LATE-TIME ASYMPTOTICS OF SMALL DATA SOLUTIONS FOR THE
VLASOV-POISSON SYSTEM
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ABSTRACT. In this paper, we study the precise late-time asymptotic behaviour of small data solutions for
the Vlasov—Poisson system in dimension three. First, we show that the spatial density and the force field
satisfy asymptotic self-similar polyhomogeneous expansions. Moreover, we obtain an enhanced modified
scattering result for this non-linear system. We show that the distribution function converges, with an
arbitrary rate, to a regular distribution function along high order modifications to the characteristics of the
linearised problem. We exploit a hierarchy of asymptotic conservation laws for the distribution function.
As an application, we show late-time tails for the spatial density and the force field, where the coefficients
in the tails are obtained in terms of the scattering state. Finally, we prove that the distribution function
(up to normalisation) converges weakly to a Dirac mass on the zero velocity set.
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1. INTRODUCTION
In this paper, we investigate the late-time asymptotics of collisionless systems on R2 x R3 near vac-
uum. Specifically, we study collisionless systems described statistically by a distribution function f(¢,z,v)
satisfying the Viasov—-Poisson system
Orf +v-Vaof —uVaep-V,f =0,
Ayg = p(f)a
p()(t,2) = [y F(t,2,0)dv,

f(t = O,ZZJ,’U) = fo(l',?}),
where t € R, 2 € R2, v € R?, and p € {1,—1}. We call V¢ the force field, and p(f) the spatial density.

The non-linear Vlasov equation in (VP) is a transport equation along the Hamiltonian flow defined by

(VP)

2
Hi(z,v) := % + ¢(t, x) in terms of the potential ¢. The non-linear term in this kinetic PDE system arises

from the mean field generated by the many-particle system. Note that the interaction between the particles
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of the system is attractive or repulsive, when y = 1 or u = —1, respectively. The Vlasov—Poisson system is
a classical model for the description of collisionless many-particle systems in astrophysics (attractive case)
[BT11] and plasma physics (repulsive case) [LP81].

In this work, we are specifically interested in the study of fine asymptotic properties of small data solutions
for the Vlasov—Poisson system. In particular, we will investigate regular solutions of the Vlasov—Poisson
system near the vacuum solution f = 0.

1.1. Small data global existence for the Vlasov—Poisson system. The non-linear dynamics of small
data solutions for the Vlasov—Poisson system have been extensively studied in previous works. The first
mathematical study of small data solutions for the Vlasov—Poisson system was performed by Bardos and
Degond [BD85]. In this work, small data global existence was proved for the Vlasov—Poisson system. For
this, the authors obtained time decay for the spatial density by using the method of characteristics. Later in
time, small data global existence was revisited by Hwang, Rendall, and Veldsquez [HRV11]. Here, optimal
time decay for high order derivatives of the spatial density was established.

More recently, the stability of the vacuum solution for the Vlasov—Poisson system was addressed once
again by Smulevici [Smul6]. In this paper, the small data global existence was obtained via energy estimates
using a vector field method suitably adapted for kinetic equations. In particular, boundedness in time
of a suitable energy norm is established, and also optimal space and time decay for the spatial density.
We emphasise the novel modified vector field technique introduced in [Smul6] to prove small data global
existence in dimension three. Later in time, this work was revisited by Duan [Dua22]. In this article, the
energy norms and the control of the force field are both simplified.

See also Wang’s work [Wan23] for another proof of small data global existence for the Vlasov—Poisson
system using Fourier techniques. Finally, Schaeffer [Sch21] also studied small data solutions for (VP). Here,
the smallness assumption on the derivatives of the distribution function was relaxed (f is still assumed to
be initially small).

1.2. Small data modified scattering for the Vlasov—Poisson system. In the last decade, there have
been several works on the fine scattering properties of the distribution function for small initial data.
Previous small data global existence results [BD85, HRV11] proved that the non-linear term V.¢ - V, f
decays in time. So, one could wonder if linear scattering holds.

Definition 1.2.1. We say that linear scattering holds for a solution of the Viasov—Poisson system on
R3 x R3, if there exists a reqular function fo : R3 x R3 — R such that the linear profile f(t,x + vt,v)
converges to foo(x,v). We call foo(x,v) the scattering state.

This question was answered by Choi and Ha [CH11], who proved that linear scattering does not hold for
any solution arising from non-trivial initial data, due to the long-range interaction of the particle system in
dimension three. In this case, the non-linear term V¢ - V, f only decays as t ! because of the long-range
interaction. Nonetheless, one can still hope that modified scattering holds.

Definition 1.2.2. We say that modified scattering holds for a solution f of the Viasov—Poisson system
on RS x R2, if f does not enjoy a linear scattering dynamics, and if there exists a regqular function foo :
R3 x R3S — R as well as lower order corrections €,(t,z,v) and 6,(t,z,v), such that the modified profile
flt,x+ vt + €0+ 6,) converges in time. We call foo(x,v) the scattering state.

The first proof of small data modified scattering for the Vlasov—Poisson system was obtained by Choi
and Kwon [CK16]. Later, Ionescu, Pausader, Wang, and Widmayer [[PWW22], obtained another proof of
small data modified scattering using methods inspired from dispersive analysis. In particular, this paper
identified an explicit logarithmic correction to the linearised characteristic system, in order to show modified
scattering. For this, the authors considered the limit, when time goes to infinity, of the spatial average of
the distribution function. This function allows to identify the precise self-similar asymptotic behavior of
the force field. Finally, the explicit logarithmic correction of the linearised characteristic system can be
found in terms of the asymptotics of the force field. Around the same time, Pankavich [Pan22] proved
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modified scattering for a multispecies collisionless plasma assuming that the electric field decays sufficiently
fast (instead of assuming smallness of the initial data). We note that [Pan22] assumes compact support for
the initial distribution function.

We summarise this overview with a statement of small data modified scattering for the Vlasov-Poisson
system according to [[PWW22, Pan22].

Theorem 1.1 (Small data modified scattering for the Vlasov-Poisson system). Ewvery solution f to the
Vlasov—Poisson system arising from regular and small initial data is global in time. Moreover, the following
properties hold:

(a) The spatial average of f converges to a reqular function Qs : RS — R such that
Vit € [2,00), }/IW flt,z,v)de — Qoo(v)) < log(t)(t)~ 1.
(b) The spatial density has a reqular self-similar asymptotic profile
Vt € [2,00), ‘t?’ s f(t,x,v)dv—Qoo(%)‘ < log2(t)(t) ™.

(c) Let oo : RS — R be defined by Aydoo = Qoo The force field has the reqular self-similar asymptotic
profile v — Vb, in the sense that

Vt € [2,00), |2V o (t, 2 4 tv) — Vydoo (v)] < () log2(t)<t>_1.

(d) Modified scattering holds for the distribution function. There exists a regular distribution foo :
R3 x R3 — R such that

vt € [2,00), |f(t,x 4+ tv + plog(t)Vydeo(v),v) — foo(:c,v)| < logQ(t)<t>71.

We remark that small data linear scattering holds for the Vlasov—Poisson system on R} x R} when n > 4.
This result was obtained by Pankavich [Pan23].

1.3. The main results. We first recall that the local well-posedness theory for this PDE system is standard.
See [HK19, Section 3] for further details. Concerning the global regularity properties for (VP), seminal
works by Pfaffelmoser [Pfa92] and Lions—Perthame [LP91] established that this non-linear system is globally
well-posed. See also the proof of global well-posedness by Schaeffer [Sch91].

In the framework of the initial value problem, we study the evolution in time of small initial distributions
fo:R2 xR? — R, in a space of functions defined by a weighted L7, norm

]E]Nvm,Nv[fo] = Z sup <x)Nz(v>NU|8fagf0|’
|5\+\n|§N(3777))ER§><R3

where N, N, N, € N and (-) is the standard Japanese bracket.

In the rest of the paper, the notation A < B is used to specify that there exists a universal constant
C > 0 such that A < CB, where C depends only on the corresponding order of regularity, or other fixed
constants.

1.3.1. Late-time asymptotics for the Vlasov-Poisson system. Let N > 3. Set the sequence (1, )n>1 given by
n(n+1)

2 )
The main result of this paper establishes high order late-time asymptotics for small data solutions of the

Vlasov-Poisson system. We note that this result requires a smallness assumption on E?\’,?[ fo] and the
finiteness of By T*7[fo]. Note that we allow the norm EN T 7[fo] to be large for N > 4.

(1) Tn =14+
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Theorem 1.2 (High order late-time asymptotics for the Vlasov—Poisson system). Let N > 3. FEuvery
solution f € CN to the Vlasov—Poisson system arising from regqular and small initial data is global in time.
Let n € N such that r,, < N, Xo(t,z,v) := x, and Vo(t,z,v) :=v. There exist reqgular modifications of the
linear characteristic flow

% log?
X, (t,x,v) = 4+ Ve (v) log(t) Z Z g Xg,a,p(V);

1<q<n 1 |al+p<gq
x* logP (¢
Valto,o) =v+ 5V )+ D Y T Vaa, ),
1<q<n—1 |a|+p<q
such that the following properties hold. For every integer n such that r,11 < N,

(a) The normalised spatial density t3o(f) and the normalised force field 2V ¢ satisfy asymptotic self-
similar polyhomogeneous expansions of order n according to Definitions 2.6.1-2.6.2.

(b) Modified scattering holds with an enhanced rate of convergence. Let g,41 @ RY X R3 xR? — R be
defined by

Ina1(t,x,v) = f(t, Xpt1(t,x,v) + tV g1 (t, z,v), Vg (E, z, v))

There exists a reqular distribution fo: R3 x R3 — R such that for all (t,z,v) € [2,00) x R2 x R3
with |z| < t, we have

log 9 1)
|gn+1(t7$av) - foo(df,’l))| S’ W

(¢) The modified spatial average verifies enhanced convergence to the spatial average of foo. There exists

Qe € CONL2(R3) such that for all (t,v) € [2,00) x RS, we have

lo logN ("3 (¢
’/ Int1(t, z,v)de — | fool(z,v)da — Z t7g1+(1)Qp’ (v )/ 2 foo (2, v)dz| < & ®)
|| <t RS RS

~ tn+2
p+l€[<n

Remark 1.3.1. Note that for n = 0, property (a) and (b) of Theorem 1.2, corresponds to properties (b)—(c)
and (d) of Theorem 1.1, respectively. Already for n = 0, the property (c¢) of Theorem 1.2 is an improvement
of property (a) of Theorem 1.1.

Remark 1.3.2. The asymptotic self-similar polyhomogeneous expansion for the spatial density may be ex-
pected to hold due to the modified scattering of the distribution. However, the problem is far from being
trivial because of the need to show an enhanced convergence estimate for the spatial averages of the distri-
bution function. A posteriori, the polyhomogeneous expansion for the force field can be shown by using the
asymptotic Poisson equation (see Section 8.3 for more details).

Remark 1.3.3. The quadratic loss of derivatives to derive the expansion of order n for t3p(f), and the
convergence estimate for g,41, seem optimal for our method. So far, the previous modified scattering
results for the small data solutions of (VP) require to control V, f and V, f. In our approach, we need to
control g, in W;ﬁl"’o to show the convergence estimate for g,,1. In this sense, the quadratic loss for the
high order asymptotics is consistent with previous small data modified scattering results for (VP).

1.3.2. Non-linear tails and weak convergence. The first part of Theorem 1.2 consists in proving asymptotic
self-similar polyhomogeneous expansions for the normalised spatial density and the normalised force field.
As an application, we can show non-linear late-time tails for the spatial density and the force field. For this
purpose, we consider a hierarchy of asymptotic conservation laws for the solutions of the Vlasov—Poisson
system.
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Let foo: R3 x R3 — R be a regular scattering state. Let o € N3 be a multi-index. We consider the
weighted spatial averages A% : R3 — R defined by

A% (v) = /11&3 205 foo(x,v)d.

We will later show that A%(v) are well-defined. The weighted spatial averages A®(v) can be characterised
as
(2) A%(v) = lim 0% ¢1(t, x,v)dz.
t—o0 R3
See Section 7 for further details. In the sense of (2), the functions A%(v) define asymptotic conservation

laws for small data solutions of the Vlasov—Poisson system. We can now state our result on late-time tails
for the spatial density and the force field.

Theorem 1.3 (Late-time tails for the spatial density and the force field). Let N > 2. Let f € CV be a
solution to the Vlasov—Poisson system arising from regular and small initial data. There exist constants

CP1 € R such that, for n = % — 1, the spatial density satisfies

vVt > 2

P 27 logP(t) | _ log™ (™ +3) (1)
3 _ Y < n+1
t /]R3 f(t7 €T, U)dU Z Z 7' 81) FP,Q(O) t"YH‘q ~ tn+1 <JJ> )
v p<gsn|y|<n—q
where OJF, ,(v) can be computed in terms of A*(v) and its derivatives. A similar expansion holds for the

normalised force field t*V ;.

Remark 1.3.4. These non-linear tails for the spatial density and the force field, are obtained by using the
asymptotic self-similar polyhomogeneous expansions for the spatial density and the force field.

Geometrically, the decay in time of the spatial density holds due to the concentration in time of the
support of the distribution function in the zero velocity set. We express the concentration of the support
of the distribution with a suitable weak convergence statement.

Theorem 1.4 (Concentration of the distribution in the zero velocity set). Let ¢ € Cg5, be a compactly
supported test function. Then, for every solution f to the Vilasov—Poisson system arising from reqular and
small initial data, we have

lim B3 f(t, z,v)o(z, v)dedy = foo(w, O)dx/ Jv=0(v)p(z,v)dadv.

1= JR3 xRS R3 R3 xRS
In other words, the distribution t* f(t,x,v) converges weakly to ([gs foo(a,0)d2)dy—o(v).

Remark 1.3.5. The mass of the Dirac measure in Theorem 1.4 is explicitly identified as the mass of the
zero velocity set in terms of the scattering state. Later in the paper, we also prove a more general weak
convergence statement for t3 f (¢, z +t,v+9), for a fixed ¥ € R3. We show that ¢> f(t, 2+ vt,v+0) converges
weakly to the Dirac measure ([ foo (@, 9)dx)d,—o(v). We observe that the masses [ foo (2, v)dx of these Dirac
measures are the masses along the energy levels {v = ¥} in terms of the scattering state. We note that the
mass of the energy levels {v = 0} defines the self-similar asymptotic profile of the spatial density.

Previous weak convergence results for the Vlasov—Poisson system.

(a) The previous weak convergence result can be compared with the weak convergence of the distribution
function for solutions of the Vlasov-Poisson system on T2 x R? in the breakthrough work on Landau
damping by Mouhot and Villani [MV11]. For this comparison, it is important to also consider our
weak convergence result for 3 f (¢, z +ot,v+9) to the Dirac mass ([ foo(x,0)dz)dy—o(v). For further
details see Theorem 3.4.
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(b) Theorem 1.4 can also be compared with the weak convergence result [BVRVR23, Theorem 1.3] for

the distribution function in the context of small data solutions for the Vlasov—Poisson system with a
trapping potential %””‘2 In this context, the distribution function (up to normalisation) converges
weakly to a Dirac mass on the unstable manifold of the origin. For this system, the mass of the
limiting Dirac measure is equal to the mass of the stable manifold of the origin with respect to the

scattering state.

1.4. Key elements of the proof of high order asymptotics. In this subsection, we show the key
elements in the proof of Theorem 1.2.

1.4.1. Modified scattering: A story of asymptotics. We begin recalling the basic ideas to prove small data
modified scattering for the Vlasov—Poisson system. In particular, we emphasise the role of late-time asymp-
totics.

Step 1. Although we cannot expect f to have a linear behaviour for large times due to [CH11], we can
still expect a weaker quantity to verify such a property. It turns out that the spatial average of f, which is
conserved in the linear case and moreover governs the asymptotic behaviour of p(f), converges as t — oc.
Using the Vlasov equation, and performing integration by parts in x, we have

d
— t,z,v)d

/ uVao(t, x) - [tvm + Vq,f] (t,z,v)dx + t/ Aot x) f(t, x,v)dx|,
R3

R3

where the RHS is bounded above by the time integrable function log(t)t 2.
Step 2. Then, we can isolate the leading order contribution of the charge density by

3)

x log(t) .
3 t,z,v)dv — (f)< , =1 t,z,v)dz.
[ feami-0x(7) S5 Qel)i= im [ stae
Step 3. This allows us to consider the asymptotic Poisson equation A,¢. = Q. Its solution captures
the asymptotic behaviour of the force field along the trajectories of the particle system

(4) [PV 0(t, @ + tv) = Vaudoo (v)] S () log? ()t

Step 4. We are finally able to prove that f converges along a logarithmic correction of the linear
characteristics by

}f(t7X1(t7xa,U) + tU,U) - foo(xvv)’ 5 10g3(t)t715 Xl(t7xvv) =Tt Mlog(t)v71¢w(v)

1.4.2. Improved late-time asymptotic expansion for the spatial density. We now sketch the key arguments
to prove an improved late-time asymptotic expansion for the spatial density. Here, we begin focusing on
the first order expansion in powers of ¢~

Step 1/ and 2. We now wonder, if we could obtain an improved asymptotic expansion for the spatial
density p(f). For this, the starting point of the analysis is the same as for the derivation of (3), that is

p(f)(t,x) =/ go(t,x — tv,v)dv :/

T —
90 (tvya J)dya gO(ta J?,’U) = f(t,.fL‘ + tU,U).
R3 R t

3
Yy

Instead of applying the mean value theorem, we use this time a first order Taylor expansion to show
x 1 x log® (¢
Ep(f)(t, ) */ 90 (Ly, ;)der ?/ Y- [Vogo] (t,y, )dy‘ < ),
R

R t 2
The problems to derive a first order expansion for the normalised density t3p(f) in t~!, are:

()

3 3
Y Y
e The spatial average of go merely converges to Q. at the rate t~!log(t).

e The third term in (5) is a weighted spatial average of V,gp, so we cannot treat it by applying

previous techniques. Moreover, this quantity does not converge in general, as it is suggested by the
modified scattering dynamics.
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We deal with the second issue by rewriting y - V,go(¢,y,v) in terms of derivatives of f(t,X; + tv,v) or
g1, introduced thereafter. For the first issue, it is required to consider higher order corrections for the linear
velocity characteristics as well. Since 47 = iV, ¢(¢, X) and in view of (4), we consider the modification

g1(t,z,v) = f(t, X1 (t, z,v) + tV1(t, z,v), Vi(t, x,v)), Vi(t,z,v) :=v+ ,ut_lvvcﬁoo(v).

