.1. We have T¢,(zmod) = 0. Moreover, the correction ¢ satisfies the estimates
V(t,z,0) €[0,T) xRE xRZ,  [o|(t,z,0) Se(l+1),  [Vop|(t,z,0) S €€,

Proof. The first property is straightforward, since we have defined ¢ so that Ty(2meq) = 0.
Next, we have

[Ty (e' (2" —v"))| < €'|Vadl(t,2) Se,

for i € {1,2}. We then get that |Ty(p)| < € on [0,T) x RZ x R2, which implies, according
to Lemma 4.3.1, the estimate for ¢. In order to conclude the proof, it suffices to prove, as
20, = e~ 'U; — €lS;, that there exists a constant C' > 0 such that

(18)  V(t,z,v) €[0,T) x RZ x R2, |S1p|(t, z,v) + |Sa|(t, z,v) < 2C'€,
(19) |U1o|(t, x,v) + |Uspl(t, x,v) < 2C e (14 1t).
By continuity, there exists a maximal time 0 < Tioot < 7T such that (18)-(19) holds on

[0, Thoot) X Rg X R%. Let us prove by a bootstrap argument that Ty = 7. Consider
Z € {851, So, Uy, Uz} and apply the commutation formula of Lemma 2.5.1. We get

Ty(Z¢) = [Ty, Z] + ZTy(¢) = UV Z¢ - Vo — ue' Vo Z¢
—t t
-y M%aﬂzaﬁ Up — M%aﬂZqﬁ Sip — 1etV,Zo.
1<4i<2

We then deduce from the pointwise decay estimates of Proposition 4.2.2 as well as from the
bootstrap assumptions for the derivatives of ¢ that, for all (t,2,v) € [0, Thoot) X R2 x R2 and
any ¢ € {1,2},

e (Ce(l+t)e ™ +Ce+1),

Ty (Sip)| (L, 2,)
z,v) S e(Ce(l+t)e ™ + Ce+1).

|T¢(Ui¢)|(tv ’ )

Hence, if C' is chosen large enough and if € is small enough, we have

S
S
|T¢(S’LSD)| (t,m,v) < Ce 6_2t? |T¢(UZ<10)’ (t,l‘,’U) < Ce.

Using that ¢ initially vanishes and Lemma 4.3.1, we improve (18)-(19) on [0, Thoot), implying
that Thoot = T as well the stated estimate for V. O
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4.5. Pointwise estimates for the distribution and its derivatives. We are now able to
prove upper bounds for the weighted derivatives (e~*(x +v))MzM 78 f. We recall that for a

mod
multi-index £, the number of stable and unstable vector fields composing Z? are denoted by

Bs and (,, respectively.
Proposition 4.5.1. If € is small enough, then, for every (t,z,v) € [0,T) x R2 x R2, we have
(20) (e @+ )M |2 la 27 | (2, 0) < 2e(1+ )%, if |8 < N -1,
(21) (e a +v)M |22 Z° f|(t, 2, v) < 2ee, if |8] = N.
Proof. There exists a maximal time Ty < T such that (20) holds on [0,Tp) x R2 x R2. By
the initial data assumptions the estimate (20) holds when ¢t = 0, and then Tp > 0. In the
following, we prove that (20) holds with ¢ + Ce? instead of €, where C' > 0 is a large constant.
We improve the bootstrap assumption by using the method of characteristics through Lemma
4.3.1. For this purpose, we estimate, for every |5| < N,

Ty (7@ +0)) M 2hoa 27F ) = MTy (™ (@ +0))) (7! @ +v)) 2ty 27 f
(22) + (e (2 4+ )M 2moa To (27 f),

where we used T 4(Zmod) = 0. We start by dealing with the first term on the right hand side
of (22). We recall that To(e *(z +v)) = 0, so that

Ty ((e7H(x +v))| = |Vaop(t,3) - Vile x4+ v))| < e Y| Vaol(t, z).

In view of the decay estimate for the force field given by Proposition 4.2.2 and the bootstrap
assumption (20), we get

T (7 +0))| (e (x + )M HzmoaZ f(t, 2, v)
See e (@ + )M HzmoaZ f(t 2, v)
(23) SE(Q+t)ue ™ < et

Next, we estimate the second term on the right hand side of (22). By the commutation
formula in Lemma 2.5.2 and 2V, = e tU + €'S, we have

T, (270 < Y. > Y V27V, 20
|| <|Bl-1 |y|+|e|<|8] au<Bu
Y SN VL2 UZOf| + N2 - 527,
QI <IBl—1 7|4 [al<I8] au<Bu

where the extra conditition a,, = (, implies s > 1 holds. The first term on the right hand side

of the previous inequality are the easiest to handle, since they carry the factor e~*. According
to Proposition 4.2.2, we have |V, Z7¢| < ee~'/2, so that

To(Z°F)| < Y e Zlzifl+ Y. > N VL2 Sz,
R[N ol <IBI—1 [71+1ol<I8] auPu

Fix multi-indices « and + satisfying |o| < |8 — 1, |a| + |v] < 8|, aw < By and s > 1 if
ay = By. Note that Z¢ = S;Z° and Z® contain the same number of unstable vector fields,
we have [¢| = |a] + 1 and &, = ay.
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o If |y| < N — 1, then |V, Z7¢|(t,z) < ee 2%t according to the pointwise decay

estimates given by Proposition 4.2.2. By exploiting the extra condition on «y, £, and
Ys, We get
Ve Z7¢-SZf| S e sup |Z5f| 4 ee™ sup |Z5 f).
[€]=lel+1, §u<Bu [€l=lal+1, §u=Pu

(1-9)t " Hence,

e Otherwise |y| = N, so |a| = 0 and we merely have |V,Z7¢|(t,x) S ee”
eIV 270 - SZf| < ee”t|SF.
Let us focus now on the case || < N — 1. Since |y| = N cannot occur, we have
To(2°0)| S 30 e |zofl+ X0 D7zt
|k|<N [€]<N Eu<pBu
where, by convention, the second term vanish if 5, = 0. Using now the bootstrap assumption
(20), we get
2 —t :
¢ M| M 8 <) €e if B, =0,
<€ (JJ —|—’U)> ‘ZmodTCb(Z f)‘(t,i[},’l)) ~ { 62(1 +t)ﬁu—1 if 511 > 1.
Combining (22)-(23) and the last estimate, it gives
2 —t -
¢ M_M 8 < €eTe if ﬁu == O,
’Tﬁb ((6 (x+ )" ZmoaZ f)‘ ~ { 62(1 —i—t)’B“_l if B, > 1.

Then, we deduce by Lemma 4.3.1 that there exists a constant C' > 0 independent of € such
that, for any |8] < N —1,

(e (@ +0) M Zmea Z” fI(t.2,0) S (& +0) M 2moa Z° F(0) | £ge, + Ce*(L + 1)

mod

for every (t,z,v) € [0,Tp) x R2 x RZ. We improve the bootstrap assumption by setting e small
enough so that Ce < 1. It remains us to deal with the case || = N. We have

To(2°F)| See™ISFl+ Y e 2 |Z7f1+ Y Y ezl
k| <N [EISN &u<Bu
We then get from (22), (23) and the bootstrap assumptions (20)—(21),

‘T¢> <<67t(1'+?})>MZM Z,Bf)’ S 62€at+62€f%t+at+62€at g 20t

mod

Applying once again Lemma 4.3.1, one can improve (21) if € is small enough. U

4.6. Uniform boundedness of normalized stable averages. Let 5 be a multi-index. We
proceed to show uniform boundedness in time of the normalized stable averages, defined by

(24) QP (t,u) := e2t/ ZPf(t, s, elu)ds.