The main idea then consists in deriving a similar estimate to (5), in terms of the modified profile g; instead
of gg. Then, we show the following two properties:

e An enhanced convergence estimate for the spatial average of g; towards the spatial average of fo.
e The weighted spatial average of V,g; converges to the corresponding weighted spatial average of
V. feo at the rate log6 ()1

Step 3’ and 4'. On the top of these estimates, we improve our estimate on the force field. Finally, we
consider second order modified characteristics (X3, Va), and we show that the distribution

g2(t, x,v) := f(t, Xo(t, z,v) thVg(t,a:,v),Vg(t,x,v)),

satisfies
|gg(t,x,v) - foo(x,v)| < 1og16(t)t72.

1.4.3. About the rest of the proof. We derive high order late-time asymptotics for p(f) by iterating this
process. Let us however mention that the z-dependency of the modified characteristics of order n > 2
gives rise to new difficulties that force us to restrict our convergence statement to the domain {|z| < t}.
After, we establish an asymptotic self-similar polyhomogeneous expansion for the spatial density, we use the
asymptotic Poisson equation to show a polyhomogeneous expansion for the force field. In particular, we can
then prove asymptotics for the force field along the high order spatial modified characteristics X,, + tV,,.
We use these estimates to show the enhanced modified scattering result for the high order modified profile
gni1(t, ,v), which converges to foo as =" L logN 3 (1) .

Finally, we show strong convergence estimates for the spatial averages of the modified profile g,,+1. The
key idea of these estimates consists in observing that the modified characteristics (X,41, V41) of order
n + 1 allow us to prove the next property in an induction argument. Up to error terms decaying as t "3,
the derivative

8t/ gn+1(t, z,v)dx
|z <t

is equal to a sum of terms of the form Q(v)t~"~2log?(t) with p < n, where the quantities Q(v) can be
computed in terms of A*(v). With these estimates, we will complete the proof of Theorem 1.2.

1.5. Related works on modified scattering. In this subsection, we give a list of related works on mod-
ified scattering for other non-linear Vlasov equations. Specifically, we discuss previous modified scattering
results for the relativistic Vlasov—-Maxwell system on Minkowski spacetime, the Vlasov—Poisson system with
a trapping potential on R2 x R, and the repulsive Vlasov—Poisson system on R3 x R3 with a point charge. In
these three different settings, one could consider the problem of studying high order late-time asymptotics.

1.5.1. For the relativistic Viasov—Mazwell system on Minkowski spacetime. Small data modified scattering
for the relativistic Vlasov—Maxwell system on Minkowski spacetime [Big22] has been recently established
by the first author. This non-linear PDE system models the dynamics of a collisionless plasma of charged
particles. We note that the small data modified scattering result in [Big22] does not require smallness on the
Maxwell field. In contrast with previous works on the subject, this paper establishes small data modified
scattering in high order regularity. See the work of Pankavich and Ben-Artzi [PBA23] for another proof of
small data modified scattering for the relativistic Vlasov—Maxwell system for compactly supported initial
data.
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1.5.2. For the Viasov—Poisson system with a trapping potential on R2 x R2. Small data modified scattering

2
for the Vlasov—Poisson system with the trapping potential % on R2 xR?, has been recently established in

a joint work [BVRVR23] of the authors with A. Velozo Ruiz. The motivation to consider small data solutions

2
for the Vlasov—Poisson system with the potential % comes from studying the stability of systems for
which the dynamics of their particles are hyperbolic. Here, we considered the Vlasov—Poisson system with
the simplest external potential for which unstable trapping holds for the associated linearised characteristic
flow. We note the use of hyperbolic type coordinates in order to prove the modified scattering result. See

also [VRVR24] for more information on this non-linear system.

1.5.3. For the repulsive Vlasov—Poisson system with a point charge on R3 x R3. Beyond vacuum solutions
for non-linear Vlasov equations, we remark the modified scattering dynamics for perturbations of a point
charge for the repulsive Vlasov—Poisson system obtained by Pausader, Widmayer, and Yang [PWY22]. We
note the use of asymptotic action-angle coordinates to show this modified scattering result.

1.6. Related works on high order late-time asymptotics. Here, we comment about related works on
late-time asymptotics for hyperbolic PDEs in general relativity. There has been a lot of progress in the last
years concerning this problem.

1.6.1. Late-time tails for solutions of the wave equation on black hole spacetimes. Precise late-time asymp-
totics have been derived for the solutions of the wave equation on black hole spacetimes by Angelopoulos,
Aretakis, and Gajic [AAG18, AAG20, AAG23]. In these works, late-time tails are derived for linear scalar
fields. For this purpose, the authors use a hierarchy of asymptotic conservation laws for the solutions of the
wave equation on the corresponding black hole spacetimes. For comparison with the results in this paper,
see the late-time tails for the linearised system in Section 4.

In this context, a logarithmic term arises when studying the leading order asymptotics of solutions to
the wave equation on a Schwarzschild black hole for initial data slowly decaying at infinity. This result was
established by Kehrberger [Keh21]. In the problem considered in this article, we obtain logarithmic terms
in the non-linear expansions for completely different reasons. Indeed, these terms arise for any non-trivial
small data solution to (VP). The logarithmic terms in the expansions of this paper appear because of
non-linear effects.

We refer to the overview [GK22] for more information on the recent progress concerning the relation of
conservation laws and late-time tails for massless scalar fields on black hole spacetimes.

1.6.2. Late-time tails for solutions of wave equations on dynamic asymptotically flat spacetimes. On recent
work by Oh and Luk [LO24] a general method is developed for the study of late-time tails of solutions
to wave equations on asymptotically flat spacetimes with odd space dimensions. In this paper, late-time
tails are obtained for wave equations on dynamical backgrounds, and also for non-linear wave equations.
We remark novel corrections obtained for the Price law rates concerning the decay of the solutions of wave
equations on black hole spacetimes.

1.6.3. Polyhomogeneity of the metric for solutions of the Einstein vacuum equations. We also mention
the work by Hintz and Vasy [HV20] on the nonlinear stability of Minkowski spacetime for the Einstein
vacuum equations. In this result, the authors use the framework of Melrose’s b-analysis to prove that
the metric satisfies a polyhomogeneous expansion for polyhomogeneous initial data. We note that for the
problem addressed in this article, we merely require the initial data to be non-trivial in order to obtain such
expansions.

1.7. Outline of the paper. The rest of the article is structured as follows.

e Section 2. We study the linearisation of the Vlasov—Poisson system with respect to the vacuum
solution. Here, we introduce the vector fields used to define the energy norms in the main results.
We also define the notion of an asymptotic self-similar polyhomogeneous expansion.

e Section 3. We state the precise statements of the main results of the article.
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e Section 4. We study the late-time asymptotic behaviour of the linearised system. First, we prove
asymptotic self-similar expansions for the spatial density. We set the hierarchy of conservation
laws for the linearised system. Then, we show late-time tails for the spatial density in terms of the
conservation laws. We prove that the distribution (up to normalisation) converges weakly to a Dirac
mass in the zero velocity set. We also capture the shearing of the system with a weak convergence
statement.

e Section 5. We show small data global existence in high order regularity for the Vlasov—Poisson
system. For this, we prove that weighted LZ°, norms of the distribution function grow at most
polynomially.

e Section 6. We obtain small data modified scattering in high order regularity for the Vlasov—Poisson
system. For this, we show that the spatial density and the force field have self-similar asymptotic
profiles.

e Section 7. We begin the study of high order late-time asymptotics of the spatial density for the
Vlasov—Poisson system. In particular, we show a second order expansion for the spatial density.

e Section 8. We prove asymptotic polyhomogeneous self-similar expansions for the spatial density
and the force field. Then, we obtain an enhanced modified scattering result for the distribution
function.

e Section 9 We obtain late-time tails for the spatial density and the force field. We also prove that
the distribution (up to normalisation) converges weakly to a Dirac mass in the zero velocity set.
We also capture the shearing of the system with a weak convergence statement.
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zon 2020 research and innovation programme under the Marie Sklodowska-Curie grant 101034255.

2. PRELIMINARIES

In this section, we introduce the set of commuting vector fields A and the set of weights k used to define
the space of functions considered in the paper. The vector fields in A and the weights in k, are motivated by
the dynamics of the characteristic flow for the linearised system. We then state the commuted equations for
the non-linear Vlasov equation, and for the Poisson equation. Finally, we define the notion of asymptotic
self-similar polyhomogeneous expansion that we will use throughout this paper.

2.1. The linearised system. The linearisation of the Vlasov—Poisson system with respect to its vacuum
solution f = 0, corresponds to the Viasov equation

8tf+v'vmf:07
ft=0,z,v) = fo(z,v),

where fo: R x R? — R is a regular initial data. The Vlasov equation (V) can be explicitly solved by

ft,xz,v) = fo(x —vt,v)

V)

in terms of the linear flow map
(X (t,x,v), Ve (t,x,v)) = (x + vt,v).
For future reference, we denote the linear transport operator in (V) as
To:=0; +v-V,.
The Vlasov equation on R3 x R3 is a transport equation along the Hamiltonian flow
dx dv

(6) &, B
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In other words, the characteristic flow (6) is the Hamiltonian flow induced by the Hamiltonian system
(R2 x R3,H) with

H(z,v) = %(vl)Q 5007+ 5 ()

Proposition 2.1.1. The Hamiltonian system (R3 xR3,H) is completely integrable in the sense of Liouville.
Proof. Consider the three independent conserved quantities in involution v* where i € {1,2,3}. |

2.2. Commuting vector fields. In this subsection, we introduce a set A of vector fields on R3 x R? that
we will use to show time decay for small data solutions of the Vlasov—Poisson system. We consider vector
fields that satisfy good commuting properties with the linearised system (V).
Specifically, we consider

(a) translation vector fields T; := 0,

(b) Galilean vector fields G; := t0,: + Oy,
and we define

A= {Ti,Gi: i {1,2,3}}.

We will further use the notation G = tV,+V,. The vector fields in X were previously used in [Smul6, Dua22]
to set the energy spaces on which small data global existence was obtained. Note that [Smul6, Dua22] also
used the scaling vector field L := Zle 20, + v'0,: and the rotational vector fields R;; = 20, — 270, +
v%0,; — v70,: in their energy spaces. In this article, we only use the translations and the Galilean vector
fields.

Lemma 2.2.1. Let Z € A. Let f be a regular solution of the Viasov equation. Then, Z f is also a solution
of this equation.

Lemma 2.2.1 justifies the terminology commuting vector fields for the elements in A.

2.3. Weights preserved by the linear flow. We consider
(a) translation weights v,
(b) Galilean weights z; := x* — v't,
and we define
k:= {vi,zi NS {1,2,3}}.

The weights in k are conserved along the characteristic flow (z,v) — (x + vt,v) of the Vlasov equation. In
particular, the weight functions are solutions to the Vlasov equation.

Lemma 2.3.1. For every weight w € k, we have To(w) = 0.

If To(g) = 0, then the same property is satisfied by wg if w € k. Hence, weighted L3°, norms are
conserved for solutions to the Vlasov equation. In the nonlinear small data regime, these norms will grow
logarithmically in time and will then provide useful decay properties for the Vlasov field.

It will be useful to work with

go(t,x,v) = f(t,z + vt,v),
when studying the asymptotic properties of p(f) and its derivatives. The following lemma suggests that go
enjoys strong decay properties.

Lemma 2.3.2. Let f: [0,00)xR3xR3 — R be a reqular distribution function and go(t,x,v) = f(t,x+tv,v).
Then, we have

(@)™ (W) gl (8, 2,0) = (@)% (o) |t + ot 0),
and

Vago(t,z,v) = Vo f(t,x +tv,v),  Vyegolt,z,v) = Gf(t,x+tv,v) = [tV f + Vo f](t,z + tv,v).
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Remark 2.3.1. There is an explicit correspondence between the commuting vector fields in A and the
weights in k. We have 9, = {v*,-} and G; = {z* —v't, -}, where {, -} is the Poisson bracket of the standard
symplectic structure on R3 x R3.

2.4. Multi-index notations. Let (Z%); be an arbitrary ordering of the vector fields in A. We use a
multi-index notation for the differential operators of order |a| given by

Z% = ZNz% . 7%,

for every o € N®. We denote by Al the set of differential operators obtained as a composition of || vector
fields in A.

We can uniquely associate a differential operator on R3 to any differential operator Z* € Al by replacing
every vector field Z on R2 x R? by the corresponding vector field Z, on R2. As a result, we have

(a) translation vector fields T; , := 01,
(b) projected Galilean vector fields G; , := t0,i.
We define

A= {Ti,x,Gi,x e {1,2,3}}.

We denote by Al the family of differential operators on R3 of order |o| obtained as a composition of |«
vector fields in A. By a small abuse of notation, we denote by Z% the associated differential operator on
R? for an arbitrary differential operator Z® on R? x R3.

Finally, for every a € N, we denote by 9%, %, and G, the differential operators

0y = 05103053, Oy := 00107003, G = G G*G32.
Lemma 2.4.1. Let o and 3 be two multi-indices. Then, the commutator [Z%, ZP] vanishes.
Next, we relate the derivatives Z2p(f) and p(Z° f).
Lemma 2.4.2. Let f be a reqular distribution function, and let o be a multi-index. Then,
(7) Zzp(f) = p(Z°])
where Z& € Al°l and Z* € Alel
2.5. The commuted equations. Let us denote the transport operator in the Vlasov—Poisson system by
Ty :=0+v-Vy—uVyp-V,.
Here, the force field V¢ is defined through the Poisson equation A, ¢ = p(f).
Lemma 2.5.1. Let Z € A, and Z, € A be the corresponding vector field on R3. Then,
[Ty, Z] = pNVoZop - V.
Iterating the lemma above, we obtain the higher order case.
Lemma 2.5.2. There ezist constant coefficients Cgv € Z such that
(8) To 27} = 32 > CoVaZlo Vo2,
le|<|B|=1 v+a=p
where Z8 € AP 27 € AV and z> e Ao/,
Remark 2.5.1. In particular, if Z? contains p Galilean vector fields, then Z# = 95G¢ with |¢] = p.
We conclude this subsection with the commuted Poisson equation.

Lemma 2.5.3. Let f be a regular distribution function, and let ¢ be the solution to the Poisson equation
Ayp = p(f). Then, for any multi-index o the function Z%¢ satisfies

A Zg = p(Z°f).
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2.6. Asymptotic self-similar polyhomogeneous expansions. We now introduce the terminology that
we will use for the expansions satisfied by the normalised spatial density and the normalised force field. We
further prove some preparatory results.

Definition 2.6.1. Let Ny € N and 0 : Ry x R3 — R. We say that o admits an asymptotic self-similar
polyhomogeneous expansion of order Ny if there exist functions [0y, : R2 — R and S € N such that

p x S
) Vo) eloo xR o) 30 B, (5) 5 PR
0<p<g<No

Remark 2.6.1. The spatial decay in (9) will be important to perform elliptic estimates (see (15) below).

The next definition will be applied to quantities of the form V.97 é(t, X,, +tV,,), that is, to derivatives
of the force field along corrections to the spatial linear characteristics t — x + tv.

Definition 2.6.2. Let Ny € N and ¥ : Ry x R2 x R — R. We say that ¥V admits an asymptotic
polyhomogeneous expansion of order Ny if there exist functions [¥]g ap: RS — R and S € N such that, for
all (t,z,v) € [2,00) x R3 x R with |x| < t, we have

o log )0+ log® (1)
(10) L 700 R S N ‘I/]q,a,p(v) S HT

q<No |a|+p<q

Consider a function ¥ : Ry x R} — R and a family of curves vy, : [2,00) — R2 parameterised by
(r,v) € R2 x R2. We say that 1 admits an asymptotic polyhomogeneous expansion of order Ny along the
curves vy if U(t,x,0) 1= (L, vz,0(t)) verifies (10).

Let us now prove the uniqueness of the coefficients in the expansions. We also show that under suitable
assumptions on ¥, we can differentiate (10) without losing the structure of the expansion.

Lemma 2.6.3. Let Ng € N and ¥ € C° N L®(R, x R2 x R3) admitting an asymptotic polyhomogeneous
expansion of order Ny. Then:
(1) The functions [V], o p are unique, and belong to C° N L= (R3).
(2) Let1<1i<3. Assume that 0,,V and t0,:V admit asymptotic polyhomogeneous expansions of order
N§ < Ny. Then, for any g < N§ and any |a| + p < q, we have
Oyi[Yg.ap = 1001 V]g.ap-
Moreover, if N) < No—1, a € N3, and @ := a + (61,65, 8%), then
102 ¥]g,a,p = (i + 1)[¥]g,p-

B

Remark 2.6.2. Note that if N) = Ny, we cannot compute [t0,: V], o, using the coeflicients of the expansion
of W.

Proof. The uniqueness of [¥], o, follows from an induction, on (g, p) for the lexicographical order, and the
uniqueness of the (pointwise) limit. Concerning the regularity, we use the convergence in L (K x R3), for
any compact subset K C R3, of

" x® log x*logP (t)
g (Ve - X% o)+ Y Y O ),
& q<n—1 |a|+p<g p<m |a|<n—p

where 0 < n < Ny, 0 < m < n. For the second statement, we use the convergence in L>(K x ]Rfj) of the
previous quantity corresponding to 9, ¥ and t0,: V. ]

By similar considerations, we also have the next result.

Lemma 2.6.4. Let Ny € N and o € C°NL*>® (R xR3) admitting an asymptotic self-similar polyhomogeneous
expansion of order Ny. Then:
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(1) The functions [gl,, are unique, and belong to C° N L>=(R3).
2) Assume that tV,o admits an expansion of order Nj < Ng. Then, for any p < q¢ < N{, we have
0 0

tVe[olp.g = [tVaolpg-

3. STATEMENT OF THE MAIN RESULTS

We now provide a detailed formulation of the main results of the article.

3.1. Small data modified scattering in high order regularity. First, we prove small data global
existence for the Vlasov—Poisson system in high regularity. We provide estimates for weighted Lg°, norms

for the distribution function. These properties will be used later when studying the scattering properties of
small data solutions.

Theorem 3.1. Lete > 0 and N > 1. Let fi—o be an initial data of class CV for the Viasov-Poisson system
such that

(11) sup sup <:c>8 (v>7|5‘§vft:o|(x, v) <e.
|k|<N (z,0)€R3 xR3 ’

Global existence. There exists g > 0, depending only on N, such that the following statement holds. If
e < €9, then there exists a unique global solution f to the Vlasov-Poisson system (VP) arising from the
initial data fi—g. Let N, > 8, and N, > 7. Then, if

(12) EN= N [fio] := sup sup  (2)N ()N |0, fiol(z,v) < o0,
|[k|<N (z,v)€RS xRS

there exists a constant C[N, Ny| > 0 depending only on (N, N,) such that, for any |k.| + |ks] < N and
all (t,z,v) € Ry x RS x R3, we have for go(t,z,v) := f(t,x + tv,v) that

(13)
C[N,, N EN=Nv[f,_]1ogN=t1ml(2 4 ¢ if s <N -1,
<«I>NI<'U>NU|8;7Ugo(t,l’,v)| S [ } % N [ft—O] Ogl ( + ) Zf"‘€ |+ |"€ | —
C[Nm»Nv} ENI’ 1)[ft:()] <t>§ Zf|“fc|+|’%| = N.
Modified scattering. Assume further that N > 2. Then:
(a) The spatial average of f converges to the function Qs € CN2NWN=22°(R3). For any |3] < N-2,
we have
log" ™ (#)

Y(t,v) € [2,00) x R, (v)* "

<e

/ Zﬁf(t,m,v)dx — 85@00(1))
R3

(b) The spatial density p(Z° f) has a self-similar asymptotic profile. For any |B] < N — 2, we have

N
< Jog” (1)

Y(t,z) € [2,00) x R, Se—

3 /R% ZPf(t,x,v)dv — 0°Que <%)

(c) The distribution function f satisfies modified scattering to a distribution f., € CN =20 WN=2:(R3 x
R3). Let

Xi(t,x,v) =2 + plog(t)Vypoo (v) and Vi(t,z,v) = v+ pt Vb (v).
For any |B| < N — 2 and all (t,z,v) € [2,00) x R2 x R3, we have

()N ) o

af,’u [f(ta Xy + tvlv Vl)] - 85,vfoo ({E, 7]) S logzN(t)til'

Remark 3.1.1. The estimate (13) for the top order derivatives could be improved to (t)° with § > 0, but it
would require to consider a smaller £9. Because of the weaker control on the top order derivatives, we prove

modified scattering for the derivatives up to order N — 2. Nonetheless, one could easily adapt our proof to
derive that fo, € CN7H(RS x R3).
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3.2. High order late-time asymptotics. We now state the main result of the article. Recall for this the
sequence (ry,),>1 introduced in (1).

Theorem 3.2. Let N > 3, an integer n > 1 with r, < N, Xo(t,z,v) := x, and Vo(t,x,v) := v. Let

f be a small data solution to the Viasov—Poisson system arising from initial data satisfying the smallness
assumption (11) as well as

(14) EN-N[fio] <00, N, >2V2N+5, N, >T.

There exist modifications of the linear characteristic flow

% logP
Xo(t,2,0) = ¢+ pVodo W) log) + S Y g % (0,

1<g<n—1 |a|+p<q

x> logP (¢
V. (t,z,v) =v+ V Poo (v Z Z BT q,ayp(v)a
1<g<n—1 |a|+p<q
where Xg apy Ygap € CN=22a n WN=2-24(R3), such that the following properties hold. For any integer
n >0 and multi-indezx § such that 111 < N and |B| < N — rpy1:
(a) The normalised spatial density t3p(GPf) and normalised force field t*+1°IV .05 ¢ admit an asymptotic
self-similar polyhomogeneous expansion of order n according to Definition 2.6.1.
(b) Modified scattering with an enhanced rate of convergence. Let gni1 : RY x R3 x R — R be defined
by
gn+1(ta z, ’U) = f(ta X7l+1(ta z, U) + tvn-‘rl(t, z, U)a Vn+1(ta z, ’U)) .
There exists a reqular distribution foo: R2 x R2 — R such that for any |k| < N — rpi 1 and all
(t,z,v) € [2,00) x RS x R3 with |z| < t, we have

logN(n+3) (t)

>Nx—1—n < 8';71) [gn-l—l(tv Z, ’U) - foo(xa U)] ‘ S.» thrl

>NU

(x v

(c) The modified spatial average verifies an enhanced convergence to the spatial average of foo. For any
|k| < N —1—=r,41, there exists Q“’ﬂ € CON L% (R3) such that for all (t,v) € [2,00) x R3, we have

‘/ 05 Gny1(t, x,v dxf/ 0y foo(x,v)dx — Z Z l(ﬁﬂ Q' (v)/ 2508 foo (2, v)dx
|| <t ’ R3

[BI<|k| p+[€|<n @
5 t7n72 IOgN(n+3)(t).

Remark 3.2.1. The first order asymptotic self-similar polyhomogeneous expansion of t3p(f) is written in
full details in Proposition 7.2.4. In particular, one can see that the self-similar coefficients of the expansion
with factors 1, t~!log(t), and ¢!, do not vanish in general.

Remark 3.2.2. In the expansions for t3p(G? f) and t**1°1v,0%¢, the coefficients of index (p,q) are related
through a Poisson equation. See Proposition 8.3.1 for more details. These self-similar expansions are written
in terms of functions v — [ foo(#,v)dz and its derivatives up to order |A3|.

3.3. Non-linear tails and weak convergence. We next show non-linear late-time tails for the spatial
density and the force field. For this, we define a hierarchy of asymptotic conservation laws for the solutions
of the Vlasov—Poisson system.

Let foo € OCN72(R3 x R?) be a regular scattering state. Let |a| + |3] < N — 2 be multi-indices. We
consider the weighted spatial averages Ag : R? — R given by

A3 (v) = /RS 0P f o (x,v)d.

x
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The weighted spatial averages Ag can be characterised as

Aj(v) = lim 0 P gy (t, x,v)dz,

t—
as we will prove in Section 7.

Definition 3.3.1. Let f: [0,00) x R x R3 — R be a reqular small data solution for the Vlasov—Poisson
system on R3 x R3. The hierarchy of asymptotic conservation laws for the Vlasov field f is defined as

A(f) = {A,‘é‘(v) = / 202t foo(z,v)da s o, B € N3}.
R3

We can now state in details the late-time tails for the spatial density and the force field.

Theorem 3.3. Let N > 4 and n € N such that r,p1 < N. Consider further |B| < N —rpy1 — 1 and f
a small data solution to the Vlasov—-Poisson system arising from initial data satisfying the assumptions of
Theorem 3.1 and Theorem 3.2. There exist constants CP9 € R such that the spatial density satisfies

P.q 7 oo logV (7+3)
£ ttnoa- Y Y CloE, 0% (t)‘g og " (1)

>
V> 2, g P e

<$L,>n-',-17

p<q<n |y|<n—q

where 8J+5Fg7q(v) can be computed in terms of Af(v) and its derivatives for |a| +[B] < N —2. Moreover,
the force field satisfies

P,q
241817 08 (¢, z) — Z Z C;—'Vﬁ%ﬁ@p,q(o)

P<gsn|y|<n—q

where @, 4 is defined by A, @y, o =F, 4.

27 logP (t) log™ (" +3) (1)

vt =2 thvl+a ‘ ~ tn+l

()",

We next show the concentration of the support of the distribution in the zero velocity set in a weak
convergence sense. We also show the shearing of the solutions of the system in a weak convergence sense
for f(t,z + vt,v) for a fixed v € R3.

Theorem 3.4. Let p € CF, be a compactly supported test function. Let v € R3, and || < N —2. Let f
be a small data solution to the Viasov—Poisson system arising from initial data satisfying the assumptions
of Theorem 3.1. Then, the distribution f satisfies

lim B3GPf(t, x,v)p(x,v)dzdy :/

t—=00 JRr3 xRS R3 xR3

(./45 (0)dy=0 ('U)) o(z,v)dzdv.

In other words, the distribution t3GP f(t,x,v) converges weakly to Ag(0)d,—o(v) as t — co. Moreover, the
distribution f satisfies

lim B3GR f(t,x + t0,v + 0)p(z, v)dzdy = /

t=0 JR3 xRS R3 xR3

(Ag(v)év:@(v))go(x, v)dzdv.
In other words, the distribution t3G® f(t,z + tv,v + ) converges weakly to Ag(v)d,—y(v) ast — co.

4. ASYMPTOTICS OF THE LINEARISED SYSTEM

In this section, we address the problem of late-time asymptotics for the linearised system (V). In this
case, we show that the spatial density satisfies an asymptotic self-similar expansion. As an application, we
obtain late-time tails for the spatial density, where the coefficients in the tails are exact conservation laws
for the linearised system. Finally, we prove that the distribution function (up to normalisation) converges
weakly to a Dirac mass in the zero velocity set.
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4.1. Asymptotic self-similar expansion for the spatial density. In this subsection, we show an
asymptotic self-similar expansion for the velocity average t>p(G” f) in terms of the weighted spatial averages

/ 2900 fo(x, v)da.
R3

x

of the initial distribution function f.

Proposition 4.1.1. Let N € N. Let fq be a regular initial data for the Vlasov equation on R3 x R3. Then,
there exist universal constants Cy, € R such that the solution f to the Viasov equation satisfies

flte a3 S / COf(n ) S Y sw (VIO f( )

3 3 3
h lal<N o= 41 (50)ERE xR

for allt >2 and x € R3.

tN'H

T—z
vt

M) = X Eo(ofn 7))

where the coefficients Rg(y) of the remamder satisfy

Proof. Taylor expanding the function z — fo(y ) around z = 0, we obtain

+ Y Rs(y)y”

[Bl=N+1
1 xr—z
|Rs(y)| < 51 Sup - sup DZ(fo(% ; ))
s vI=18] 2L

By the Faa di Bruno formula, there exist coeflicients C,, € R such that
ya a r—=z _ % a go x
Z Q!DZ (fo(ya n )) z—O_ Z tla\y ava(y7t)-
le|<N la| <N

Applying the Faa di Bruno formula again, the remainder is bounded by

21 5)) 1

IRs(y)y®| < sup  sup NS e DL sup ()N TOS fol (v, v).
IvI=181 12" |<|z| a=2 T SR 1 veR®

2=0

z=z'

Finally, we obtain the estimate

f(t,x,v) Z t\al/ aaafo y, )dy‘

R&

|a| <N
< 1 Z sup  (2)NF519% fo (2 v)/ dy
T la|=N+1 (z,v)ER3 xR3 ! R3 (y)*
1
S $NFL Z sup ‘<Z>N+5|83‘f0|(z7v)'
la|=N+1 (V) ERI R

Applying Proposition 4.1.1 to the distribution G? f we obtain the following result.

Corollary 4.1.2. Let N € N. Let fo be a regular initial data for the Viasov equation (V) on RS x R3.
Then, there exist universal constants C, € R such that the solution f to the Viasov equation satisfies

1
it a i - Y S / VO (D) S e X s NI Rz ),

R3 la|<N ' |a|=N+1 (z,v)ER3 XR3
for allt >2 and x € R3.

Proof. Note that G®f(0,z,v) = 02 fo. The result follows by Proposition 4.1.1 to the solution G?f of the
Vlasov equation. O
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4.2. Hierarchy of conservation laws. Let f: R, x R2 x R? — R be a regular solution for the free
Vlasov equation on R3 x R3. Let o, 3 € N3 be multi-indices. We consider the weighted spatial averages
AG(f) : R} — R given by

A5(PE) = [ (= o), +0,) (1., ),
RS

We use the convention A%(f) := Ag(f). We first show that AZ(f) is well-defined. In other words, we prove

that for a Vlasov field on R} x R, the weighted spatial averages Aj(f) are conserved in time.

Proposition 4.2.1. Let f: Ry x R3 x R? — R be a regular solution to the Viasov equation on R3 x R3.
Then, the weighted spatial average Ag(f) satisfies

AZ(f)(v) :/ xa&‘j‘Jrﬁfo(ac,v)dx,

R3
for every o, 3 € N3, and all (t,v) € Ry x R2.

Proof. We first prove the conservation law for AJ(f). By the Vlasov equation, we have

gAS(f(t)) = Osf(t,z,v)dx = —/ vV f(t,z,v)dx =0,

In particular, the weighted spatial average A9(f) is constant in time. For the general case, we note that
(x — vt)*(t0y + 0,)* TP f(t,x,v) is also a solution of the Vlasov equation since x — vt is conserved along
the characteristic flow, and td, + 0, is a commuting vector field. Thus, the conservation law is obtained
similarly as for A9(f). O

We next show that Ag( f) is controlled by a weighted L2°, norm of the initial distribution function fy.

Proposition 4.2.2. Let a, 3 € N3. There exists C > 0 such that for every regular Viasov field f: Ry x
R3 x R3 — R, the weighted spatial average AZ(f) satisfies
IAG (Dl < Cl[(2) a*05+7 fo

| oo *
La;,’u

o
x,v

Proof. Putting the weighted initial distribution function in L we obtain

d
ekl AN = | [ a0t e ot < [ e s,
R R3

We conclude this section setting the hierarchy of conservation laws for the Vlasov equation.

Definition 4.2.3. Let f: R, x R3 x R3 — R be a reqular solution for the Vlasov equation on R3 x R3. The
hierarchy of conservation laws for the Vlasov field f is

A(f) = {Ag(f)(v) = /RS (x — vt)*(t0y + 0,)* TP f(t,x,v)da s o, B € N3}.

We recall that the hierarchy of conservation laws A(f) for a Vlasov field f is well-defined by the conser-
vation in time of the averages A§(f)(v). From now on, we often write AJ to refer to Ag(f) without making
reference to the distribution function f
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4.3. Late-time tails for the spatial density. We begin writing the tails of the self-similar profile

45(2) = [ o)

in terms of the conservation laws on the zero velocity Af,  (0).

Lemma 4.3.1. Let N € N and o, 8 € N3. Let f: [0,00) x R3 x R} — R be a regular solution of the Viasov
equation. Then, the weighted spatial average Ag satisfies

45(5) - X a0

|y \<N

o e

< TNT sup ‘(z>4za83+5+7f0(z,v) ,

Iy |=N+1 (z,v)ERS xR3

for all x € RS, and all t > 2.
Proof. Taylor expanding the function v +— Ag (v) around v = 0, we obtain
3(%) = 12 e () s
Aﬁ(t =2 y!t\v\a”A5(0)+ > B t/)th
V<N [vI=N+1

where the coefficients R, (%) of the remainder satisfy

T 1
’RAY(;)‘ < b sup sup |9) A3
Y |v|=N+1veRS

By 9] A% = Aj, ., and the estimate in Proposition 4.2.2, the remainder is bounded by

x\ 27 || VF1 .
‘ Z RV(?)W S (N1 Z sup - [(2)*205 fo(z,0)].
|y|=N+1 |,Y|:N+1(z,v)ERl,><Rv
The result follows by putting the previous estimates together, and using 07.A%(0) = Ag, (0). O

Finally, we obtain the late-time tails for the spatial density in terms of the hierarchy of conservation laws
on the zero velocity A(0).

Theorem 4.1. Let N € N. Then, there exist universal constants C, € R such that the solution f to the
Vlasov equation satisfies

C xY
3 E E o o
t / ftl”l)dl)— 7AW(O)W

|| <N, [y|<SN—|af

S X M Ohlg XS e, )

la|<N+1 |al<N, |y|=N+1-]al

for allt >2 and x € R3.
Proof. By Lemma 4.3.1, we have

a Qo Coé « i
‘ 2 t“"'/ % fo y’ )dy_ > 2 7Av(0)thwv+|a\

|
la]<N |al<N, [y|<N—]a] |

S X X CalE s 000 ol )
lal SN, [y|=N+1-al (2,0) €R xR

The result follows by using the self-similar expansion for the spatial density in Proposition 4.1.1. O

Applying Theorem 4.1 to the distribution G® f we obtain the following result.
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Corollary 4.3.2. Let N € N. Then, there exist universal constants C,, € R such that the solution f to the
Vlasov equation satisfies

C x7
3 B _ > A —_
t /W G f(t,wo)do— Y Y A+8(0) S

~!
|a|<N, |[7|[SN—|a

1

som( T pvE .+ XX e, )
la|<N+1 " JalZN, =Nt 1-a| ’

for allt >2 and x € R3.

4.4. Weak convergence of the Vlasov field. We next show the weak convergence of the normalised
distribution function t*G®f for solutions to the Vlasov equation in terms of the derivatives 97 fy of the
initial data.

4.4.1. Concentration in the zero velocity set. In this subsection, we show that ¢ f(t, z,v) converges weakly
to the Dirac mass ([ fo(z,0)dz)dy=o(v). Let ¢ € Cg%, be a compactly supported test function. We first
perform the change of variables y = x — vt in the integral [ g(z — vt,v)p(z, v)dzdo.