R2
For this purpose, we begin studyi_ng the transport equation satisfied by the normalized stable
average QP (t, e tu) = €% Jre ZBf(t,s,u)ds.

Proposition 4.6.1. Let |3| < N — 1. Then, for every (t,u) € [0,T) x R?

0y +u- Vo) [e% / )

RS

we have

_ 14+14)3 _
Zﬁf(t, s,u)ds} ‘ < e% sup sup ‘zfnodZ“f(t, s, u)‘
e || <|B]+1 seR2
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Proof. Fix (t,u) € [0,T) x R? and |3| < N — 1. Integrating the commutation formula of
Proposition 2.5.2 for Z? f and performing integration by parts in s, we have,

d _ _ _
—{ezt / 78 fds} — 92 / Z8fds + e | 9,78 Fds
it Jr R R
= —th/ u-vuzﬁfderu/ eAV,0 -V, 728 fds
R2 R2

o Y 055/ eV, 20 -V, 27 fds.
2
8]+1vI<I8] IvI<IB]-1 s
Decomposing the vector fields 29, = 9,,; — J4: and using integration by parts, we obtain

(O +u-Vy) [e%/ Zﬁf(t,s,u)ds” < Z ‘/ CRAVVATR (VUZVf— VsZWf)dS‘
RS ol+hi<lal R

5 Z / }ethZ%- etvuzvﬂ + ‘(etvm)225¢, Z’Yf:‘ds.
18+ 1<) /B3

Next, we use the time decay of the force field and the linear weight (efs)3 to obtain

- - d
‘(8,5 +u-Vy) [th/ ZPf(t, s,u)ds} ‘ <e sup sup |[(e's)2ZPf(t, s, )| ts 3

R2 |k|<|B]+1 s€R2 R2 (ets)
Finally, we obtain the result by making use of

ds ds 1 dy 2

T3 = |y e E 2 |y 1 2iE = e

mp ()" T TR (L Jets?)s € mg (1 )z T €

as well as (efs) < 2(1 + t)Zmoa, which is implied by Lemma 4.4.1 and 2s = 2 — v. O

In particular, we obtain uniform boundedness of the normalized stable averages (24) of the
distribution function in a weighted LS° space. We recall that e (z + v) = 2etu.

Corollary 4.6.2. For every (t,u) € [0,T) x R2 and every |3| < N — 1, we have

<etu>Me2t/ Zﬁf(t,s,u)ds‘ Se.
R3

Proof. Applying a variant of Lemma 4.3.1 for the transport operator 0; + u - V,, combined
with Proposition 4.6.1, we have that for every |3| < N — 1 and every (t,u) € [0,T) x R2,

‘<€—tu>M62t /R2 Zﬁf(t,s,u)ds‘ Se —l—/o <eT2>T ‘sllg)v SuRp2<e_7'u>M‘z§nodZ“f(T,s,u)|d7’
s RISV selRg

t 3,07
56—{—6/ <T>26 dr < e,
0

e T

where we have used Proposition 4.5.1 to bound the integrand. O

Thus, we obtain control in time of the normalized stable average Q°(t,u), by integrating the
transport equation satisfied by Q°(t, e "u) = €? [, Z° f(t,s,u)ds and applying Proposition
4.5.1. )
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Proposition 4.6.3. Let |3| < N — 1. Then, for every 0 < t; <ty <T and every u € R2,
have

t2 <T>4+Iﬂ\

u)M‘e%Q/ ZP f(tg, s, e?u)ds — €2t1/ Zﬁf_'(tl,s,etlu)ds‘ < e/ s—dr, [B] <N -2,
R2 R2 4, e

— t2 d
<u>M’€2t2/ Z’Bf(t%S’etzu)ds _ 62151/ Zﬁf(tl,s e u)ds’ N / 2777 8] =
R2 R2 b e

As a result, or by a direct application of Corollary 4.6.2, we obtain the desired uniform
boundedness in time of the normalized stable averages Q°(t,u).

Corollary 4.6.4. Let |3| < N — 1. Then, for every (t,u) € [0,T) x R2, we have
’e%/ Z’Bf(t,s,etu)ds’ <e.
R3

4.7. Pointwise decay estimates for velocity averages. In this subsection, we prove that
the decay rate of p(Z°f) for || < N — 1 coincides with the one of the linearized system.
In particular, we improve the bootstrap assumption (BA1l). The starting point consists in

performing the change of variables y = éet(x — ).

Lemma 4.7.1. Let g: [0,T) x R2 x R?2 — R be a sufficiently reqular distribution. Then, for
every (t,x) € [0,T) x R2, we have

e* /R2 g(t, Xz(—1), Vg (—t))dv = /R2 g(t Y, 1t (ﬂf - ;))dy

v

This change of variables is motivated by the linearized problem. Every solution to the
Vlasov equation with the potential 7'; I is transported along the lines of corresponding char-
acteristic flow, so h(t, X #(t), Ve (t)) = h(0,z,v). The previous lemma, applied to g(t,x,v) =
h(0,z,v), shows that [p(h)|(t,z) < e 2. Next, we control p(|Z?f|) for every |3| < N, which
has a slower decay rate than in the linear case.

Lemma 4.7.2. Let g: [0,T) x R2 x R2 — R be a sufficiently reqular function. Then, for all
(t,2) € [0,T) x R,

/ 9l(t, 2, v)dv <
R2

5 —t 5
sup mod 9 (t7yvv) + <€ (y + U)> |g|(t,y,v)
(et + |z])? (yveRQXRQ‘ ¢ ‘

Proof. We start by writing
dv
/R lg(t, z,v)|dv < sup |zl g gl(t,yw)/

2 (y,v)ER2 xR r2 (et (z —v) + p(t, z,v))%

The change of variables y = e'(x — v) yields
dy
2 3
[ ot oldvs s el [ S
/Rg (y,v)ER2 xR2 ‘ ¢ ‘ R2 (y+o(t,z,x —ety))3

Let ¢ :y—y+p(t,z,z — e ty) and 1) = Id — ¢. In order to perform the change of variables
w = ¢(y), we will prove that 3 < |det(d¢(y))| < 2 for all y € R?. This property is satisfied
because

V(t,a,y) € [0,00) x RE x RY, [de(y)| < e |Vopl(t, 2,2 —e7'y) Se <

l\DM—\
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which holds provided that € is small enough by Lemma 4.4.1. We then deduce

dy / dw
<2 — < 4.
/R?/ <y + (10(1:7 z,T — eity»g o R <’(U>3 N

2
w

We have then proved the estimate

(25)  V(t,z) €[0,T) x R2, / lg|(t,z,v)dv S e sup |zl 04 9(ty,v).
RZ (y,v)ER? xR?