Lemma 4.4.1. Let g: R2 x R? — R be a regular distribution, and let ¢ € Czs, be a compactly supported
test function. Then, for allt € [2,00) we have

/ t3g(x — vt,v)p(z, v)dzdy :/ g(y, ﬂ)(p(x, - y)dmdy.
R3 xR3 R3 xRS t t

Next, we prove a technical lemma that will be used to show the weak convergence result.

Lemma 4.4.2. Let g: R3 xR2 — R be a regular distribution and ¢ € C>°(R3 xR3). Then, for allt € 2, 00)
we have

/ t3g(z — vt,v)p(z, v)dzdy —/ go(x, E)/ g(y,§>dydx
R3 xR3 RS t/ Jrs t

Proof. Applying the mean value theorem, we have

9(v D)o (e. ) = (v 7)o 7)| 5 1up (V2. ) 91w, ) + 90919, 0) el @, 0)).

Then, as ¢ € C°(R3 x RY) and y — (y)~* belongs to L'(R?), the difference

/ g<yyu)<ﬁ(ﬂc, xiy)dxdy—/ g(y, g)90(9675)611‘61?/
RS xR3 t t RS XR3 t t

satisfies the corresponding time decay estimate. Finally, we apply Lemma 4.4.1. O

< sup ()" (lgl + |Vogl)-

1
t (z,v)ER3 xRS

We now prove the main result of this subsection.

Proposition 4.4.3. Let ¢ € C7, be a compactly supported test function. Then, the Vlasov field f satisfies

lim 3 f(t,z,v)p(z,v)dedy = / <A0(0)5v:0(v))<p(x, v)dvdz.
70 Jr3 xRS R3 xRS
In other words, the distribution t3f(t,z,v) converges weakly to Ag(0)d,—o(v) as t — oo.

Proof. Applying the previous lemma to the distribution g(x,v) = fo(z,v), we have

\/ £t mv)e(@, v)dady —/R3 o(n:7) / fo05)dude| S 1 s (@)(fol + V.

3 (z,v)€R3 xR3
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Finally, we apply Fubini and the dominated convergence theorem to obtain

. X
Jim Rﬁw(xvt)/ fo(y, )dydx /Rs sﬂ(rf,O)dff/Rs fo(y,0)dy

Applying Proposition 4.4.3 to the distribution G” f we obtain the following result.

Corollary 4.4.4. Let 3 € N3, Let ¢ € Czsy be a compactly supported test function. Then, the Vlasov field
f satisfies

(.Ag (0)dy=0 ('U)) o(z,v)dvdz.

In other words, the distribution t3GP f(t, z,v) converges weakly to Ag(0)8,—0(v) as t — oco.

lim B3GPf(t, x,v)p(x,v)dzdy :/

t=00 JR3 xRS R3 xR3

4.4.2. Shearing of the Hamiltonian flow. Let ¥ € R2. In this subsection, we show that t3f(t,z + tv,v + v)
converges weakly to the Dirac mass ([ fo(x,7)dz)dy=o(v).

Proposition 4.4.5. Let ¢ € CF%, be a compactly supported test function. Let v € R3. Then, the Viasov
field f satisfies

lim t3f(t,x,v)p(x — to,v)dedy = /

t=00 JR3 xRS R3 xR3

(Ao (0)p=s (v)) o(z,v)dvdz.

In other words, the distribution t3f(t,x + tv,v + v) converges weakly to Ag(0)dy—5(v) as t — co.
Proof. We apply Proposition 4.4.3 to f5(t,z,v) := f(t,z + tv,v + 0) = fo(x,v + 0). a
Applying Proposition 4.4.5 to the distribution G? f we obtain the following result.

Corollary 4.4.6. Let 3 € N>, Let ¢ € 2, be a compactly supported test function. Then, the Viasov field
f satisfies

lim / B3GPf(t,x,v)p(x — t7,v)dzdy = /
R3 xR3

t—o0 -
R3 xR3

(Ag(ﬁ)(;v:@(v))go(m, v)dvdz.
In other words, the distribution t3GP f(t, x + tv,v + v) converges weakly to Ag(0)dy=5(v) ast — oco.

5. GLOBAL EXISTENCE OF SMALL DATA SOLUTIONS

In this section we prove the first part of Theorem 3.1, the global existence of small data solutions of (VP)
with respect to a weighted LZ°, norm. The estimates obtained here are the starting point for the enhanced
modified scattering results in Theorem 3.2. These latter results are derived below in Sections 6-8.

5.1. The bootstrap argument. Let N > 1. We consider an initial data fy satisfying the smallness
assumption (11) of Theorem 3.1. By a standard local well-posedness argument, there exists a unique
maximal solution f to the Vlasov—Poisson system (VP) arising from this initial data. Let Tipax € (0, 0]
be the maximal time such that the solution f to the Vlasov—Poisson system is defined on [0, Tinax). By
continuity, there exists a largest time T' € (0,Tmax| and a constant Cheot > 0 such that the following
bootstrap assumptions hold:

(BA1) For all (t,z) € [0,T) x RS and any |3] < N — 1, we have

‘/ Zﬁftxvdv‘<
R3

C'booté
[GEAEDES

(BA2) For all (t,z) € [0,T) x R2 and any |3] = N, we have

CVboot € <t> %

VA t,x,v) dv‘ <
‘/R3 # t + |z|)3
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We will improve these estimates when € > 0 is small enough, for Cyoot > 0 chosen large enough.

Structure of the proof of small data global existence

(a) As a first step, we prove decay estimates in time for the force field V¢ and its derivatives V,Z7¢.

(b) Then, we consider a suitable modification of the linear weight (x — vt) denoted by Zmeq, which is
preserved by the non-linear Vlasov equation. We prove that the correction zmoq — {(x — vt) grows
logarithmically in time.

(c) We prove that for every |3| < N, a weighted Lg%, norm of ZPf grows at most as t1. This will
suffice to improve the bootstrap assumption (BA2).

(d) Finally, we control uniformly in time the weighted spatial averages of Z° f with |3] < N — 1. These
estimates will allow us to obtain optimal time decay for the velocity averages p(Z?f) for every

|8] < N — 1. In particular, we will improve the bootstrap assumption (BA1).

5.2. Pointwise decay estimates for the force field. We start by controlling an integral term related
to the Green function of the Laplacian on R3.

Lemma 5.2.1. There holds

dy
< Tm.
/Rg lylP (1 + [z +y])?

Proof. We first remark that

/ dy </1 /7r /27r errde(p<47r
wi<t WP+ 1z +y)? = Jimo Jo—o Jo=o T2 -

We deal with the remaining region by applying the Cauchy-Schwarz inequality
T [
izt [YPAFz+y)? 7 [yl re (1412))°

By Lemma 5.2.1, we obtain decay in time for the integral term

Nl
N
3

1 1
2 2

< 2w

[ T
=1 (L4 |z +y|)°

dy 1 / dz T
15 = — <=,
(1%) / POty 2 e PPET 41— 2]
by using the change of variables y = tz. We use the estimate (15) to obtain decay for V,Z7¢.
Proposition 5.2.2. For any |k| < N — 1 and all (t,z) € [0,T) x R2, we have

K Y €
¢! ||Vmaz¢|(tﬂz) S IGER

For the top order derivatives |k| = N, there holds
€

Ok
Proof. Let (t,x) € [0, Timax) X R3. Using [A, 9,:] = 0 and the vector fields G;, we obtain
D050 = 9ip(f) = p(02f) =t p(G71),

for every |k| < N. We use the Green function for the Poisson equation on R? to write the gradient of the
solution to the commuted Poisson equation as

1
(16) V.0solte) = g [ en(@ e~

VL0959 (1) S
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for every |k| < N. Thus, for any |x| < N we obtain

17,05 6(t, 2)| < / %
R3 lyl*(

oy I+ B (G N 2) ag)

S gl DG 1) .0 gy

by using (15). The estimate on the lower order derivatives |x| < N —1 follows from the bootstrap assumption
(BA1), whereas the one for the top order derivatives |x| = N ensue from (BA2). O

5.3. The modified weights. Since we expect x — tv to grow as log(t) along the nonlinear flow, we will
work with the following modification of this linear weight.

Definition 5.3.1. Let ¢ = (¢!, 0%, 03) : [0,T) x R3 x R? — R3 be the unique solution to
T¢(SO’L) = 7T¢($i - tvi)v 90(03 Cﬂ,’l)) =0.
We define the modified weight function z,,,q4 as
Zmod(ta z, U) = <Qj —tv+ (p(t7 z, U)>

One important property of the weight z,,q is that it is, by definition, constant along the nonlinear flow.
In order to exploit this property, we need to show that z,.q does not deviate too much from the linear
weight  — tv.

Lemma 5.3.2. There holds T¢(zm0d) = 0. Moreover, the correction o satisfies that
Y (t,z,v) €[0,T) x R® x R3, lo|(t, x,v) < eloglt), IVool(t,xz,v) S elt).
Proof. The first property is straightforward, since we have defined ¢ so that T 4(2mea) = 0. Next, we have
[ Ty(a' = to')| = [Vao(t, ) - Vo(a' — t0")] S Va0t 2) Selt) ™,

for i € {1,2,3}. We then get |Ty(p)| < e(t)™! on [0,7) x R2 x R, which implies the estimate for ¢
according to Duhamel formula.
To conclude the proof it suffices to show, as V,, = G — tV,, that there exists C > 0 such that

(17) Vil (t, z,v) < Ce,
(18) |Go|(t, ,v) < Celog(t),

for all (t,x,v) € [0,T) x R3 x R3. By continuity, there exists a maximal time 0 < Theot < 7" such that
(17)—(18) holds on [0, Theot) X R3 x R3. Let us prove by a bootstrap argument that Toor = 7. Consider
Z € X and apply the commutation formula in Proposition 2.5.2 to show

Ty(Zp) = (T4, Z(p) + ZT(p) = —VuZut - Voo + 1V Z2¢ + t[Zs, V.
Writing again V,, = G — tV,, we obtain
I T4(Z9)| S 1|VaZuo|(1+ |Vao|) + |VaZad| |G
I T4(04i0)| S t|Va0iid|(1+ |Vag| + |Gel).

We then deduce from the pointwise decay estimates of Proposition 5.2.2 as well as from the bootstrap
assumptions (17)—(18) for the derivatives of ¢ that, for all (t,z,v) € [0, Thoot) X RZ x R? we have

ITy(Zp)| (t,z,0) S ety (1+ Ce+ Ce(t) ' log(t)) S ety (1 + Ce),
Ty (D) (£, 0) S €)™ (14 elog(t)) S e(t) ™2 (1 + Ce).

Hence, if C' is chosen large enough and if € is small enough, we have

)

Nfw

To(Z0)] (t0) < el ™, [To(@i)| (ha,0) < 5 elt)E.
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Using that ¢ initially vanishes and Duhamel’s formula, we improve (17)—(18) on [0, Thoot ). As a result, we
have Tyoot = T as well as the stated estimate for V. O

We then introduce the modified velocity weight function.
Definition 5.3.3. Let w = (w!,w? w?): [0,T) x R3 x R3 — R3 be the unique solution to
Ty(w') = —Ty(v'), w(0, z,v) = 0.
We define the modified velocity weight function vied(t, z,v) := (v + w(t, z, v)).
The next result implies that v is almost conserved by the nonlinear flow, that is |[v — viea| S €
Lemma 5.3.4. We have Ty(Vimod) =0 and |w|(t,z,v) < € for all (t,z,v) € [0,T) x RS x R3.

Proof. The first relation ensues from T (v + w) = 0. For the second one, we remark that for 1 <i < 3 we
have

(19) [T (w)| = [Tp(v')] = |0x¢l(t,2) S ()™
according to the decay estimate for the force field in Proposition 5.2.2. The result then follows from Duhamel
formula as well as w(0,-,-) = 0. O

5.4. Pointwise estimates for the distribution function and its derivatives. We are now able to prove
upper bounds for the weighted derivatives (v)Mvz= 75 f. Recall the initial norm E%’N [fo] introduced in
(12) and that IE?\’;[ fo] < e. For simplicity, we will consider N > 2. We sketch the proof of the case N =1
in Remark 5.4.2.

Proposition 5.4.1. Let N, > 0, N, > 0, N > 2, and assume that E%”N [fo] < co. Then, there exists
a constant ey > 0 depending only on N, such that the following statement holds. If € < en, then, for all
(t,z,v) € [0,T) x ]R?’ x R3, we have

(20) v czhe |95 GP f| (¢, 2, v) < BENN[fo] logP (2 + 1), if |Be] + 18] < N —1,

v |22 f|(t, 2, 0) < BEN-M [fol ()3, if 6] =N

mod mod
Remark 5.4.1. By Lemma 5.3.4 and the inequality (a + b)* < 2*71(a® + b%), there exists ¢ > 0 such that
(o) < 2F v+ 2 el M
Proof. By continuity, there exists 0 < Ty < T such that (20) holds on [0,7}), and let us prove that we can

improve these two estimates if € is small enough, which would imply that they in fact hold on [0,T"). The
starting point of the analysis consists in writing, for a fixed |3| < N,

(21) T¢ ( mod modZBf> = Vgod modT¢(ZBf)

where we used T y(Vimod) = T¢(Zmoda) = 0. By the commutation formula in Lemma 2.5.2 and V,, = G—tV,,
we have

|T¢(Zﬁf)| < sup sup |V:cZ;¢'vaaf|
la|<IB]=1, y=B—«

(22) < sup sup tVoZ]o||IVaZYf| + |V Z)o||GZ f].
la|<]B| -1, y=p—a
Fix v and « such that |o| < |8| — 1 and v+ a = 8. Then, we have
7P =9kG%,  Zy=tvloyroy,  z%=0sG,

where 8, = v, + g, and B, = v, + @,. We deal first with the case |3] < N — 1. The goal consists in
identyfing a hierarchy, indexed by f3,, in the different derivatives Z”f. We start by controlling the easiest
term in (22). According to Proposition 5.2.2, we have

(23) Ty (27| S swp  J0FGEfI+ sup  sup UVLZ16]IV.ZOf).
<> 160 +]E0|<18] la|<|B]-1, v=A—a
(ol <[Bo]+1
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For the first terms on the RHS, even if the number of Galilean vector fields can be larger than |3,], the
decay rate t2 is strong enough in order to handle them. For the most problematic terms, we will crucially
exploit the condition v+ a = . Then,
e cither |y,| > 1, in which case |V, Z2¢|(t,z) < € (t)~2 by Proposition 5.2.2,
o or |ay| <|By| — 1. Indeed, as v+ a = § and |a| < |8 — 1, we have |y| > 1. So |y,| = 0 implies that
[v»] > 1 and it remains to use 7, + a, = fy.

Consequently, there exists a constant C(NN) > 0, depending only on N, such that

N N
‘T¢(Zﬂf)| < 60(2) sup |8§;1:vaf‘+ €C(N) sup ’a;szowﬂ_
{02 Jeal+le.<I8] () Josl+lowl<I8]
|5v|§‘6v|+1 |av|§|ﬁv‘_1

We then deduce from (21) and the bootstrap assumption (20) that there exists C(IN) > 0 such that, for all
(t,z,v) € [0,Tp) x R2 x R? we have

log?* 12 41)  log =t (2 4 1)
W >

We then deduce from Duhamel’s principle that, for all (¢, z,v) € [0,Tp) x RS x R3

T (a2 ) | t:00) < CONEN- 5]

vV | ZPf|(t,2,0) < EN=N[fo] + eC(N)EN="N[fo] log!®!(2 + 1),

mod mod

where C (N) > 0 depends only on N. If € is small enough, this improves the bootstrap assumption (20).
We now focus on the top order derivatives |3| = N. The difference here is that the case |y| = N is
allowed and that the top order derivatives of the force field decay at a slightly slower decay rate,

Vo Z36|(t,2) =tV 0007 ¢| (1, 2) S t=5 1=,
Note however that |y| = N implies |o| = 0 in (22), and V, f is uniformly bounded. We then get according
to (20) and Proposition 5.2.2 that

N—-1
sup [T (vYe, 2o 20 ) |(tr) < D8P UpNemurey | € paup)
18]=N (t) ()

+® sup Vmod mod‘Z fl(t Z, U)

[k|=N

ISR

The estimate for the top order derivatives then ensues from Duhamel’s principle and the Gronwall lemma
for € small enough. |

Remark 5.4.2. The case N =1 could be handled by slightly modifying the previous proof. We would have
to prove first that |V, f| remains uniformly bounded using | Ty (V. f)|(t, z,v) < (t)73/2. Then, Gf can be
controlled as we bounded Z8 f for |3| = N

Recall that go(t, z,v) := f(t,z+tv,v), so that 0=k go(t, z,v) = [0 G f](t, x+1tv,v). We then obtain
the next result by applying Proposition 5.4.1 as well as Lemma 5.3.2. We also use z,04(t, ¢ + tv,v) — (z) <
||, z,v) S elog(t).

Corollary 5.4.2. For any |k.| + |ky| < N and all (t,z,v) € [0,T) x R2 x R2, we have

v

elog'“”HS(? +1t) if |ke| + o] S N -1,

8 76&16/'% t < L
()™ (v) ’ T go|( ’I’U)N{ e<t>110g8(2—|—t) if kel + ko = N
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5.5. Uniform boundedness of spatial averages. We proceed to show uniform boundedness in time of
the spatial averages

(24) /RS GPf(t,x,v)d.

Remark 5.5.1. We restrict the analysis to the derivatives G” since the spatial average of 9 G” f vanishes as
soon as |k| > 1. This follows from integration by parts, the spatial decay properties of f, and the bounds
for its derivatives given in Proposition 5.4.1.

Proposition 5.5.1. Let || < N — 1. Then, for all (t,v) € [0,T) x R3, we have

{t)

If |B| < N — 2, then the factor (t)~% can be upgraded to (t)=2.

sup  sup |zandZ“f(t, x,v) ‘
[k|<|Bl+1 z€RS

S

BN

8,5/ ZPf(t, z,v)dx
R}

Proof. Fix (t,v) € [0,T) x R3 and |8| < N — 1. Integrating the commutation formula of Proposition 2.5.2
for ZP f and performing integration by parts in z, we have,

3,5/ Zﬁfdx:/ (8t+v-vx)Zﬂf(t,z,v)dz
R3 R3

=u/ Veh VoZifdzip Y. ) cfw/ V.Z16-V,2°fdu.
RZ RZ

le|<[B|-1 y=B-a

Using V,, = G — tV,, and performing again integration by parts in x, we get

Dy / ZP fda
R3

Y As\vwzg¢nyZnydx+tAS;vmz;@;z*@ﬂdx.

[v[+I=I<IB]

We next use the time decay of the force field in Proposition 5.2.2 to obtain that for all (¢,v) € [0,T) x R3,
we have

€

d
sup  sup ’sznodZ"f(t, T, v)| 4

(tv) < -
<t>% |k|<|B]+1, z€R3 ]Rg anod(tvyﬂ))

8t/ Z8f(t,z,v)dx
R}

It remains us to prove that

dy dz
: [ o) ko
( ) RY anod(tvyvv) R3 <Z>4

For this, we recall the estimate |V,p| < €, that allows us to perform the change of variables z = y — tv +
©(t,y,v) for e small enough. The better estimate in the case |f] < N — 2 is related to the better decay
properties verified by the lower order derivatives of the force field V,Z%¢ for || < N — 1. |

Combining Proposition 5.5.1 with the pointwise estimates in Proposition 5.4.1, we obtain the following.

Corollary 5.5.2. For all (t,v) € [0,T) x R3 and every |3] < N — 1, we have

(v)3 /RS Zﬁf(t,z,v)d;v

Se.

5.6. Pointwise decay estimates for velocity averages. In this subsection, we show that the decay
rate of p(Z°f) for |B| < N — 1, coincides with the one of the linearised system. In particular, we improve
the bootstrap assumption (BA1l). The starting point of the analysis consists in performing the change of
variables y = x — tv.
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Proposition 5.6.1. For any |8| < N — 1, we have that for all (t,z) € [2,T) x R2,
)=t logN(t) if Bl <N -2
t3/ ZBf(t,x,v)dv—/ x)dy‘ 5{ €(e/t) 8" (t) 1Al < ’
RS R

27 (ty.
KR elx/t)=3t72/3 if |8l =N —1.
Proof. Let |3| < N —1 and recall that 8 ,go(t,,v) = Z° f(t,z+1tv,v). Fix (t,2) € [0,T) x R} and perform
the change of variables y = x — tv to get

R N MC G
R R3 t

RS
1
X Xr—T
= / [8571)90] (t7y7 7)dy + / / y : [vvgg,vgo] (ta Y, y)dydT
RS t r=0Jr3 t t

We remark that the spatial average of 85,,,90 is equal to the one of ZA f. It only remains to deal with the
last term on the RHS of the previous equality. For this, note that

vrelo,1], 3<x ;Ty> +{y+ @t y +tv,v)) = <x7tTy> 4 Zaoa(t, y + tv,v) > <%>

Indeed, either |y + ¢(t,y + tv,v)| > 3|z|, in which case there is nothing to prove. Otherwise, it suffices to
use that

3
Yy

2|z — Ty| — |x| > —27|0(t,y + tv,v)| = —elog(l +t) = —et.
As |y| < Zmoa(t,y + tv,v) + elog(t) and y — z_2 (t,y + tv,v) € Ll(Rz) by (25), we then deduce

mod

1
— 1
Loz T anar| L s 0G0
7=0 JRJ

t<x/t>3 (z,v)ER3 xR3

We finally bound the RHS by applying Proposition 5.4.1 for (N, N,) = (8, 3). O
Proposition 5.6.1 allows us to deduce the following pointwise decay estimates.

Corollary 5.6.2. For any |8 < N — 1, we have

€

< —°
N+ fal)3

Y (t,x) € [0,T) x R3, ‘/ ZPf(t, x,v)dv
R}

Proof. Let (t,x) € [0,T) x R2 and remark that if ¢ < 2, one only has to use
(@)? ) ZP f|(t,2,0) S Zonoa(t 2, 0) ()| 27 F| (1 2,0) S e
Assume now that t > 2. According to Corollary 5.5.2, we have

/Rg Zﬂf(t,x, %)dx

The result ensues from Proposition 5.6.1 and 2¢(x/t) >t + |x|. O

<elx/t)3.

We now improve the bootstrap assumption (BA2). For this, we will use the following lemma.

Lemma 5.6.3. Let h: [0,T) x R2 x R3 — R be a regqular function. Then, for all (t,z) € [0,T) x R3, we
have

1
sup <’U>7’Zx7nod h’(t,y,’l})

|h|(t, z,v)d S ———=
/Rg (t+ |2z (yv)ersxrs

Proof. The case t < 1 and |z| < 1 is straightforward since the map v +— (v)~* belongs to L'(R3). Let ¢t > 1.
We observe that

dv
|h(t,z,v)|dv < sup 7zt 4h (t,y,v)/ .
/Rg (y,v)ER3 xR3 200 1] rs (T —tv+o(t,z,v))*
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The change of variables y = x — tv yields
dy
t3/ [h(t, z,v)|dv < sup zt L h|(t, y,y)/ .
Rj (y,0)ERS xR3 | od | RS (y+ ot z, (x — y)t*1)>4

Let ¢ :y — y+o(t,z,(r—y)t~!) and ¢ = Id — ¢. In order to perform the change of variables w = ¢(y), we
will prove that 1 < |det(d¢(y))| < 2 for all y € R?, provided e is small enough. This property is satisfied
since

V(t,z,y) € 0,7) xRy xRy, |dp(y)| <t7HVopl(tz, (z —y)t™!) S
according to Lemma 5.3.2. We then deduce

dy dw
/ e e <2 L e st

3
w

We have then proved that
(26) / [Al(t, 2, 0)dv S ()72 sup  |znea h[(8y,0) + ()R]t y,v),
R3 (y,v)ERY xR
for all (t,z) € [0,T) x R2. To obtain the spatial decay and conclude the proof, we remark that
lz] < |z — to] + tjv] < 2108(3 + t)Zmod (t, z, v) + t{v) < 2(t) (Zmoa (t, z,v) + (V)
in view of Lemma 5.3.2. We finally apply (26) to (v)3h as well as to z2 . O
Remark 5.6.1. Note that a simpler proof provides

L sup  {y— t0) (W) [Bl(t,y, v).

Y (t,z) €[0,T) x R3, / h|(t, z,v)dv < ——nus
(o) € [0.T) o PO S G o e

v

Applying Lemma 5.6.3 to h(t,z,v) = Z°f(t,z,v) and then Proposition 5.4.1, we obtain the following
estimates.

Corollary 5.6.4. For any |8| < N and all (t,z) € [0,T) x R2, we have

e(t)s
Z8 (¢, v)do < —L .
/Rg 221t e S TS
If Choot is chosen large enough, Corollary 5.6.4 improves the bootstrap assumption (BA2) and concludes
the proof of the global existence part of Theorem 3.1.

6. MODIFIED SCATTERING

We follow here the strategy outlined in Section 1.4.1. We consider a global solution f to (VP) arising from
data satisfying the assumptions of Theorem 3.1. Although all the results of this section could be adapted
to the derivatives of order N — 1, we restrict our analysis to the lower order derivatives for convenience. We
assume here that N > 2.

6.1. Convergence of the spatial averages. Recall go(t,z,v) := f(t,z + tv,v). The first step consists in
proving the next result.

Proposition 6.1.1. There exists Qoo € CN"2(R2) such that, for any |3| < N — 2, we have

V(t,v) € [2,00) xRY, ()] [ 9go(t,x,v)dr — 0] Qoo (v)] S et) T log™ T (#).

R3

Proof. As [GPf](t,x + tv,v) = 82gy(t,x,v), the decay estimate in Proposition 5.5.1 implies

<v>4 at/ Gfgo(t,x,v)dx < e<t>72 sup sup <v>4|zfnodZ”f(t,z,v)| < e<t>72 logN_l(t),
R3

|5 <IBI+1 v€RE xRS

where we used Proposition 5.4.1 in the last step. This implies the result. (]
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6.2. Leading contribution of the spatial density. Next, we prove that t>p(G?f) has an asymptotic
self-similar profile for any |3| < N —2. For this, we first apply Propositions 5.6.1 and 6.1.1, and then remark
that 3 (z/t)3 > (t + |z|)3 for t > 2.
Proposition 6.2.1. Let || < N — 2. Then, for all (t,z) € [2,00) x R, we have
et2log™ (t)

{t+ )
Remark 6.2.1. Proposition 6.2.1 identifies the leading order contribution of the spatial derivatives of p(f)
since 318198 p(f) = t3p(GP f).

ol e -0 (3|

6.3. Asymptotic behaviour of the force field. We are then able to derive the asymptotic self-similar
behaviour of the force field and its derivatives. For this, we exploit the precise asymptotic behaviour of

p(f)-

Proposition 6.3.1. Let ¢, € CN72(R3) be defined as
A’U¢OO = Q-

Then, for any |k| < N — 2, we have

N
V(t,z) € [2,00) x R, ‘t%"“vmag’jd)(t,x) - vvag%o(%)‘ <e logt ®.

Moreover, we have ||Vy¢oo||wn-2.0ms) S €.
Proof. Let |k| < N —2, and set 9" (t,x) := 0y ¢poo(F). Then, A = 05 Qoo(F), 50
A, [1H050 — %) (t,2) = (G F) (t2) = 95Que (5 ).
According to Proposition 6.2.1, this quantity is bounded by et2log™ (¢)(t + |z|)~3. It remains to use the
estimate (15). O

We are then able to describe the asymptotic behaviour of +?V,¢ along the spatial characteristics of the
linearised system t — = + tv.

Corollary 6.3.2. Let |k| < N —2. Then, for all (t,z,v) € [2,00) x R3 x R3, we have
2RIV, 05 6(t, @ + tv) — Vo0 oo (v)] S elog™ (£t + elaft ™.
Proof. By the mean value theorem and the estimates in Proposition 5.2.2, we have
2,05 0(t, 2 + tv) — V,050(t, tv)| < elaft ™.
It remains to apply Proposition 6.3.1. ]

6.4. Modified scattering for the distribution function. Now that we have identified the term respon-
sible for the long-range effect of the force field, that is, the term preventing linear scattering to hold, we
define the spatial modification of the characteristics as

X1 (t,2,0) i= @ + p10g(H)V oo ().

The modification X7 is a good approximation of the spatial nonlinear characteristics, as it can be observed
in Lemma 7.1.4 below. Then, as Ty(f) = 0, we have

O [f(t, X1+ tv,v)] = 8 [X1] - Vo f (£, X1 4 tv,v) + uVao(t, X1 + tv) - Vo f (£, X1 + tv,v),
where we have dropped the dependence in (¢, z,v) of X;. Writing V,, = G — tV,, yields
Ou[f(t. X1 +t0,0)] = £ (Vuboo (v) = 2V, 0(t X + 1)) - [V f] (8, X + t0,0)
+ uVao(t, X1 + to) - [Gf] (t, X1 + tv,v).
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Then, we need to determine the asymptotic behaviour of the force field along the modified spatial char-
acteristics. Since the corrections are lower order, it sufficies to apply Corollary 6.3.2 for z = X;. As
|Vypoo(v)| S €, we obtain |X;| < |z| + log(t), so that

(27) |0 [f(, X1 + tv,v)]| S et*2(logN(t) + (@) [ Vo f|(t, X1 + tv,v) + et*2|Gf|(t,X1 + tv,v).
We remark now that according to Corollary 5.4.2, for any Z € A we have
(28) <x>8 <v>7|Zf|(t, X; +tv,v) S (<X1>8 + logg(t)) <v>7|Vm,UgO|(t,X1,v) < elogg(t).
Thus, we have

(@) (0)T10:Lf (1, X1 + to,0)]| S 72 10g™ (1),
from which we deduce that f enjoys a modified scattering dynamic.

Proposition 6.4.1. There exists a distribution function fa € CN=2(R2 xR3) such that for every |k| < N—2
and all (t,x,v) € [2,00) x R2 x R?, we have

()7 (0)7|05 [ (1, Xa (8,2, 0) + tv,0)] = 05, oo (w,0)| S et~ log™ (1),

Remark 6.4.1. By a slightly more precise analysis, one could obtain from (27) and Corollary 5.4.2 that
|f(t, X1 (t,z,0) + tv,v) — foo| < et'log?(t) as stated in Theorem 1.1.

So far, we have only proved the convergence result in a weighted Lg%, norm. For the purpose of deriving
late-time asymptotics, we will require a similar result but for different modified characteristics. In order
to avoid repetitions, we postpone the proof of the high order regularity statement, which can be obtained,
either by following the proof of Proposition 7.1.5 and by formally replacing V; by v, or from (30) and
va(i)OOij,V*?m Se

7. IMPROVED EXPANSION FOR THE SPATIAL DENSITY

The purpose of this section consists in deriving a first order expansion in powers of t ! for the normalised
spatial density t3p(f). We will also prove useful preparatory results for the proof of Theorem 3.2, our main
result.

In view of the discussion carried out in Section 1.4.2, we introduce the modification

Vi(t,z,v) == v+ ut ' V,e (v)
and we set g1 (¢, z,v) := f(¢t,X1 +tV1, Vq), that is
g1t 2,0) = f(t, 2+ tv+ plog(t) Voo (v) + 1V udeo (v),v + put ™' Voo (v)).
We first prove that g; converges to
Foo(@:0) = foo (@ + 1V y oo (v), 0)
in a strong topology. In other words, we prove a modified scattering statement for f. Then, we prove an

enhanced convergence estimate for the spatial average of g; to the one of f,,. This will allow us to express
p(f) in terms of g;, and then obtain a first order expansion for t3p(f).

7.1. Convergence properties of g;. Let us assume that N > 2. All the results derived here will require
to compute the time derivative of gi1(¢,z,v) = f(t,X1 4+ tV1, V7). Applying the chain rule, we have

O (t,z,v) = [0pf] (8, X1 + V1, V1) + (V1 + 0, V1 + 0, X41) - [V f] (£, X1 + V1, V1)
+ 0 Vi [Vof] (X1 + V1, Vy).

We now rewrite [0; f](t, X1 +tV1, V1) + V1 - [V, f](t, X1 + tV1, V1) using the Vlasov equation, and V,, =
G — tV,. We then obtain

(29) Degi(t,m,v) = (0, Xy — tpVaeo(t, Xy +tV1)) - [Vaof] (t, X1 + V1, Vi)
+ (uVao(t, X1 +tV1) + 0, V1) - [Gf] (£, X1 + V1, V1).
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Then, we determine the asymptotic behaviour of the force field along the modified spatial characteristics.
Since the corrections are lower order, a result similar to Corollary 6.3.2 holds.
Corollary 7.1.1. Let |k| < N —2. Then, for all (t,z,v) € [2,00) x R3 x R3, we have
[t2H15 [ V,050] (t, 2 + tv + pllog(t) + 1]V, (v) — VeOideo (v)| S € (z) logh (1)t
Proof. We have |z + pllog(t) + 1]Vydeo (v)| S |z] 4+ log(t), so it suffices to apply Corollary 6.3.2. O

More work is required to show that g; converges in WQfYU_Q’OO. We next compute and control the derivatives
of the error terms in (29).

Lemma 7.1.2. Let || < N —2. For all (t,x,v) € R} xRS x RS, the derivative 8,05 , [ f(t, X1 +tV1, V1)]
can be written as a linear combination of terms of the form

%8;71} (Vv(boo(v) — t2vx¢(t, X1 + tVl)) . [anﬁGﬁf] (t X1 + tVl, V1

H 351

1<i<p

1

2 Vo

20 (Voo (v) = B9,0(8 X1 + 1V1)) - [GOZGP ] (6, X0 + V1, V

1<i<p
where k < |af, 0 <k <p <[kl ||+ |a| + 8] < |s], 2 < |&| < k[ +1, and k; € [1,3].

Remark 7.1.1. The condition k < |a] is key to determine the asymptotic behaviour of the spatial average
of the derivatives of g¢;.

Proof. We obtain the result from (29), and by iterating the relations
Opi [h(t, X1 +tV1, V)] = [0,:h](t, X1 +t V1, V1),
i [A(t, Xy + V1, V)] = [Gih] (£, Xy + V1, Vi) + gvvamw(v) [Gh)(1, Xy 4+ £V, Vy)
+ 1110g(£) Vo Byi doo (v) - [Voh] (£, Xy + 1V, Vi),
which hold for any distribution function h : Ry x R3 x R3 — R. O

To show the convergence of the derivatives of g1, we need the following result to control the terms in
Lemma 7.1.2.

Corollary 7.1.3. Let k.| < N —1 and |k,| < N — 2. For all (t,z,v) € [2,00) x R3 x R2, we have
|05 [V (¢, x + tv + pllog(t) + 1 Vudeo ) || S et 2715l
205 [Vao(t, 2 + tv + pllog(t) + 1] Vydao) ] — Vi doo| < € (z)log™ (£)t L.
Proof. The first estimate follows from 0, (X4) = 67 and Proposition 5.2.2. For the second estimate, we
note that 9,: (X} +tV9) = td; ; + pllog(t) + 1]0yi 0ys poo(v). Then, we write the difference
O [Vaeop(t, X1 +tV1)] =t [V,05 6] (t, X1 + t V1)
as a linear combination of terms of the form

P [v,000] (6, X1+t V1) ] (log(t) + 1)05 oo (v),
1<i<p
with 1 < p = |a| < |ky|, and 2 < || < |ky| + 1. These last terms are bounded by e *P¢=3log”(t), so the
result follows from Corollary 7.1.1. |

Finally, we prove that X; + tv, and then X; 4+ tVy, are good approximations to the nonlinear spatial
characteristics. The following lemma allows to save N, powers of log(¢) in the error terms.
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Lemma 7.1.4. For all (t,z,v) € [2,00) x R2 x R3, we have
|Zmoa (t, ,v) — (x — tv — plog(t) Voo (v))| < 4Zmoa(t, z,v).
Then, for any k.| + ko] < N —1 and all (t,x,v) € [2,00) x R3 x R3, we have
(@)= () Ne| o G f | (¢, X1 (t, @, v) + tv,v) < log!™ (),
0= G f|(t, X1 (t, 2,v) + tVi(t, z,v), Vi(t,z,v)) < logh™(t).