In order to obtain the spatial decay and conclude the proof, remark that, in view of Lemma
4.4.1,

|x| = }et le " (z+v)] +e [z —v)] ‘ <elle ™z +0)) + e Zmoalt, z,v) +e(1+t)e?
<elle ™z + ) + Zmoalt, T,v)
and apply (25) to (e !(z +v))%g as well as z2_,g. O
We are now able to improve the bootstrap assumption (BA1) if Cpeet is chosen large enough.

Applying Lemma 4.7.2 to g(t,x,v) = (e~*(z — v))M=5z) 5 ZF f(t, x,v) and then Proposition
4.5.1, we get the following estimates.

Corollary 4.7.3. For any |3| < N and for every (t,x) € [0,T) x R2, we have
—t M-5| M~-5,8 i
R%(e (x —v)) |z 7 f‘(t,a:,v)dv,vm.

Our next goal will be to remove the e?* loss in the estimate for p(Z”f) in Corollary 4.7.3.
We will not be able to improve the estimate of p(Z# f) for top order derivatives since our
analysis relies on the following lemma, which requires a loss of one derivative. We remark
that spatial decay will only be exploited in the next Section 5.

Lemma 4.7.4. Let g : [0,T) x R2 x R2 — R be a sufficiently reqular distribution. Then, for
every t € [0,T") we have

¢ [ ott X,V (-tpae — |

6 _
VRS u t’ ) *
(e 122 (suyerins (s} + () 1Vug(t, 3, )]

Proof. By the mean value theorem, we have

_ 1 y _ x lyl _ 1 y
‘g(t,y,7($—7)) _g<t7y77)’ g 2% sup ‘vug’(t7y77<w_7—7))
e e e et ejo,] e e

Consider now u, := e~!(x — 7e~'y) and remark that

(26) vrelo1], 2(u,) + 2{(y) > 2{e " 'x).
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Indeed, if Te|y| < % we have 2(u,) > (e~'z). Otherwise, there holds 2(y) > (e'x). We then
deduce that

oo e 2))ar- o 5o

1 2 4 _ dy
< —— sup s) + (u))(s)*|Vugl(t, s, u / —.
e?(e7'x)? (5 u)er2xR2 AR AN ) Rz (¥)°
It remains to apply Lemma 4.7.1 and to use e‘(e~tz) > e + |x|. O

Finally, we are able to prove optimal time decay of the velocity averages p(Z”f) for every
|| < N — 1. The following proposition improves the bootstrap assumption (BA1) if the
constant Choot is chosen large enough.

Proposition 4.7.5. For every |3| < N —1, the decay of the spatial density p(ZP f) is optimal.
There exists C > 0 such that for every (t,x) € [0,T) x R2, we have

A (¢, d’<7
‘/R ft@,0)dv] < G

Proof. Consider g(t,z,v) = Z°f(t, X (t),Vg(t)). Applying Lemma 2.3.2 and Proposition
4.5.1 to g, we have

sip () + @)0ugltt s, u) S s S ((e's) + (e7u))®| 25 27 F (¢, 5, )

(s,u)ERZXR2 (s,u)ERZXRE |k|<1
N+5
< 6<t> 1f|ﬁ’§N_2a
(27) ~ { e(1+1)%7" if [B] = N —

since we have M > 6 and (e's) < (1 + t)Zmoa(t, s,u). Finally, applying Lemma 4.7.4 to the
distribution g, we have

6 0t
ot s _ x (1+1t)°%
ZPf(t, x, d‘<‘/ (t, ,—)d‘—!— —
‘ ‘/]R% ft, ez, v)dv] 3 R?g P ) 6(€t+|9ﬁ|)2

for every t > 0. It remains to bound by e(e~*z)~2 the first term on the right hand side. For
this purpose, we apply Corollary 4.6.2 to obtain

| / (tw 5 dy]—( / Z0F (1, S )dy| = | () ~2e / ('2)? 2 f(t,w, 2)dw
R2 R2 R2,

)
O

4.8. Improved estimates for derivatives of velocity averages. As in the linear case,
spatial derivatives of velocity averages 0,p(f) enjoy stronger decay properties.

Proposition 4.8.1. For every |3| < N — 1, every i € {1,2}, and every (t,x) € [0,T) x R2,
we have

eat

P f(t dv| Se——.
[ 0e s 0] S s



THE VLASOV-POISSON SYSTEM WITH A TRAPPING POTENTIAL 27

Proof. Writing the velocity averages in terms of the commuting vector fields, we have

1
/ 0 ZP f(t,m,v)dv = — / 0, ZP f + |20, Z° fdv
R2 et +|z| Jgrz
1 1 o J :
- / Ui Z8 fdv + / TRy ZPf + — LZP fdv.
e+ |z| Jrz e +Ja| = Jes 2] |z|
Finally, we use Corollary 4.7.3 to obtain
1 et
0, 2" t,x,vdv)<7 / Z5ZP fldo < e—— .
‘/R%I f( ) N€t+‘$||ﬁ|z<:1 R%| f’ ~ (et+|$|)3

5. MODIFIED SCATTERING FOR THE DISTRIBUTION FUNCTION

In this section, we obtain the modified scattering properties of the distribution function and
its derivatives. For this purpose, we determine the self-similar profile of the spatial density
p(f), the self-similar profile of the force field V,¢, and we define the modified trajectories
along which f converges to a new distribution function. In Section 4, we obtained that the
distribution function f is global in time. As a result, all the statements proved in the previous
sections hold true for every t € [0, 00). During this section, we use several times the estimates
obtained in Section 4.

5.1. Convergence of normalized stable averages. In this subsection, we study the con-
vergence in time of the normalized stable averages, given by

Q°(t,u) = 62t/Zﬁf(t,s,etu)ds.

We show that the normalized stable averages Q7 (t,u) converge to regular real-valued functions
Q5 (u) defined on R2. Moreover, we will prove that the profile Q% (u) dictates the late-time
asymptotic behavior of the normalized spatial density e*p(Z°f) (see Proposition 5.1.2 below
for more details).

The analysis performed in the previous section shows that the distribution function f is
global in time. As a result, the control in time of the normalized stable averages in Proposition
4.6.3 holds for every t € [0, 00). Thus, we obtain the existence of the profiles ng(u)

Proposition 5.1.1. Let |3| < N —2. There exists a continuous function Q5 € L°NLL such
that for every (t,u) € [0,00) x R2, we have

s

(28) ) Q2w — e [

RS

(14 )N+2

Zﬁf(t,s,etu)ds)‘ <e T

Proof. Since Proposition 4.6.3 is in fact verified for all 0 < ¢; < to < 400, there exists
Q5. € L such that (28) holds. As M > 2, we have Q7 € L. as well. O

Remark 5.1.1. Performing the change of variables (x,v) — (s, u), the total mass of the system
can be written as

1fle =2 fl =2 / / F(t, s u)dsdu = 2 / 2 [ F(t s, etu)dsdu.
“Y o R2 JR2 R2 R2
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We observe that the function Q. : R2 — [0, 00) determines the normalized total mass Qoo (uo)
of the system in the stable leaves {u = up}.

We are now able to show that the asymptotic behavior of the spatial density p(Z°f) is
described by a self similar asymptotic profile in terms of the normalized stable average ng.