()™= ()
Proof. Let Zapprox(t, x,v) := & — tv — plog(t)Vydoo (v). Then,
| T (Zapprox) | (£ 2, v) < [tV (t, ) — V(L t0) + VB (¢, t0) — t7 Voo ()]
+log(1)| V2 o(t,x) - V3o (v)].

Thus, by the mean value theorem, and Propositions 5.2.2 and 6.3.1, we have

| T (Zapprox) | (£ 7,v) < et 2|2 — tv] + et 2 log™ (t) < €t 2| zapprox|(t, ,v) + et log™ (2).

Denote by F(t, s,z,v) the nonlinear characteristic flow induced by T,. If € is small enough, for all ¢t > 2
we have

(Zapprox) (6, F(t,2,2,v)) < 2(Zapprox) (2, 2,v) < 3(x — 2v) < 42Zmod(2, 2, v) = 4Zmoa(t, F(t,2, z,0)),

where, in the last step, we used that z,,,q is conserved along F. We then obtain the desired estimate by
applying Duhamel formula, since

IT¢(Zmoa — (Zapprox))| < [T (zapprox)|-
The first estimate for f then follows from Proposition 5.4.1. Moreover, the second estimate holds since
lv—Vi(t,z,v)| Set™t O
We are now able to prove a modified scattering result for f in a strong topology. Recall for this that

gl(t,l',’l}) = f(t7X1 + tVI;VI)-

Proposition 7.1.5. There ezists a scattering state foo € CN72(R3 x R3) such that the modified profile g
converges to fo. More precisely, for any |k| < N —2 and all (t,z,v) € [2,00) x R3 x R3, we have

log*™ (1)
P
Remark 7.1.2. If (N, N,)) = (8,7), then the RHS could be improved to et~ log®" (t).

(@)= ()N |8 g1 (F,,0) — O foo(2,0)| S

Proof. Lemma 7.1.2 and Corollary 7.1.3 imply that for any |x| < N —2 and all (¢,z,v) € [2,00) x R3 x R3,
we have

10008, [, X0 +tV1, V]| S elog" N2 (@) sup  [92G7 F|(, Xy + V1, Vi),
la|+[BI<N-1

We then deduce from Lemma 7.1.4 that, for any |x| < N — 2 and all (t,2,v) € [2,00) x RZ x R3,
(30) ()N )N 10,05 , [f (£, Xy + tV, V)| S log?V (1)t 2,

This estimate implies that g; converges to a CV ~2(R3 x R?) function with the stated rate of convergence. [J

Remark 7.1.3. As [V —v| = ut =1V, ¢ (v), we have foo(z,v) = fm(x + puVyhoo(v),v) by the mean value
theorem. Here, fo, is the limit function in Proposition 6.4.1.

We now derive some direct consequences of Proposition 7.1.5 that we will use below. In particular, we
emphasise that the weighted spatial averages of g; converge, contrary to the ones of gg.
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Corollary 7.1.6. Let |k| < N —2. There exists C > 0 such that for all (z,v) € R2 x R3 and all t € [2, 00,
we have
(@)™ Ho)N105 g1t 2,v) < C,

where we set g1(00,2,v) := foo(x,v). As a result, for all v € RS and all t € [2, 0], we have

(v)? /R (N0 (1 2 0)dz S C

z

Finally, for any |£] < N, — 5, we have
log*™ (1)

Y (t,v) € [2,00) X R;‘j, <v>3 ;

<

/ zgﬁg,vgl(t,z,v)dzf/ zgagvvfoo(z,v)dz
R?

R3

Proof. The first part of the statement is obtained by integrating (30) between ¢t = 2 and ¢ € [2, o0], together
with Lemma 7.1.4, since

02,01 2,2,0) S sup |Z°f](2. + 20+ pllog(2) + 1V odoe, v + 5 Vodec ).
[

al<|x|

We deduce the second estimate using z +— (2)~* € L!(R?). Finally, the third estimate follows similarly
from Proposition 7.1.5. O

Before proving the expansion for t3p(f), we need to improve the rate of convergence of the spatial average
of 05 g1. For this, we now require N > 3.

Proposition 7.1.7. For all (t,v) € [2,00) x R, we have

(v)?

2N
< Jog™ ()

/Rg g1(t, z,v)dz — /R2 [1 - M%Avfboo(v)] fool(z,v)dz| S e

Moreover, for any |k| < N — 3 there exist nj ., € Z such that

(v)?

< et 2log?N (1),

nK/
arg1(t,z,v)dz —/ O foo(z,0)dz — Z —ba A0 oo (V)07 foo (2,v)d2
K2 l+BISIel R

Proof. Let |k| < N — 3 and (t,v) € [2,00) x R2. Combining Lemma 7.1.2, Corollary 7.1.3, and Lemma
7.1.4, we have

(v)?

R3

8@5(/ 8§gl(t,z,v)dz> — Z ngﬁ fy’)oﬁ(t,v)
RS

vI+IBI<Ix|

1 2N t -
Seogtig(u 3 Yoo logl @) )35 sl (),

1<la|<|s| |v[+|al+]BI<|x|

where

1
3 st 0) = /R 0 (Vvqﬁoo(v) — 2V, 0(t, X, + tVl)) V202 GP f] (1, Xy + £V, V) )da.

Since X1 — x, V1, and 9;X1, do not depend on x, we show by integration by parts that
3% 0 g(tv) = t/3 8192 (Azqﬁ(t,Xl n tV1)> [GP £] (£, X1 + £V, Vi) da
R(L’

do not depend on x either. Thus, we have
log!*! () (v)3]3% 5| (t,v) < elog?™ ()t =210,
by Lemma 7.1.4 and Corollary 7.1.3. However, for |a| = 0 the term J% o5 does not decay faster than t=2.

Nonetheless, we have identified the leading order contribution of A,¢, so we can find a correction to the
spatial average of g; allowing for a stronger rate of convergence.
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We note first that by performing similar computations as in the proof of Corollary 7.1.3, we obtain

07 (80(t. X1 + V1) ) = 71 [2,020] (£, X1 + V)| S eloghl (1)t

We then deduce, by peforming first the change of variables z = x + tv + u[log(t) + 1]V, (v) and using
Lemma 7.1.4 that

()35 05 — %Av&jqﬁw(v) / (G f](t, 2, V1)dz

RZ
log" (t
< GL() 4 t<v>3/
R3

[Axﬁg]d)(t,xl + tVl) - %Avag%o(v)“Zﬁﬂ(t,Xl + tVl,Vl)dl‘.

t3

Finally, we bound the RHS of the previous inequality by elogzN(t)t’?’ by applying Corollary 7.1.1 and
Lemma 7.1.4, as |y] < N — 2. One can then derive the result by using Proposition 6.1.1. For the case
5| = 0, the coefficient n” ; is given by (29). O

7.2. First order expansion of t3p(f). In this subsection, we assume N > 4. As we need to express p(f)
using the distribution g;, we have to study the maps

Uyt (2,0) = (24 plog(t) Vedeo (v), v + it~ Video (v)), T:: (a,b) — (a+tb,b),
for ¢t > 2. In terms of these maps, we have
gi(t, ) = f(t, TeoWy).
For our purposes, we need to show that W, is invertible and consider
(31) [t z,0) =g1(t, Uz - tw,v)) = g1(t,z — tv + X, (v),v + By (v)),

where (X;,%0;) := ¥;* —id. In the following, we denote the space of matrices of size d x d with real
coefficients by 9t;(R). We begin proving a preparatory result.

Lemma 7.2.1. Letd > 1 and k > 1. Let h € C*(R% R?) be a map verifying ||h||yr.~ <oo, and ||dh||p~ <
1. Then, the map H :=id — h is a C*-diffeomorphism of R?, and
(32) [H] " =id+ Y [dn)" i CFL(RY M (R)),

i>1

where [dh] is the Jacobian matriz of h, and [dh];; := 0y h' for all 1 < i, j < d.

Proof. For the first part of the statement, we have three steps:

e H is injective. This follows from the inequality
lz =yl = |H(z) = H(y)|| < |z —y = H(z) + H(y)| < [h(z) = h(y)| < [|d] =]z —y| < [z —yl,

which relies on the mean value theorem.

e dH is alocal C* diffeomorphism. As ||dh|/z~ < 1, the map dH = id—dh is invertible for all x € R?,
50 (32) holds in CO(R%, M4 (R)). (32) holds as well in high regularity as ||dh|ys-1.0 < 00.

e H is surjective. Let (z,,),>0 be a sequence in R? such that H(7,) — Yoo as n — 00, with y,, € R%
Since H—id € L>(R? R?), we obtain that (x,),>0 is bounded. By the Bolzano-Weierstrass theorem
and by continuity, there exists ., € R? such that H(7+) = yoo- As H(R?) is open by the previous
step, it yields H(R?) = R<.

The second part of the statement is a direct consequence of the first one. O

We are now able to study ¥,. In particular, we study fine properties of the components of ¥, b _id =
(%4,0:), which will allow us to estimate f by (31).



34 LEO BIGORGNE AND RENATO VELOZO RUIZ

Lemma 7.2.2. For allt > 2, the map V¥, is a CN~2-diffeomorphism of R3 x R3. The spatial and velocity
components of \I/;l —id = (%4,0:) are independent of the spatial variable. Moreover, these components
verify for all v € R3 that

Xi(v) = —plog()Vudoo(v) + Dt Flog(t)g (v) + V1 Ot~V log(t)),
1<k<N-3
Vi(v) = —pt ' Vodoo(0) + Yt () + N TTOENT),
2<k<N-2
where ¢, pY € CN=1=F(R3 R3), and their components are linear combination of terms of the form
H a;{nglgé(v), 1< |%| <k, ke [[173]]'
1<i<k
Moreover, for any |k| < N — 3, we have
05X (v) = —plog(t) V05 poo (V) + Z t*log(t)as i (v) + N IR O (= NI og (1)),
1<k<N—3—|x|
By (v) = —pt 'V dos(v) + Y RIS (v) + N TITIRO (e VIR,
2<k<N—2— ||
Finally, ||l - S €log(t) and [Dlgn—an St te.
Proof. We fix t > 2 and decompose
Wy = Py 1 05y,

where

D 1(y,w) = (Y, w + pt™ Vg (w)),  Ei(2,0) = (2 + plog(t) Vodeo (v), ).
Clearly, Z; is a CN~2 diffeomorphism of R? x R? and

Ei ' (2,0) = (2 — plog(H) Voo (v), v).
Let us now prove that ®;; is a CN—2_diffeomorphism. For this, it suffices to study its velocity component
Qtw = w4 pt IV doo (w).

As ||Vydoo|lwn-2.00
diffeomorphism, and

< € by Proposition 6.3.1, we show by applying Lemma 7.2.1 that Q, is a CN 72

~

(33) [dQ] " =id+ ) [dh]*  in CVTE(RE, Ma(R)), [dhelij = —pat ™ 0yi Oyi Poo,
k>1

where hy(w) := —put 1V, ¢ (w). Thus, ¥, is a CN~2-diffeomorphism, and

(34) UM (z,0) = (2 — plog(t) Vodeo (2 1 (0)), Q7 (v)).

The next step consists in deriving an expansion for Q;'. Let v € R? and w = Q;'(v), so that v =
w + pt =1V, ¢oo (w). Then, by applying the mean value theorem we have

o—w[ Set™,  Jo— @t Vedao(v) —w| ST Vigoo| v — wl| S 472,

as ||Vydoo||wn-2.0 < €. Tterating the above, and using Taylor’s theorem instead of the mean value theorem,
we obtain

(35) Vi(v) = Q' (0) —v =t 'Voduo(v) + D tTFG () + N TTO(ENHY),

2<k<N-—2
where ¢,‘€/ S C’N_l_k(R37 R3). In fact, ¢,‘€/ is a product of k derivatives of 0, ¢~. Together with the estimate
IVy@oolliwn-2.0 < € and (34), we obtain the expansion for X;. We next remark that

AW, (z,0) = A5 (2, Q71 () 0 APy L (z0), APy L(z,0) - (b k) = (b, [dQ%] 7 (271 ()) - k),
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where (h, k) is a tangent vector in R? x R2. The existence of the expansions for the derivatives of (X;,0;)
then ensue from an induction, (33), (35), Leibniz rule, and Taylor’s theorem. Lemma 2.6.3 finally shows
that the coefficients of these time expansions are the derivatives of the ones for (X, ;). O

The next step consists in performing the change of variables y = x — tv 4+ X;(v) for fixed . For this
purpose, we study the map v — z — tv + X(v), and its inverse.

Lemma 7.2.3. Lett > 2 and 2 € R3. The map Yy . : v — z—tv+X(v) is a CVN~2(R2,R?)-diffeomorphism.
Moreover, the inverse Yt_z1 satisfies that for all y € R3, we have

(36) Yily)=""- ulogt(t) Viowo (3)+ 3 MAW@@ N €O<<y>N‘210gN‘1(t)),

t td tN-1
2<q<N—2
|a|+p<q

where Agop € CO(R3,R3) and ||Ayaplle S €FP. The Jacobian determinant satisfies

(37) ] det dY;! (y):1_Mlog<t)Av¢oo(§)+ 5 yalogp(t)Bq’a’p(i)+60(<Z/>N_3logNQ(t))7

t ta tN-2
2<g<N-3
la+p<q

where By o p € CO(R3,R3) and |Byapl= < €. Finally, we have

1 1oy 2y log(t) +1 z
(38) Yl +To i) =T -5 -t Ve (2)

X F SR () o W),
2<g<N =2 |al+p<q
where Ay o,p € CO(R3R3) and ||Agaplpe S e P.
Proof. Let t > 2 and z € R3. The analysis can be reduced to the study of
(39) 3(v) = v -t % (v), detdY, . (v) = —t* det d3(v).
Note that y = Y .(v) if and only if

We next show estimates for 3 from where the stated estimates (36)—(38) are obtained. Applying Lemma
7.2.1 with (H,h) = (3,t71X%), together with Lemma 7.2.2, we get that 3 is a CV~2-diffeomorphism of R?
and

(3] =id+ Y t7*[dx,]" i V(R M (RY),
k>1
where [dX,];; = 0,:Xi. We now have to derive an expansion for 3. The strategy is similar to the one for
Q; ' Let v € R® and w = 37'(v), so that v = w — t ' X;(w). Using ||X|yy~-2. < elog(t), we then get
|v —w| < et~log(t). By an induction, Taylor’s theorem, and the expansion for X; given by Lemma 7.2.2,
we have

k N-1
(40) 37 v) =v - Mlogt(t) Vi¢oo(v) + Z loik(t) Vi (v) + eN_10<1ogtN—1(t)>7

2<k<N-2

where ¢ € CVN717F(R3 R3) and ||¢x]|r~ < €F. Two other applications of Taylor’s theorem, with one of
them relying on (40) and the expansion for 9 given in Lemma 7.2.2, provide the estimates for 371 (27%)
and 371 (57%) 4+ U, 0 371 (%), which allow to show (36) and (38). The expansion (37) for the Jacobian
determinant of Y, , follows from (39)—(40), Lemma 7.2.2, the multi-linearity of the determinant, and

d37M(y) = [d3] 7 (37'(w),  det(ls+ M) =1+ Tx(M) + O(| M[?).
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We are now able to derive an improved expansion for the spatial density. The improved expansion for
derivatives of the spatial density will be handled in the next section. We apply the previous results with

N =4.

Proposition 7.2.4. For all (t,z) € [2,00) x R3, there holds

eonie) =1- B a0 (5)] [ F (5 )

_ 1/11@ {y-l—u[log(t)—i-l]vv(ﬁoo(%)} (Vo] (y f)dy_’_eo(log;(t)).

Proof. Let (t,x) € [2,00) x R3. Performing the change of variables y = Y, ,(v), allowed by Lemma 7.2.3,
we have

() (ta) = [

g1(t,x — tv+ X4 (v), v + By (v))dv = / a1 (t,Yt,m(v), v+ mt(v)>dv
RS RS

v

= [ (b i) + (¥t ()| det a¥ (),

We now apply Taylor’s theorem by using the expansion of Lemma 7.2.3 up to first order. This argument
yields, by using the estimates of Corollary 7.1.6 for 9%vg; with |x,| < 2, that

o (t,y, %)dy - ulogt(t) Avdoo (%) /RS 9 (t,y7 %)dy - %/Rz y - [Vogi] (t,y, %)dy
- uilog(tt) 6. (D) /R [Vugr] (b9 )y +€0 (k)g;(t) )

Finally, we treat the terms on the RHS by applying Proposition 7.1.7 for the first term, and Corollary 7.1.6
for the remaining ones. (|

Eolhltn) = [

R

8. LATE-TIME ASYMPTOTICS

During this section, we set N > 3, N, > 7 and N, > 2v2N + 5. We note that N, > 2n 4+ 8 if n
satisfies 7,41 < N. We consider further a solution f to the Vlasov-Poisson system verifying IE?\}7 [fo] <€
Nz Ny
and Ey™"" [fo] < oo.