Proposition 5.1.2. For every |3| < N — 2, the spatial density p(ZP f) satisfies
N+5
e -t (3)] < 0
o2 1)) - ()| S
Proof. Let || < N — 2. Applying Lemma 4.7.4 and the estimate (27) to g(t,z,v) :=
ZBf(t, X #(t),Vy(t)), we obtain
<t>N+5

(29) ‘e% /]R2 ZPf(t, @, v)dv — e /]R? Zﬂf<t,y, (g)et)dy‘ < ei(et Tl

Furthermore, we obtain from Proposition 5.1.1 that

QL - [

R3

(t>N+2

as M — 3 > 2. The result follows from (29) and the last estimate applied for u = e tx. g

ZPf(t,s, etu)ds’ Se

5.2. Self-similar asymptotic profile of the force field. We fix, for all this section, a
sufficiently regular function Q. : R2 — [0, 00). Motivated by Proposition 5.1.2, we define the
asymptotic potential Pasymp as the unique solution to the asymptotic Poisson equation given
by

(30) Au ¢asymp [Qoo] = Qoo-

We show the dependence of the asymptotic potential ¢asymp on the RHS of the asymptotic
Poisson equation by ¢asymp [Qoo]

Let us recall the set of vector fields Ay, := {0y, Lu, R}, } introduced in Subsection 2.2. We
consider an ordering on )., which is compatible with the one on A and we denote by Zg the
vector field Z2' . .. Zg", where || = p.

Before commuting the asymptotic Poisson equation, we prove that () is differentiable and
we relate its derivatives to ng.

Proposition 5.2.1. For any || < N—1 the function Q5. is of class CN-1=I8(R2). Moreover,
the derivatives of ng can be obtained by iterating the following relations.
(a) if Bs > 1, so that ZP is composed by at least one stable vector field, we have ng =0;
(b) if ZP = U; Z%, we have Q% =0, b
(c) if ZP = LZ", we have Q% = L,Q% —2Q% ;
(d) if Z% = Ry2Z", we have QY = R12.,Q% .
Proof. First, we assume that §s > 1. Since [Z, S;] either vanishes or it is another stable vector

field, then, it suffices to consider the case when Z? = S;Z¢. In this case, we can integrate by
parts to show that [ ZBfds =0, so Qﬁ = 0. Next, for every (t,u) € [0,00) x R2, we have

auiQQt/ Z5f(t, s, elu)ds = th/ 0,2 f(t,s,elu)ds = e* | U, Z"f(t,s,e u)ds.
R? R} R3
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According to Proposition 5.1.1, the right hand side converges to ng in Ly? as t — oo. If
7P = LZ*, it is enough to notice

2t/LZ“fds = th(u18u1 +u28u2)/

R3

Z" fds — 262t/ Z" fds,
R3

where we used that L = u'0,1 + u?0,2 + s'0, + 520,2. It remains to apply the Proposition
5.1.1. Finally, it is enough to notice

th/ Ry2Z"% fds = e (u18u2 - u28u1) / Z" fds,
RZ RZ
where we used that Rys = u'0,2 — u?0,1 + 50,2 — 52051, and to apply Proposition 5.1.1. [
We have the following commutation relations.
Proposition 5.2.2. There holds, for any i € {1,2},
Ay By Pasymp [Qoo| = 04i Qoo Ay Ri2u¢asymp Qoo ] = R12,uQo0;
Ay Ly@asymp [Qoo] = LyQc0 + 2Q -
In particular, for any Z, € A, we have
ZyPasymp|Qoo] = Pasymp[Zu@oo] + 2553¢asymp [Qoo]-
More generally, for any multi-index 3, there exist C’ﬁ € N such that
(31) A Z0busymp Qo) = Y CLZ8Qmes  Zibasymp[Qc) = S Clusyunn [ 25 Quc].
o] <18 o] <18
Proof. One simply has to iterate the commutation relations
[Ay, 0yi] = [Au, RYs] =0, [Ay, L] = 2A,.
O

Remark 5.2.1. We observe that the coefficients C2 € N in the commuted asymptotic Poisson
equation (31), are equal to the coefficients C’g € N in the commuted Poisson equation (11).

In the following, this property is key in order to obtain the self-similar asymptotic profile of
the commuted force field V,Z7¢.

We are now able to show that the asymptotic behavior of the force field V¢ is described
by a self similar asymptotic profile in terms of the asymptotic potential ¢asymp-

Proposition 5.2.3. Let |y| < N — 2 with vs = 0. Then, for every Z% € NP, we have
$ j—
V(t2) € [0,00) x B2, [e'V,276 (1,2) = Vuusymp [Z10Qn] (5 )] S € (N

Proof. Let Z7 € APl and assume for simplicity that Z7 does not contain the vector field L.
Then, by the commutation formula of Propositions 2.5.3 and 5.2.2,

AZ’Y¢ = p(ZVf), A(basymp[ZJQoo] = Z;LYQOO = ng
Now, by a change of variables, we have

T xT

VLB (17) = Vubuomo| 210 (5), AB(t2) = %ng (%)
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Consequently,
¢ z t
V2276 (1,3) = Vabuymp[21Q] (5)| = ¢ [Va(270 - @) (1,).

To prove the result, it suffices to control V¥, where

AU(tx) = o(77f) — QL (5).

el
The proposition follows by using Proposition 5.1.2 and the integral estimate (15). 0
Let us recall that 2u = z + v and 2s = x — v. We investigate the convergence of

etV (t, elu + e_ts) along the linear spatial characteristics given by t + (¢, elu + e ts).
Proposition 5.2.4. For all (t,s,u) € [0,00) x R?2 x R2 and every |y| < N — 2, we have
€'V2Z7¢ (t,e'u+ e's) — VuBasymp [ Zg Qo] (u)| S ele™'s) (14 t)yN+5e7t,
Proof. Fix (t,s,u) € [0,00) x R2 x R2 and apply the mean value theorem. We obtain
|ethZ'Y¢) (t,e'u+e's) — 'V, Z70(t, e'u)| < s ys;lﬂg3 ‘VQZ'%‘ (t,y).

Use then the decay of the force field |[V2Z7¢|(t,z) < ee=3! and Proposition 5.2.3. O

Proposition 5.2.4 allows us to deduce the following corollary, which it will be useful when
we will consider improved commutators.

Corollary 5.2.5. For all (t,z,v) € [0,00) x R2 x R2 and every |y| < N — 2, we have, with
2u=1x + v,

|€tva’y¢ (t, ) = Vudasymp [Z{ZQoo] (eitu)‘ Se(l+ t)NHi@ithod(t z,v).

Proof. We write © = efe tu — e~te's, where 2u = x + v and 2s = x — v, and we apply

Proposition 5.2.4, with a slight abuse of notations, to (e's,e~'u). It remains to apply Lemma
4.4.1, which implies (s) < (e'(z —v)) < (1 + )Zmoa(t, 7, v). O

We deduce from the Proposition 5.2.4 a uniform bound on Vy¢asymp [ZJ Qoo].
Proposition 5.2.6. For every |y| < N — 2, we have ||Vy@asymp [ZJQOO] e Se.
Proof. This is implied by the estimate !V, Z7¢(t, e'u)| < € obtained in Proposition 4.2.2. [

For later use, we prove that the structure of the asymptotic force field is preserved by
differentiation.

Corollary 5.2.7. For every |y| < N — 2, we set

Azt ,v) 1= €0, Z79(t,) = sy [21Qc] (
For every |y| < N — 3, there holds
(32) Uj(Azvi) = Auzvi,  L(Azvi) = Apzri — Azv i,
(33) Rio(Azv;) = ARz — 0; Agvo + 67874 1.

m+v>
2 .
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Proof. First, we compute the derivatives
Uj(e'0,: 27 ¢(t, 2)) = ' 0,:U; Z7 (¢, x),
L('0,i Z7¢(t,x)) = €' 0, LZV¢(t, x) — €' 0, 27 p(t, ).
For the angular term, we compute
Ri2(e'0,: Z7¢(t, x)) = €' 0, R1aZ7 p(t, x) — 61! 0,2 Z7p(t, ) + 62€' 0,1 Z7 (¢, ).
O
5.3. Convergence of the distribution along the modified characteristics. Motivated

by [VRVR23, Section 6] and by Proposition 5.3.1, we modify the linear stable characteristics
t — e ts as follows.

Definition 5.3.1. Let (s,u) € R2xR2. We define the modified stable characteristic Sy (-, s,u):
t— e (s +%(t,u)) to be the trajectory given by

Se(t,s,u) := e_t(s + %ptvuqﬁasymp [Qoo] (u))

We also define the correction of the stable characteristic as €(t,u) = %utvugbasymp [Qoo] (u).
Observe that the components € (¢, u) of the correction term (¢, u) verify

Vte[0,00), |€'|(t,u) S (1+1)|0yiPasymp Qoo ]| S €(1+ ).
We now need to adapt the result of Proposition 5.2.4 for the modified trajectories.

Proposition 5.3.1. For every (t,z,v) € [0,00) x R2 x R2 and every |y| < N — 2, we have

‘etv Z'y(ﬁ(t etu+ 9 _ Y < w
x > ‘K(tv S, u)) vu¢asymp [Zu Qoo] (u)‘ ~ € ot Zmod(ta xz, U)-

Proof. Tt suffices to apply Proposition 5.2.4 to (e!S¢(t, s,u),u) and to use that
(S (t,s,u)) S (e7's) + ("G (tu)) S (e7's) S (1 +)Zmoa(t,z,v),

where, in the last step, we applied Lemma 4.4.1. O

We now estimate the time derivative of a distribution function g(¢, S¢ (¢, s, u), eu) evaluated

along the modified characteristics.
Proposition 5.3.2. Let g : [0,00) x R2 x R2 — [0,00) be a sufficiently reqular distribution
function, and set h(t,s,u) := g(t, S¢(t,s,u),etu). Then, for all (t,s,u) € [0,00) x R? x R2

we have,

1+ t)N+6
AT S | oaZgl(t, S ).

ZeX

‘ath(tasvu” S |T¢(g)|(ta5%(ta57u)’etu) +e et

Proof. We have, for all (¢,s,u) € [0,00) x R? x R2,
Ouh(t,5,0)| < |(Dug + - Vug = 5+ Vg = £V, Vug + £ V.0 Vo) (1, St 5,0), ')
1 _
5 |(Va6 - Vg + (Vubasymp [Q] — €1920) - €7Vog) (8, S (8, 5,0), )|

SITo(9)|(t Sg(t s,u), 'u) + e [e' Vi €' Vug|(t, Sy (t, 5, u), e'u)
+ ‘etvxgb - vu@basymp [Qoo] | ‘e_tvsm (t> S‘tf(t? S5, u)v e )
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Finally, we use Proposition 5.3.1 to obtain

[Bch(t, s, u)| S ITo(9)I(t Se(t,s,u), e'u) + e(L+ )V P Y |zmoaZgl(t, Sy, cu).
Zen

g

By applying this result to the Vlasov field f, we obtain the existence of a distribution
fso € L, such that f(t, Sq¢,u) — foo(s,u) as t — co. Applying this argument to O, f, we
deduce that f., is C! with respect to the stable variable s if N > 3. Obtaining the regularity
with respect to the unstable variable u requires a more thorough analysis.

5.4. Modified commutators. We assume, for the rest of this article, that N > 3. Let
Z € A\ {51, 52} be a vector field. Contrary to the case of the stable vector fields, the error
term [Ty, Z]f does not decay sufficiently fast in order to prove a convergence result for Zf,
even along the modified characteristics. Recall from Lemma 2.5.1 that

2
k=1
where ¢z = —2 if Z = L, otherwise, cz = 0. Rewriting d,; in terms of the stable and unstable

vector fields, and estimating the force field through Lemma 4.2.2, we have

2
(35) To(Zf)+ 5D 0 (2 + cz0)e™' 0| S = D 1211,

k=1 Ze

In view of Proposition 4.5.1, the right hand side is bounded by e(1 + t)e™2! and then it
belongs to L%Lgf’v. On the other hand, if Vy@asymp [Z QOO] does not vanish, the decay rate of
etV Z¢(t, )| along the particle trajectories is not time integrable. For this reason, we modify
the linear commutator Z in a similar fashion than the modification made for the characteristic

flow. Motivated by Corollary 5.2.5 and (35), we introduce the following set of modified vector
fields.

Definition 5.4.1. For every Z € A\ {S1, S2}, we define the asymptotic modified vector fields
Zmod as

1 2
gmod ._ + 2Mt; auk¢asymp [ZUQOO] (%) Sk + CZauk¢asymp [Qoo] <%> Sk

We also define the correction coefficients of the asymptotic modified vector fields as

1 1
CE(t,u) = iutﬁuk%symp [Z"Qoo) (e "u) + cziutaukgbasymp [Qoc] (e7"),

so that Zm°d = Z + €L(t,u)S1 + C2(t, u)Ss.

We have the improved commutation relations.
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Proposition 5.4.1. Let Z € A\ {S1, S2}. Then, for every (t,z,v) € [0,00) x R2 x R2 we
have

2Ty, 2™ = —p (ethZgb(t, %) = Oy Pasymp | 2" Qoo (ﬁ)) - S+ pe 'V Zo(t,x) - U
— czp (€'Va6(t,2) = s Gusymp [Quc] () ) - S+ czne™Vod(t,a) - U
+u Z Cp(t,u)VSpd(t,z) - (e7'U — e'S) — e 'V, o(t,2) - U(€%) (t, u)Sk.

1<k<2
Proof. In view of the commutation relation (34),
Ty, 2% = [T, 2]+ 3 €5[To. Si] + Ty (5) S
1<k<2

= VL Z0 Vot egpVab Vot S pEEVLS0- Vo + Ty (45) Sk
1<k<2

Then, we write 2V, = e U — 'S and we compute, using To(e 'u) = 0,

1
T, (%Zk) = 310, Gasymp (2" + €2) Q] (g) Va6 Ve EE ().
O

We now state the higher order commutation formula. For this, it will be convenient to
denote by P, 4(%) to any quantity of the form

[T 27(¢}.). peN, 0<q<N-3, ke{l,2}, 1<6<4, > =g =4l
1<i<p 1<i<p

The last condition means that 27" is only composed by unstable vector fields U;, L and Rys.
If p =0, then, we set the convention that Py ,(%) = 1. Note that Proposition 5.2.2 implies

Poa(@)|(tw) = | TT 022 (@5i)|tw s S [0+ Obuymp [ 22Q] )"
1<i<p [vI<g+1
(36) S P(14t)P.