8.1. Enhanced modified characteristics and asymptotics. The purpose of this section consists in
proving the properties stated in Proposition 8.1.1 by an induction argument. The base case n = 0 has
been treated in Sections 6—7. In the course of the proof, we will derive the asymptotic self-similar poly-
homogeneous expansions satisfied by the normalised spatial density t3(G”f) and normalised force field
241815, 98,

For convenience, we will use two sequences (r,,)p>1 and (Sy),>1 which satisfy the following conditions

Tpel =Tp +1n 41, ry =2,
Sn+1ZSn+N+1—T'n+17 5122]\]
The sequence (r,), already introduced in (1), will express the number of derivatives required to derive

expansions of order n for the solutions of the system. The sequence (S,,) will express the logarithmical
growth in the error terms at order n. One can check that a possible choice for (S,) is S, = N(n + 2).
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Proposition 8.1.1. Let n € N such that r, < N, Xqo(t,z,v) := z, and Vo(t,x,v) := v. There exist
modifications of the linear characteristic flow

% log?
(41) Xo(t,2,0) = 2 + (Voo (0) logt) + > > g Xy.ap(V),
1<g<n—1 |a|+p<q
x> logP (¢
(42) Va(t,z,v) = v+ v b)Y > e Vaor(v),

1Sq§n 1 |al4+p<q

where X1,0,0 = —V08 b0 for |a] =1, and Xga,py Vg ap € ON Tt AWN=Ta+1(R3), such that the following
properties hold. For anyn € N, ifrp,p1 < N and |B| < N — rpyr:

(a) Modified scattering holds with an enhanced rate of convergence. Let gni1 : R X R3 xR = R be
defined by

gn+1(ta Z, ’U) = f(ta Xn+1(t7 xz, U) + tvn+1(t, z, U)v Vn+1(ta €z, ’U))
For any |k| < N —rpy1 and all (t,z,v) € [2,00) x R3 x R? such that |z| < t, we have
(43) (@)Nem1 ()N (g (12, 0) = foo(a,0))| S 777 log™ 2 ().

(b) The modified spatial average verifies an enhanced convergence estimate to the spatial average of foo.
For any |k| < N —1— 1,11, there exists Q“’B € CYN L>(R2) such that

'/ 8gn+1t1:vdx7/ Oy foo(x,v)dx — Z Z l(ﬁ_H pﬁ(v)/ 2508 foo (2, v)dz
lz|<t & R3

[BI<|k| p+[§I<n -
log "+ (t) .
(44) 5 W? v(ta ’U) € [2700) X Rf)

Remark 8.1.1. The domain of integration of the spatial average in (44) is restricted to |z| < ¢ since =
X, (t,z,v) + tV,(t,,v) may not be injective on R3 for n > 2. Note that f(t,x + tv,v) and its derivatives
enjoy strong decay estimates on the complementary region || > ¢t by Corollary 5.4.2.

Structure of the proof of late-time asymptotics. The strategy of the proof relies on an induction
argument. Fix an integer n such that 7,17 < N. The base case n = 0 has been treated in Sections 6-7.
See in particular Propositions 6.2.1, 6.3.1, 7.1.5 and 7.1.7. We then assume n > 1 and that the statement
holds at any order k € [0,n — 1].

(1) First, we derive the improved self-similar asymptotic expansion for p(f) and its derivatives in Section
8.2. For this, we make use of the convergence properties of g,, @, and their derivatives.

(2) The first step allows us to show an improved polyhomogeneous asymptotic expansion of the force
field along the n'"-order modifications of the linear characteristics in Section 8.3.

(3) In Section 8.4, we define X,, 41 and V, 11 from where the improved modified scattering statement
hold. Introducing V11 is not required in this step but we do it to reduce the number of computa-
tions in the perspective of addressing part (b) of Proposition 8.1.1.

(4) Finally, we prove that the spatial average of g, satisfies a strong convergence estimate in Section
8.5. With this estimate, we complete the induction.

8.2. Late-time asymptotics for the spatial density. We begin the proof of the late-time asymptotics
for the spatial density by writing the distribution G®f in terms of the modified profile g,.

8.2.1. Step 1: GPf in terms of derivatives of g,. The asymptotic self-similar polyhomogeneous expansion
for t3p(G# f) will be obtained through the convergence estimates satisfied by the weighted and non-weighted
spatial averages of 0/g,. We then express G® f in terms of g, and its derivatives. For this, we recall that

gn(t,z,v) = f(Xn(t,x, v) + tVn(t,x,v),Vn(t,x,v)),
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so we will have to invert the map (z,v) = (X, +tV,, V,,) for all ¢ > 2. As mentioned earlier, we will have
to restrict our analysis to a subdomain of R3 x R3.

To facilitate its study, we will write (X,,, V,,) as the composition of three maps. Recall the definitions
(41)—(42) of (X,,, V). We first rewrite (41)-(42) as

T + 1V oo (v) log ()] logP (t)
ta

X (t,z,v) =z + uVydoo (v) log(t) + Z Z |

1<g<n—1 |a|+p<g

Vu(t,z,0) = v+ %vvd)oo(v) + Z Z [+ Voo (;)_:fg(t)]a Ing(t)Vq,a,p(U)7

1<g<n—1 |a|+p<g

q7a,p(v)v

where X; 40 = —V,0%¢ for |a| = 1, and Xq,a,pa Vq,ayp € ON=rart N WN—Ta+1(R3). Tt is the condition
|a| + p < ¢ which allows (X,,, V,,) to be written in this alternative form.
This leads us to consider the decomposition

(X +tV,, V) =T, 0P, 0 Ey,
where we recall
Ti(a,b) := (a+tb,b), Zi(z,v) = (x + ulog(t)vvqﬁm(v),v),
and we define @, ,, by
Dy (y, w) = id(y, w) + (X7 (y,w), V}' (y, w)),

with
N x*log? (t) = n 7 2 logh(t) =
Xl (w,0) = Y e Naap(), V(@)= T Veds(v) + > gt Vaan(v).
1<g<n-—1 1<g<n-—1
lal+p<q lal+p<q

Since Y; and =, are diffeomorphisms of R? x R? and that their inverse can be easily computed, we will focus
on ®, ,. We note that for all (f,z,v) € [2,00) x R2 x R3 such that |z| < 2¢, we have

log(t 2 1
(45) 27| w) 5 EBO B e < L
The constant € > 0 in the estimate for X} comes from Xl,a,() = —V,05 boo-

Lemma 8.2.1. There exists T, > 2 and 0 < ¢, < 1 such that for all t > T,, there exists an open set
Upy C{|z] < 2¢nt} x RS such that the restriction of @4, to Uy, is a CN = -diffeomorphism from Uy ,, to
{|z| < cnt} x R3.
Proof. We introduce the family of sets
ci={zeR} : |z|<ct} xR} CR: xR?,
where 0 < ¢ < 2. Then, by (45) there holds
It vr)

HWN*THVOO(A%C) S €C + log(t)t_l + 027

where (X7, V1) € CV = (R3 x R2,R2 x R3). Thus, for ¢ < 1 small enough and ¢ large enough so that

n n 1
(46) H (Xt th )HWN—rn‘oc(A?c) < 507
the next properties hold by proceeding as in the proof of Lemma 7.2.1:

e &, , is injective on A7
e ®,, is a local OV~ _diffeomorhism on A?°. Note that N —r,, > 1.
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o AS C @, ,,(A2¢) holds. We already know that A N @, ,, (A7) is open in the connected set A§. Let
(Yn, Wn)n>0 be a sequence in A§ N @, , (AZ) converging to (y,w) € AS. Let (2,v,) € A€ be such
that @ ,,(2n, vn) = (Yn, wr). By (46), we have

1
Vn €N, |(Yn — 2ns Wy, — 0p)| = |(Xt",Vt") ’(zn,wn) < 26

3
so that (z,,v,) € Afc and (zn, Up)n>o0 is bounded. Consequently, there exists a subsequence that
converges to (z,v) € A7, from which we get that A¢ N @, ,(AZ°) is closed in Af.

We then deduce the result with ; ,, := @[,11 (Af N @y (AZ9)). By (46), we have Uy, C A?°. O
Remark 8.2.1. In order to integrate by parts over {|z| < ¢,t}, we will require @[,11 —id to be bounded on
{|z| < et} x R2. Since the statement in Lemma 8.2.1 holds in fact for any 0 < ¢/, < ¢, we can assume it
is indeed the case by considering a smaller ¢,, if necessary.
Thus, for (t,2,v) € [T},,00) x R2 x R? in the domain of invertibility, we can write
flt,x,v) = gn(t, Et_l o @;}L(x — tv,v)).

For our purposes, we need to derive an expansion for =, Lo D, Tll and its derivatives. We begin with the next
)
intermediary result.

Lemma 8.2.2. Let t > T,, and (3},207) be the spatial and velocity components of <I>;,1l —id. For any
Kk = (K, ky) such that |k]| < N —1 —r,, there holds

2 log? (1) (2, log(t))Ntr=t=relnl

tin=10= 05 37 (2, 0) - > Y. T T )| S T e
1<q<N+n—2—r,—|k| |a|+p<q

SO logp(t) <Z log(t»NJrnflfrnf\m\

el e groqu (2, v) — Z Z TWZ,W(”) S = tN+n—rn—[x| ’

q<N+n—2—r,—|x| |a|+p<q

for all |z| < cpt, and v € R3. Here, Z% , . W& € CON L2(R3).

on,q.p) VY ong.p

Proof. Let |z| < cpt, v € RS, and (y,w) = @;}L(z,vﬁ so that

2=y + A (y,w), v=w+V(yw),
and

y=2z+37(zv), w=v+W(z0).
We then get from (45) that

2=yl Slylt™" + ¢ og(t),  v-w| St
This allows us to show, according to the mean value theorem and |y| < 2¢,t, that
|2 = &2 (2,0) —y| S (2,10g(1)* 172, [v— it Vg (v) —w| S (z,1og(t)) t2.

Recall that X, 4, and V, ,, are of class CV~"¢+1 for any 1 < ¢ < n—1. Then, iterating the above by using
Taylor’s theorem instead of the mean value theorem, we obtain the stated expansions for 3} and 20}. The
cases with derivatives are handled as in the proof of Lemma 7.2.2. The key identities are

(2]~ =id+ 30 (~DF A V)] i OV ({le] < eath x B, M6(R)),
k>1
where [d(X}]", V)] is the Jacobian matrix of (X", V]') = ®,,, —id. We also use that

d®; ) (z,0) = [dPy,] ! (®; 1 (2,0)).

t,n

The existence of the expansions for derivatives of (37, 20}) ensues from an induction, Leibniz rule, Taylor’s
theorem, and the expansions for (37, 207). O
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Using Z; ! (z,v) = (x — pulog(t)V,¢e(v),v), the chain rule, and Taylor’s theorem, the previous Lemma
8.2.1 allows us to deduce the next corollary.

Corollary 8.2.3. Lett > T, and (X},07) be the spatial and velocity components of ;' o <I>_ —id. For
any £ = (K, Ky) such that |k| < N —1—r,, there holds

k2| ARz Qo 1 K Zalng() K
e a:zzravuft (Z’U) + 60,\HI|M10g<t)anvu¢00(v) - Z Z —F R ,q,p( )

ta
1<g<N+n—2—r,—|s| |a|+p<q
< (e log()N4n-1orie

~ tN+n—1-r,—|x| ’
and
2% logP(t) (z,log(t))yN+n—1=rn—lIxl
thnel e groggn (2, v) — Z Z ng,qm@’) SE P EE—— ’

g<N+n—2—r,—|k| |a|+p<q

for all |z| < c,t and v € R3. Here, RE . S% € CONL>®(R3).

«@,q,p? «,q,p
Remark 8.2.2. Note also that N —1 —r, > n and Lemma 2.6.3 gives
Yqel,n—1], R € C"NW™>®(R3).

@,q.p
More generally, if [s] < N — 7,11 and ¢ € [1,n], we have Ry , , S§ 1,

These properties will be used in order to apply Taylor’s theorem below.

€ CnH1=a n ntl—g.00(R3),

8.2.2. Step 2: The high order change of variables. We now know that if t > T, and |z — tv| < ¢,t, then
(47) f(ta 37,’1}) = gn(t,x —tv+ %?(.’E - tU, U)?U + m?(x - t’l}7’l))),

and we have determined the asymptotic behaviour of (X7,0}). So, we wish to perform the change of
variables y = Y7_(v), where the map Y7, : Di, — R? defined on

Dy = {vER] ¢ |z —tv] < cnt}
is given by
Y7, (v) =2 —tv+ X[ (z — tv,v).

This change of variables would allow us to obtain an expansion in terms of the spatial averages of g,,.
The analysis of Y;', can be reduced to the study of

30(v) == v — 71X (2 — to,v), det dY}, (v) = —t° det d3¢ . (v).
Note that

(48) Yy, (v)=y ifandonlyif 3 ,(v) =" - y

Lemma 8.2.4. Lett > T, and * € R2. Then, 3;, is a Cl-diffeomorphism from Din to 3¢..(Dyr).
Moreover, for all v € 3;.(D;",), we have

37 w) —vtp 1og()v b0) = > Y LlOg()\lfq,a,p(v)

2<g<n |al+p<q

where Uy . p € CPT270 A W20 (3t,x(Dtc,Zc))

(z — tv,log(t))"+!
ntl ’

A

Proof. Note from Corollary 8.2.3 that, for any |x,| < 1, we have

(49) VYoeDpn,  tHop [X)(x—tu,v)]| St og(t).

Consequently, if T, is chosen large enough, we get as in the proof of Lemma 7.2.1 that
® 3. is injective on D7,

e 3;. is a local C'-diffeomorphism on Dt -
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These properties imply the first part of the result.

We now focus on the expansion, so we consider w € Dy, and v = 3;,(w). By definition v = w —
t71X7(x — tw,w), so that |[v —w| < t~!log(t). By an induction, Taylor’s theorem, and the expansion for
X} given by Corollary 8.2.3, we obtain the stated expansion for 3, i We have used Remark 8.2.2 in order
to apply Taylor’s theorem at the required orders.

Finally, the regularity of ¥, . , is obtained by Remark 8.2.2. Indeed, one can check that ¥, . , is a linear

combination of product of quantities of the form 8§R2,7a,,p,, where ¢ > 1 and || + ¢ < ¢—1, or 05 deo

with 1 < |k] < q. O
We are now able to derive expansions for the two quantities related to YZ ;;1 that we are interested in.
Corollary 8.2.5. Lett > T, and x€ R2. The map Yi, v r—tv+ X (x—tv,v) isa Cl-diffeomorphism
from Di, to Y (D), which verifies
1
(50) {y ERS : Jy| < ant} CYP(Dn) C {y ER? : |yl < 2cnt}.

Moreover, the inverse YZ;C_l satisfies that for ally € Y}, (Dim),

oty @ y* log”(t) 7\ | o (ylog(t))"+!
‘Yt,x (y) — ri Z Z TDq,a,p<;) S BT E—
1<q<n |a|+p<q
where Dy o, € C°N L>®(Df7,), and
,—1 n ,—1 n,—1 z ya logp(t)* T <y7 IOg(t)>n+l
\Yzm W)+ T (=t WY W) - - Y Y D (T) | s i —
1<q<n |al+p<q
where D o, € C° N L>®(Dfn,). Moreover, the Jacobian determinant satisfies

S y* log” (1) x (y,log(t))" !
PldetdYpy @) —1- 3 30 T G (F)| S
1<q<n |a|+p<q

where Gg,a,p € C°NL>(Df7).

Proof. For the first part of the statement, we use (48) and the previous Lemma 8.2.4. The inclusions (50)
are implied by (49). For the first expansion, we exploit the one satisfied by 3, ; in Lemma 8.2.4 and we use
(48) as well as Taylor’s theorem. For the second one, we use additionally the expansion verified by U} in
Corollary 8.2.3 and N — 1 —r,, > n. Finally, note that (49) implies

[d3¢,0] 71(1}) =id+ Z t* [d(X] (z — tv, v))]k,
E>1
where [d(X7(z — tv, v))]ij = —t0y X" (x — tv, v) + s X" (x — tv,v). We then obtain the expansion for the
Jacobian determinant using the multi-linearity of the determinant, Corollary 8.2.3, Taylor’s theorem and
3 detdY [ (y) = —det [d3..] " (Y1 (y)).
(Il

8.2.3. Step 8: Expansion of t3p(GPf) in terms of the modified spatial averages. In order to lighten the
presentation, we introduce the following terminology.

Definition 8.2.6. Let hy, hy : [T}, 00) x R3 — R with d € N*. We say that hy and hy are n—equivalent
if there exists C > 0 such that

logSn+1 (t)

1 T, R3 - <C—2 )
(5 ) V(t,x) € [ n,oo) X Ry, ‘hl h2|(t,x) = C<t+ |x|>3tn—2
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In the rest of this subsection K will always denote a general function belonging to C° N L>°(R32), which
may be different from line to line.
Our goal consists in proving the next result by exploiting the previous two steps.

Proposition 8.2.7. Let (t,z) € [T},,00) x R and || < N — 1. Then, t2p(GPf) is n—equivalent to a
linear combination of terms of the form

(52) bi}”K(j)/lﬂq 28] gn] <t, z, %)dz,

with |7, < N—=1—ry,, and p+ |a] < g <n.
A preparatory result is required to treat the cases where || > 1.

Lemma 8.2.8. Let || < N —r, and (t,z,v) € [Th,00) x R3 x R3 be such that |x — tv| < c,t. Then,
GPf(t,z,v) can be written as a linear combination of terms of the form

H [8§iif’ki](m—tv,v) H [agjm?’zj](x—tv,v)[(’“)w“zt?ﬁ‘“gn](t,x—tv—i—%f(x—tv,v),v—i—%f(w—tv,v)),

1<i<pe 1<j<py
where k;, £; € [1,3], XM and ‘U?’éj are the k; and ¢; cartesian components of X7 and U},

ool Hlaol <18l 0<po=lasl,  O<po<la, X Y Imil+lyl <8l

1<i<paz 1<j<py

Remark 8.2.3. Recall from Section 7.2 that if n = 1, then (X},0}) = (X;,%;) does not depend on the
spatial variable. So, in this case the result holds for all (¢,z,v) € [2,00) x R3 x R3.