Note further that the functions P, 4(¢’) can be used in order to express a differential operator
zmodB for |3] < N — 2, in terms of differential operators Z*. We have, as SiPpq(€¢) =0,
that

(37) Zmod,5 _ Z Z DE Ppq(€)Z", A

q+|xI1<I8], p<I8], ¢<| 8] -1

Because of regularity issues on the coefficients 4z, we are only able to commute the Vlasov
equation by Z™°48 where |8] < N — 3.

Proposition 5.4.2. Let Z™°%8 ¢ )\l/3| oq with || < N —3. Then, we can write the commutator
[Ty, ZmodB) 45 q linear combmatwn of the following two types of terms,

o Pyl (€105 276(8,2) = Dusasymp [ 21Qsc] () ) 27
o P, (6)e 0,27 ¢(t, x) 2"
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where
-+ sl <Bl+1 Wl sl <8, p<IB8l, ¢<|Bl, ie{l,2}.
Proof. For the case |3| = 1, apply Proposition 5.4.1 and note, in view of Sp¢ = e~ 2 U},
ViSro(t,z) - e'S = e 'VUrp(t,z) - S.

Let 1 <n < N — 4 such that the result holds for all multi-indices || < n. Fix then |3| = n,
Zmod ¢ \.oq and write

(38) [T¢>7 ZmodZmod,ﬂ] — [Tdﬁa Zmod]Zmod,ﬁ 4 gmod [T¢,, ZmOd”B].

We will make use several times of the following properties. For any Z € A\, p € N and
q <N —4, ZP, ;(¢) can be written as a linear combination of terms of the form P, ,.1(%).
Combining the first order commutation formula with (37), which allows us to rewrite Zm°d
in terms of the linear commutators as well as P, ,(%), and this last property, one gets that
the first term on the right hand side of (38) has the expected form.
Next, by the induction hypothesis, we can write Z™°d [Ty, Zmod,8] as a linear combination
of terms of the form 71[Z™°4] and 73[Z™°4], where, for a vector field X,

TiX] = X [P (%) (€0, 270(t,7) — Dy [ 720 (%)) 27,
TolX] 1= X | Pyy(€)e ™0, 27 6(t,0) 27
and |y[+ || < [B]+1, [y < (B, |&[ < B, p < [B], ¢ < [B]+1as well as i € {1,2}. If X = S,
for k € {1,2}, then, using Si(u) = Sk(t) = 0, we get
Ti[Sk] = €Sk (0, 27 (t, ) 2% + Py o(€) (efaﬂzw(t, %) — Oyi Gasymp | 2 Qo] (%)) SpZ".

Clearly, the second term on the right hand side has the expected form. For the first one, use
that e! Sy = e tUxy for any function ¢ (¢, z) and then [Uy,d,:] = 0. For T3[Sk], using the
same arguments, we get

To[Sk] = Ppqy(€)e 10, Sk 27 ¢(t, 2) Z% + Ppy(€)e 10, 27 p(t, 2)S1Z",
which concludes the case Z™°% = S;. Otherwise Z™°% € A\yoq \ {S1, 52}, so that
Te[27] = Te[2] + € T[$1] + €5Te[Se], ke {12}

In the view of the analysis of the case Z™°d = S, the last two terms on the right hand side
has the expected form. For the first one, we have

T [Z] = Z(chq(%)) iZWZK + Pp,q(%)z( Z‘ZV)Z’i + Ppq() inZZﬁ~
The first and the last terms on the right hand side have the required form. The same holds
true for the second one according to Corollary 5.2.7. Finally,
T2[Z] = Z(Ppg(€))e 10, Z7¢Z" + Ppo(€)Z (e 00 27 §) Z + Py y(€)e "0, 27 ¢ Z 2"

and since [e7'0,:, Z] € {0,+e t0,1,+e 0,2}, all the terms on the right hand side have the
expected form. O

We now control the two type of error terms in Proposition 5.4.2. As a result, we prove a
uniform boundedness statement for the derivatives Z™°d5 f
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Proposition 5.4.3. For any |5| < N — 3, we have

2N+4
Y (t,x,v) € [0,00) x RZ x R, ‘T¢(Zm°d’ﬁf)‘(t,a:,v) < e<t>et Z |Zmoa Z" f |(t, z,v).

I<|8

Proof. Fix (t,z,v) € [0,00) x R2 x R2. Combining Proposition 5.4.2 with the bound (36) on
P, (%), we obtain that T4(Z™°4f) is bounded by

O D [[0nZ70(t0) — Ouibasyn [21Qu0] (5 ) | + (V270 2)] | 2] (1, 0).
Iyl [k|<N =3

It remains to estimate the force field through Proposition 4.2.2, so that |V, Z7¢|(t,z) < ee”?,

and to apply Corollary 5.2.5. 0

We state the next corollary for completeness, even if we will not need it in order to prove
that foo € CV73(R2 x R2).
Corollary 5.4.4. For any || < N — 3, there holds
VY (t,x,v) € [0,00) x R2 x R?, ((e Mz +o))M~1 + e () v)) ‘ZmOd’ﬁf‘(t,x,v) < 2e.

Corollary 5.4.4 is a direct consequence of Proposition 5.4.3, the property T4(2moa) = 0,
the bound |T4(e*(z + v))| < ee™? obtained in (23), and the L, estimates in Proposition
4.5.1.

5.5. Regularity of the scattering state. In order to prove that f. is differentiable with
respect to u, we need to compute the first order derivatives of the correction terms in the

modified characteristics. We will bound their higher order derivatives in the following.
Lemma 5.5.1. Let i,k € {1,2}. Then, for every (t,u) € [0,00) x R2, we have
O (t,u) = e_tﬁa”&k (t, eu).

Proof. We have
D C (L, u) = D (Qiettamasymp [Qnc)] (u)) - z%tauigbasymp [0, Quc] () = e}, (L, ).
O

Before arriving to the main result of the paper, we obtain a useful lemma to estimate the
derivatives of the profile f(t, Sy (t,s,u),e'u).

Lemma 5.5.2. Let h € C1([0,00) x R2 x R2 R). Then, for any {1,2},
Ogi [h(t, Se(t,s,u), etu)] = [Sih] (t, Se(t, s, u), e'u),
Oy [h(t, S (t, s, u), etu)] = [UZ-mOdh] (t, Sz (t,s,u), e'u).
Pmof. For the first identity, simply use Oy S(jg = e*tég as well as e7'0,; = S;. Next, since
0y Sy (t,u) = 9,67 (t,u) = e 767, (t, e'u) according to Lemma 5.5.1, we have
Dyi [R(t, SE (L, s,u), e'u)| =e "6y, (t, e'u) - [Vsh](t, S¢(t, s, u), e u)
+ € [8uih] (t, Sg(t,s,u), elu).

It remains to use e 'd,; = S; as well as €'d,; = Uj. 0
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We are now able to prove the main modified scattering result of the paper.

Proposition 5.5.3. There exists a distribution function fo, € CN73(R2 x R2) such that for
every k| + €] < N — 3 and all (t,s,u) € [0,00) x R2 x R2 we have

u’

(uyM ()M (L gyt

0505 (F(t, S (1,5, ), ")) — 050 fo(s, )| S €

ol
In particular, as M > 6, we have 9507 fs € L,
Proof. Let h(t,s,u) := f(t,S¢(t,s,u),eu). Iterating Lemma 5.5.2, we have
O505h(t, s,u) = [U™HES5 (¢, S (t, 5,u), e'u).
We then get, by applying Proposition 5.3.2 to 858;%,
10,0505 R (t, 5,u) S| Te (U85 F)|(t, Se(t, s,u), eu)

+e(L+ N0 znea ZUMN ST F(t, Se (¢, 5,u), ).
ZEN

The first term is controlled in Proposition 5.4.3. In order to bound the second term on
the right hand side, we express U™°%¢ in terms of Z% and P, ,(¢) through (37). Since
1ZPpq(€)] S (1+1)P by (36), we get

|8t8583:h’(t7 S, U) 5 6(1 + t)2N+4e_t Z |ZmOdZaf| (t7 S(g(t, S, ’LL), etu)‘
|| <N -2

Note now that Proposition 5.2.6 and Lemma 4.4.1 provide

’8’ < e_t‘S%’(tv S, u) + e_t’%‘(ta S, u) 5 e_t‘sﬁo”’(ta S, ’U,) + e
e8| < zmoa(t, e s ') + |@|(t, et s’ u') < 2(1 4 t)Zpmoa(t, e s’ u).

We then deduce that

(WM ()M DDSONI (1, 5,1u) S (NI ST (MM 70 F| (1, Syt 5, ), )
la|<N—2

5 6<t>3N+M+1€_t,

where, in the last step, we apply the L° estimates of Proposition 4.5.1. It implies that

(s,u) = (u)M (s)M=1h(t, s,u) converges in CV~3(R2 x R2), as t — +o0, and that the stated

rate of convergence holds. O

6. ASYMPTOTIC PROPERTIES IN TERMS OF THE SCATTERING STATE

In this section, we obtain several asymptotic properties of small data solutions to the

2
Vlasov—Poisson system with the potential # in terms of the scattering state. For this
purpose, we revise the estimates of the normalized stable averages and the velocity averages,

to obtain Theorem 3.3. We finish the paper with the proof of Theorem 3.4 and Theorem 3.5
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6.1. Asymptotics of normalized stable averages. In this subsection, we revise the con-
vergence of the normalized stable averages obtained in Proposition 5.1.1. For this purpose,
we use the modified scattering of the distribution function.

2
=, we have

Proposition 6.1.1. For every (s,u) € R2 x R

_ _ 1 N+5
‘6215 f(ta S, etu)ds — fOO(87 U)dS‘ S 6¢‘

R3 R3 €

In other words, the normalized stable average Q(t,u) converges to [go foo(s,u)ds.

Proof. Performing the change of variables s — y(s) := e's — $ 1tV Gasymp[Qoc] (1), We have

2 [t s,u)ds = / F(t, S (t, yow), ehu)dy.
R2 R2

We then deduce that

‘/ e%f(t,s,etu) _foo(sau)d“s’ S sup <S>u>3‘f(taS‘K(tas)u)7etu) _.foo(57u)|v
RZ (s,u)ERZXR2

which, in view of M > 6 and Proposition 5.5.3, implies Qs = ng foo(s, -)ds. It remains to
apply Proposition 5.1.2. O

In particular, we obtain the following corollary when w = 0 in Proposition 6.1.1.

Corollary 6.1.2. For every (s,u) € R? x R?

o, we have

(1 +t)N+5

’e% f(t,s,u)ds — fool(s, O)ds’ < e(u) :
R2 R2

(&

Proof. After performing the change of variables s — y(s) := e's — 3tV asymp| Qo) (%) and
the mean value theorem, the proof is identical to the one of Lemma 6.1.1 O

6.2. Asymptotics of velocity averages. In this subsection, we revise the decay estimate
of the spatial density performed in Proposition 4.7.5. We use the asymptotics derived in
Corollary 6.1.2 for the normalized stable averages in order to obtain the precise late-asymptotic
behavior of the spatial density

Proposition 6.2.1. For every (t,z) € [0,00) x R2, the spatial density satisfies

1+t
6t

‘ezt ft,z,v)dv — foo(s,O)ds‘ Se(l+|z))
R2 R2

In other words, the normalized spatial density e*' p(f) converges to the constant fR2 foo(s,0)ds.
Y

Proof. Consider g(t,x,v) = f(t, X (t),Ve(t)). Applying Lemma 2.3.2 and Proposition 4.5.1
to g, we have

sip () + W)OIVugl (s ) S sup ((els) + (e~tu))*| 2| (1,5, 0)
(s,u)ERZXRZ (s,u)ERZxR2

(39) <e(1+1)7,
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since we have M > 6 and (es) < (1+t)Zmoa(t, s,u). Applying Lemma 4.7.4 to the distribution
g and using Lemma 2.3.2, we obtain

/R2g<t’y7:t)dy:/ﬂg2f( vt b dy—€2t/ f(t,s,x)d
Y Y

Finally, we conclude using Corollary 6.1.2. O

6.3. Weak convergence I: Concentration in the unstable manifold. In this subsection,
we show that e f(t) converges weakly to the Dirac mass ([ foo(s,0)ds)ds=o(s). Let ¢ € Co
be a compactly supported test function. The starting point consists in performing the change
of variables y = Le'(z — v) in the integral [ g(t, X #(—t), Ve(—t))o(z, v)dzdv.

Lemma 6.3.1. Let g : [0,00) x R2 x R2 — R be a sufficiently reqular distribution, and let
€ CF, be a compactly supported test function. Then, for everyt € [0,00) we have

_ 1 Y\\ (Y

2t

t, Xo(—t),Ve(—t daedv = t - = s dzd
[0 96 X (0 V) /Wg(,y,et(x D))o (o — 5 )y,

Next, we apply the mean value theorem to obtain a technical lemma that will be used to
capture the weak convergence property of e f(t).

Lemma 6.3.2. Let g : [0,00) x R2 x R? — R be a sufficiently reqular distribution. Then, for
every t € [0,00) we have

— _ T
[t X0 Vel odods — [ p0,2) [ gty %) duds
RZ xR3 R2 R2 e

1 i _ _
<= osup (s)N(|Vewllgl + |0l Vugl)-
€" (s,u)eRZXR2

Proof. Using the change of variables y = %et(a: —v) and applying the mean value theorem,

we have
_ 1 YN\ =/ ¥ Yy _ T\ _
9(t (= ) )2 (a7 = 5) — (00 ) 20,2)]

sup [s|(|Vsu@llgl + [Vugllol]).
€" (5,u)€R2xR2

Then, the difference

_ 1 Y\ =( ¥ Yy _ T _
g(ty, t(x - 7))90(7 LA t)dmdy—/ g(t,% *t)w(oax)dwdy‘
RZ xR2 € e e € RZ xR2 €

satisfies the corresponding time decay estimate. O

We are now able to prove the main result of this subsection.

Proposition 6.3.3. Let p € O, be a compactly supported test function. Then, the distribu-
tion f(t) satisfies

lim e%/ f(t,s,u)@(s,u)dsdu =
R2xR2

t—o00

foo(sao)ds/ @(S,U)&SZO(s)dsdu.

R2 R2xR2

In other words, the distribution €' f(t) converges weakly to ([ foo(s,0)ds)ds=o(s).
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Proof. Applying the previous lemma to the distribution ¢(t,z,v) = f(t, X #(t),Ve(t)), we
have

‘e%/ flt,z,v)p(x,v)dvdz —/ @(0,z)e* f(t,w, z)dwdx
RZ xR3 R3 RE,

1 _ _
= sup () (IVsull I+ [VuSll])-
€" (s,u)eR2xR2

S

We conclude by using the dominated convergence theorem and Corollary 6.1.2 to obtain
lim @(0,2)e* f(t,w, z)dwdz :/ (0, z)dx foo(w, 0)dw.
t=0o JR2 R2, R2 R2,

O

6.4. Weak convergence II: Hyperbolicity of the Hamiltonian flow. Let 4 € R2.
In this subsection, we show that e? f(t,s,u + @e') converges weakly to the Dirac mass
([ foo(s,1)ds)ds=o(s). The starting point consists in performing the change of variables
y = e's in the integral [ g(t, Se(—t), Ug(—t))@(s, u—e'u)dsdu, where ¢ € C, is a compactly
supported test function.

Lemma 6.4.1. Let §: [0,00) x R2 x R2 — R be a reqular distribution, and let ¢ € Cgs, be a
compactly supported test function. Then, for everyt € [0,00) we have

2 - = - - u o N_(Y
t,S¢(—t),Ug(-t — dsdu = t,y, — =, u )dydu.
e /Rng% g( ) f( )7 i”( ))@(&u e u) sdu /]R g( Y, ot +u><’0(et’u> ydu

2 R2
o ¥RE

Next, we apply the mean value theorem to obtain a technical lemma that will be used to
capture the weak convergence property of e? f(t, s, u + et).

Lemma 6.4.2. Let §: [0,00) x R2 x R2 — R be a sufficiently reqular distribution. Then, for
every t € [0,00) we have

e / g(t, Sz (—t), Uz (~£)@(s,u — c'a)dsdu — / (0, u)du / g(t,y. 7)dy
R2xR2 R2 R2

1 — = — —
S osup () (IVsusllal + 12l Vagl).
€ (s,u)€RZxR2

Proof. Using the change of variables in Lemma 6.4.1 and applying the mean value theorem,
we have

_ u o\ _[(Y _ - 1 . _ _
‘g(t, Y, — +U)<P<7au> - g(t,y,U)w(O,U)’ <= osup (s)'(IVs@llgl + |l Vugl).-
€ e € (s,u)ER2xR2

Then, the difference
_ U N\ (Y _ N
‘ g<t>y>7 +u)90(77u) _g(tayvu)@(ovu)dydu
R2xR2 € €
satisfies the corresponding time decay estimate. O

We are now able to prove the main result of this subsection.
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Proposition 6.4.3. Let p € CF, be a compactly supported test function, and let u € R2.
Then, the distribution f(t) satisfies
lim ezt/ f(t,s,u)@(s,u—etﬁ)dsdu:/foo(s,ﬁ)ds/ o(s,u)0s=0(s)dsdu.

S,u s s

t—o0 U
In other words, the distribution e* f(t,s,u + ue') converges weakly to ([ foo(s,w)ds)ds—o(s).

Proof. Applying the previous lemma to the distribution g(¢,s,u) = f(t,S¢(t),Ug(t)), we
have

‘e%/ f(t,s,u)@(s,u — e'u)dsdu —/ @(0,u)du - e f(t,s,etﬂ)ds)
R2xR2 R2 R2

1 _ _
S osup (SHIVaRlfI+1Z2F11gl)-
€ (s,u)€RZXRZ

We conclude by using the dominated convergence theorem and Corollary 6.1.2. O

6.5. Conservation laws of the system. In this subsection, we show an explicit character-
ization of the total mass and the Hamiltonian energy of the system in terms of the scattering
state. In other words, we relate the Hamiltonian energy and the total mass of the initial
data fp, to the asymptotic Hamiltonian energy and the asymptotic total mass in terms of the
scattering state f.o, respectively.

Proposition 6.5.1. For every regqular small data solution f to the Viasov—Poisson system
2

with the potential %, we have
1

sl =5 [, O = ol a5 |90yl Qe = L)

Note that the asymptotic Hamiltonian energy H[foo] is finite, due to the estimates shown in
the previous sections. Proposition 6.5.1 follows by the conservation in time of the Hamiltonian
energy, and the following two lemmata.

Lemma 6.5.2. There holds
lim (|v]? = |z|?) fdzdv = —8/ (u - 8) foodsdu.

t—=00 JR2 xR2 R2xR2

Proof. Moving to the hyperbolic variables (s,u) and performing the change of variables

(s,u) = (y,w) := <ets — %utvu%symp[Qo@}(u) u),

et/ et
we have

/ (|v]? = |z|*) f(t, z,v)dzdv = 8/ e tu-elsf(t,s, u)dsdu
R2 xRR2 R2xR2

= _8/ (etw) : ch(t,y,w)f(t,Sc,g(t,y,w),etw)dydw,
RZ xRZ,
where we note that |(e'w) - S (t,y,w)| < |w|(|s| + €(1 +¢)). We then deduce that

[ ) (ltsn) - Fulsuwdsda] £ sup (s, 17E St svu)setn) — Fsiul
R2xR2 (

s,u)ER2XR2
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which, in view of M > 6 and Proposition 5.5.3, implies the result.

Lemma 6.5.3. There holds
im [ [V.6l2(t,2)de = / |V uGasymp| Qoo 1 (11)du.
R? R2

t—o00

Proof. Performing the change of variables x + u = e~

/|Vx¢|2(t,:n)d:r:/ 1€tV 0|2 (t, etu)du.
R2 R2

T

x, we have

We then conclude by applying the dominated convergence theorem and Proposition 5.2.4. 0O

We finish this subsection with the explicit characterization of the total mass of the system
in terms of the scattering state.

Proposition 6.5.4. For every regular small data solution f to the Vlasov—Poisson system
2
with the potential |§\ , we have

Ifoollzy, = Ilfollzs , -

Proof. Moving to the hyperbolic variables (s, u), and performing the change of variables

(s,u) — (y,w) := (ets - %,utvuqbasymp[Qoo} (ﬂ) u)’

et/ et
we have

/ ft,z,v)dzedv = 2/ f(t,s,u)dsdu = 2/ f(t, Se(t,y,w), etw)dydw.
R2 xR2 R2xR2 R2XR2,

We then deduce that

‘/ ft,s,u) — foo(s,u)dsdu‘ < sup  (s,u)?|f(t,Se(t,s,u), elu) — fool(s,u)|,
R2xR2 (s,u)ERZXR2

which, in view of M > 6 and Proposition 5.5.3, implies the result. O

Remark 6.5.1. Observe that the total mass [|f||z1 ~of the system can also be written as

2||Qcoll L1, since the total mass is equal to twice the total mass of the scattering state by
Proposition 6.5.4.
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