Proof. Let h: R% x R? x R? — R be a distribution function. Using, the relations
Dyi [h(t,z — tv + X} (z — tv,v),v + T (x — tv,v))| = = [tduih] (t,x — tv + X} (z — tv,v),v + VP (z — tv,v))
+ [0yih] (t, @ — tv + X7 ( ), v+ 0 ( )

+ 0y [X} (& — tv,v)] - [Voh] (2 — tv + X} (z — tv,v),v + VP (z — tv,v))

+ 0[50 — t0,0)] - [V (@ = t0,0),0-+ B (2 — 10.0)

xr —tv,v r —tv,v
t,x —tv+ X7 (z — tv,v), v+ B (z — tv,v
and
O0pi [ X} (2 — tv,v)] = —t[0,: X7 )(z — tv,v) + [0, XP](x — tv,v),
we obtain in view of G = tV, + V,, the identity
Gi[h(t,x — tv+ X} (z — tv,v),v + VP (x — tv,v))] = [Opih] (t,x — tv + X} (z — tv,v),v + T} (z — tv,v))

+ [0, X}] (z — tv,v) - [Voh] (t,x — tv + X} (x — tv,v),v + T} (z — tv,v))

+ (0,07 (z — tv,v) - [Voh](t,z — tv + X} (x — tv,v),v + T} (z — tv,v)).
The result is proven by iterating this relation and recalling (47). a

We now exploit the first step.
Proposition 8.2.9. Let (t,z) € [T},,00) x R3 and || < N —rp1. Then, t>p(GPf) is n—equivalent to a
linear combination of terms

P1+p2 (t)

log

== / L(v)(z —tv+ X} (z —tv,v)) " [057 05" gn (£, 2 — tv + X} (z — tv, v), v+ T} (x — tv,v)) do,
|z—tv|<cnt

with |kg| + k| < N —rpa1, p1+]al < g <n, pa < |ke| and L € O 0 WnHl=a00(R3),
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Proof. We remark first that by support considerations, Proposition 5.4.1, and Remark 5.6.1, we have

Blo(c i) - | G (t, x, v)dv
le—tv|<cpt
t3dv
< sup y — tw)" P2 (w)|GPf|(t, y, w
oo = T e 0" 016200
n+9+|8|
< log (t) < 1

S e S e e
Since N+n—2—r, — N +1r,41 = 2n—1 > n, the previous Lemma 8.2.8 together with the expansions in
Corollary 8.2.3 and Remark 8.2.2 imply that

t3/ GP f(t,z,v)dv
|lz—tv|<ecnt

can be written as a linear combination of terms of the form
#3 logPi 72 (t)

(53) p

/ L(v)(z—tv)® [0 057 g | (t, 2 —tv+ X} (x—tv,v),v+T} (x —tv,v))dv,
lz—tv|<cpt

with [kz] + [ko] < N = rpg1, P4 + /] < ¢ < n, ply < |ke| and L € 719" 0 Wn+1-¢-(R3) and terms
bounded by

— tv, log(t))"t!
Z?M = log|“m|(t)t3/ (& vtn(ﬁ( ) |8§m8§”gn}(Lm—tv—&—.’{?(m—tv,v),v—i—%?(x—tv,v))du
lr—tv|<cnt

with |k | + |Ko] < N —Tpy1.
As | X7 (z,w)| < log(t) and |V} (z,w) < 1, we get by (43) and N, > 2n + 8 that

(x — tv>"+8<v>7|6;””5‘5”gn|(t, x —tv+ X} (x —to,v), v+ VP (z — to, v)) < 10g"+8(t).
By Remark 5.6.1, we then have

—Tn Sn
(54) ‘ M’m‘ - IOgN T +1+n+8(t) 1og +1(t)
S s N A R

We now work with the terms of the form (53). If |o’| = 0 they are already of the expected form. Otherwise,
(z — tv)® can be written as a linear combination of terms

(z —tv + X} (x — tv,0)) ™ [X7 (2 — tv,v)] ™,

with aq + a2 = . Using the expansion for X} in Corollary 8.2.3 and (54) (in order to bound the strongly
decaying terms), we obtain that (53) is n—equivalent to a linear combination of terms

t3 loglerp/g (t) n) X1 «a Ko QK n n
— M(v)(z — tv + X7)"" (z — tv)* (05957 gn] (t, @ — tv + X7, v + T} dv,
|lr—tv|<cpt

with p1 + |a1]+|ao] < ¢ < n, |ag] < || and M € C*HL=an T+l (R3). Note that we have dropped the
dependence in (z —tv,v) of (X},20?). One can iterate the process to obtain the result since |ag| < |o/|. O

Next, we perform the high order change of variables which generalises y = = — tv.

Proposition 8.2.10. Let (t,x) € [Ty, ) x R2 and || < N — rpy1. Then, t2p(GP f) is n—equivalent to a
linear combination of terms of the form
logp1+P2 t T T
7q()K(7) / y*[070]" gn] (t,y, f)dy,
t t7 Jyevy, (i t

with |z + Y| SN =1 =1y, pr+|a| < g <n, and ps < |7,
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Proof. We fix (t,x) € [T},,00) x R3. Apply first Proposition 8.2.9 and perform the change of variables
y =Y}, (v) = x—tv+ X} (z —tv,v) allowed by Corollary 8.2.5. We then have that t*p(G” f) is n—equivalent
to a linear combination of terms of the form

logpll e (t> n,—1
T/ K(Yt,’x (y))ya
yeDt,z

< 050 9u] (89, Y )+ 07 (@ — Y357 (), i () ) 9] desdY 5 (9)dy,

’

with [kg|+ ko] SN =141, P+’ < ¢ < n, p2 < |k, and the domain of integration is Dy, := Y{,(D;7%).
Recall now the expansions satisfied by Y7, ' (y) and Y1 ' (y)+07 (z—tY{, ' (y), Y{ ' (y)) in Corollary
8.2.5. By Taylor’s theorem applied at order n — ¢’, we get that the last quantity is the sum of terms

logp1+]72 t T T
7()K<*) / y* (07707 gn] (t,y, *)dy,
td t Y€EDy o t
where p1 + |a| < ¢ <mnand |y + || <N —rpt1+¢< N—-1-r,, and also terms bounded by

logpllﬂ’z (t)

(y log(®))" 7+ o z
ey e - A5 05 (t, — )d )
02221 4 /yEDt,,m tn—a'+1 vl ’ v gn} Y1 +2rly))dy

where |£ac‘ + |€v| <N —r, and
n,— n n,— n,— T
) =7 (Y0 @) + 0 (o= 1Y) W) Y0 W) — T ). v €D T [0,1)

To conclude the proof, it remains us to prove that for any |£,| + |£,| < N —r, and all 7 € [0, 1], we have

3
(55) / (g e !
YE€Dy, o

1 .
A =)

{z/t)

Recall from Corollary 8.2.5 that Dy, C {|y| < 2¢,t}. Hence, using ¢, < 1 and the expansion for z,(y), still
given by Corollary 8.2.5, we get

V(1,9) €[0,1] X Doy |2 (y)| S+t og(t) < 2.
We then obtain (55) by using
()= |05 05 g | (. 0) < ()M (),

which holds for all ¢ > 2, |y| < ¢ and v € R3 according to (43) and N, —n > n + 5. O

T
0505 gu (9, 5 + 20 (4) ) Ay S

We are now ready to obtain Proposition 8.2.7.

Proof of Proposition 8.2.7. The proposition is a direct consequence of the previous result as well as the
strong spatial decay estimates satisfied by g,. We remark first that (43) implies that for all ¢t > T,,

1
(56) Vicnt <zl <t, Vv eRS, (z)la‘<v>3|8¥”83“gn‘(t,z,v) < t~Natntlal < g2l

for any |vz|+ || < N —1 —ry, and |a] < n. Moreover, we have {|y| < 3cat} C Y7, (Df7) according to
Corollary 8.2.5. By Proposition 8.2.10 and the estimate (56), the normalised spatial average t3p(G” f) is
then n—equivalent to a linear combination of terms of the form

logpﬁ—pz(t) T N . T
— K(;) /|y|<ty 0207 gn] (t,y, ;)dy,

with |vz| + 7] < N —7rpy1, p1 + o] < g < n, and pa < |y,|. We conclude the proof by performing
integration by parts and by bounding the strongly decaying terms (which includes the boundary terms)
through (56). O
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8.2.4. Step 4: Exploiting the convergence of the modified spatial averages. We are finally able to conclude
the analysis of t>p(GP f).

Proposition 8.2.11. Let |3| < N —r,41. Then, for all (t,z) € [2,00) x R3, we have

@ )t - Y ()65an(t)‘is<1°g

E [ e

Sn+1(t)

p<g<n
where Fp, , € ON77a+1(R3), and ||[(v)30°F, 4| L~ < o0.

Proof. In view of the spatial (respectively velocity) decay satisfied by p(G” f) (respectively °F,, ,), and the
compactness of [2,Ty,], it suffices to establish the result for ¢ > T,,. We remark further that the existence
of the asymptotic self-similar polyhomogeneous expansion (recall Definition 2.6.1) implies by Lemma 2.6.4
that

Bp(GPf)],, = B [Fa(f)],,  amd  F, € OV T (RD),

P.q
Then, as such expansions are unique, we get from the induction hypothesis at order ¢ € [0,n — 1] that
F,, € CN-a+1(R3).

We then fix (t,z) € [T},,00) x R3. We first apply Proposition 8.2.7 to reduce the analysis to the study of
terms of the form

g () [ e e

with |7,] < N —=1—1r,, and p+ |a| < ¢ < n. We start by dealing with the terms for which ¢ > 1. Note
that N, —n > 44 n, so (43) implies

logt(t)’ /z<t - [83’“gn] <t’27 %)dz - /z<t - [63’“ foo] <Z7 j)dz‘ ;O(‘i;‘:;(ﬁl

Furthermore, we get from Corollary 7.1.6 that f., enjoys strong spatial decay, so

log ’/>t o3 £ ]( )dz log(t) <~ log(t)

S (/)3 N —5-lal ~ (g /)3 i1’

since N, > 2n + 5. It remains to treat the case ¢ = 0, for which we have |a| = 0. It then suffices to use the
strong convergence estimate for the modified non-weighted spatial averages (44) provided by the induction
hypothesis. Finally, ||(v)30°F,, 4||L~ < co ensues from the velocity decay of f,, and its derivatives. O

8.3. Late-time asymptotics for the force field. In this section we will prove that, for any |y| < N—r,41
the normalised force field 2V, G7¢ admits a polyhomogeneous expansion of order n along the modified
spatial characteristics t — (¢, X,, (¢, z,v) + tV,, (¢, z,v)). For this, we start by proving the next result.

Proposition 8.3.1. Let ®,, € CN="a+1(R3) be defined as
(58) Ay®p g =Fpq,
for any p < q < n. Then, we have ®, , € WN="+1:2(R3) and for any |y| < N — rpy1

200 (¢, ) — Z log”(t) (V0] @y 4] (£>

& t

log 5" (¢)

3
V(t x) € [2,00) x RE, S TpAr

p<q<n

Proof. Let |y] < N —rp41, and set

log®
Y(t,x) = Z Ogtq(t) a;yq)p,q(%)-
p<q<n

We note that

Va(t, x) = Z lifi(lt) (V0] ®p,q] (%)

p<g<n
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Then, as t2A;[07®p, ¢(2)] = [A,07 P, 4] (%), we have

A, (01016 — ) (8, x) = p(GV f) (t,2) — Z IOg;(t) 0)Fy 4 (%),
p<g<n

so that
A (¢ T0)g — )| (t, ) S (¢ + [x]) 2t 2 log" T ().

It remains to estimate V,(t'*17197¢ — ) by using (15). The boundedness of V,d7®, , is given by the
estimates of 0)F, ; in Proposition 8.2.11, and Lemma 5.2.1. O

We next show that the force field satisfies an asymptotic polyhomogeneous expansion in the sense of
Definition 2.6.2.

Proposition 8.3.2. For any |y| < N — o1, there ezists ), , € CN~rart A WN=Ta+1:°%(R?) such that

2 2 log" (1) =~ )" log! 5 (1)
t vmag(b(ta Xn + tVn) - Z Z T¢q,a,p(v) SJ tn+l )

g<n p+|al|<q

for allt > 2, all |z| < t, and all v € R3.
Proof. Fix now (t,z,v) € [2,00) x R2 x R? such that |z| < ¢ and apply a n'"-order Taylor expansion to get

(X +t(Vy, —0))

€ (X, +t(V, —v))ntl
a! '

14|

Vzai‘a%(t,tv)‘ <

2V, 00 (t, Xy, + V) =2 >

la|<n.
The RHS can be bounded for ¢ > |z|, by using |X,, — z| < log(t) and t|V,, —v| < 1. Then, to derive the
result:

(1) We use the expansion obtained for V07 ¢ in Proposition 8.3.1. If |a| > 1, we appeal to the induction
hypothesis at order n — || in order to get the corresponding expansion for V0397 ¢. Note for this
that |a‘ + |IY| <N-— Tn—]al+1-

(2) We expand (X,, +t(V,, —v))*.

(3) Finally, some terms thus obtained are lower order, so they have to be included in the error term.

N—rgq1,00

For this, we use that Xg.a,p, Vg.a,p, VoPpq € Wy , and that |z| <t.
|

Remark 8.3.1. One can check that 611&’0 = V0500 if |7] = 0 and |a| = 1. Since X,,41 will verify (61)
below, we will have that X; o0 = —V,05 ¢

8.4. Improved modified scattering. Let us begin by assuming that we have constructed X,+; and
Vi,41. Then, by the same computations as in (29), we have

(59) Btgnﬂ(t, Z, U) = (BtX,LH - tuvxd)(t, Xn+1 + tVn+1)) : [Vch} (t, X71+1 + tVn+1, Vn+1)
+ (uVeo(t, Xng1 + tVing1) + 8 Viga) - [GF] (6, Xng1 +tVig1, Viga).
Now, in view of the required form of X,,; and X,,, we have

v, | < S log" 1)

(60) Y (t,z,v) € [2,00) x R3 x R3, IXpa1 — Xp| +t[Viysy — p

Thus, we expect the difference
vx¢(t; Xn—i—l + tvn+1) - Vm¢(t7 Xn + tvn)

to be strongly decaying.
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We then define (X,,41, Vt1) as the unique polyhomogeneous map such that, for all ¢ > 2, |z| < t and
v € R3, we have

<1.>n+1 10g1+5n (t)

(61) |tuvx¢(taxn(t7xvv) +tvn(t7x7v)) - atX7L+1(ta'r;v)| rS fn+2 )
2y 1ogt o (¢
(62) |uvz¢(t,Xn(t7az,v) —|—tVn(t,x7v)) + 8tVn+1(t,x,v)| < (@) pr ()

and (X,+1, Vp+1) has the constant in time term (x,v). Recall Lemma 2.6.3 for the uniqueness of the
expansions. In view of Proposition 8.3.2, the maps X, ;1 and V,4; are indeed of the form stated in
(41)—(42).

The next step consists in computing the derivatives of 9;¢,,+1. For convenience, we introduce a notation.

Definition 8.4.1. Let a € N* and b € [1,N — r,41]. We denote by P;f?:l(X) any quantity of the form
H a;ijxii-i-lv ki € [[1’3]]v Z |7l| =b, |7i| > 1
1<i<a 1<i<a

We set ng;‘l(X) = 1. And we define P;Z‘l(V) similarly.

We can easily bound these quantities.
Lemma 8.4.2. Leta € N and b € [0, N — r,1]. Then, for all t > 2,

Vizg|<t, Vove Rf’), ‘Pg:l(X)’(t,x,v) S etlog®(t) + 1, |sz+1(V)|(t,m7v) <1.
As expected, these terms do not generate strongly divergent factors in the error terms.

Lemma 8.4.3. Let |k| < N —r,q1 and (t,2,v) € R% x RS X RS, Then, 9,04 ,,gni1(t, z,v) can be written
as a linear combination of terms of the first kind

T'ly’,’;,ﬁ,b,c =07, (3tXn+1 —tVao(t, Xpy1 + tVn+l))
- [V202 GPF] (t, X1+ t Vi1, Vn+1)]'7|ZT%,(X)P|%J|rlc(V)7
or of the second kind
T?y’,z,ﬁ,b,c =07, (Va:¢(t7Xn+1 +tVipt1) — atVnJrl)
) [G(’)ijﬂf] (ta Xnt+1 +tVag, Vn+1)P|Zﬁ(X)P|%J|FIC(V)7
where |y + |a] + 18] < |k|, and b+ ¢ < |&|.
Remark 8.4.1. 1f 97 , = Oy contains only velocity derivatives, then so does 97 ,,.
Proof. Recall that G =tV , + V,, so that with 9; denoting either d,: or 0,:, we have
(63) Oi[h(t, X +tV, V)] =8, X - [Voh](t, X +1V, V) + 0,V - [Gh](t,X +tV,V),

for any C* function h : Ry x R3 x R} — R, and maps X, V : R% x R x R} — R®. We then obtain the
result from an induction, where the base case is treated in (59), and the induction step is treated by using
the relation (63) for (X, V) = (X,41, Vot1)- O

Next, we control the first factor in these two types of error terms.

Lemma 8.4.4. For any |a,|+|ay| < N =741 and for all (t,x,v) € [2,00) x RS x R3 with t > |x|, we have

03" 0y (atXn+1 — tuVao(t, Xppn + tVn+1))‘ < (z)" gt (1) 2,

o= o (quQS(t, X1+ tVii1) + 0V, +1)‘ < ()" ogh+Sn (1)1—m—3.

~
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Proof. According to Proposition 5.2.2, the mean value theorem, and (60), we have
t|[V2078] (t, Xns1 +t Vi) — [Va02 0] (£, X, + V)| S et 27" (2, log(t))",

for any |y| < N — rpy1. In view of the definition of (X1, Vnq1), it implies that:

e The two estimates in the statement hold for |ay| + |a,| = 0.

o O%= % [quﬁ(t, Xn+1 +tVn+1)] admits an asymptotic polyhomogeneous expansion of order n+ 2+
laz| (with an error term decaying at least as ()" +1log!™ " (£)t==3~le=]) by using the chain rule,
and Proposition 8.3.2. Thus, so do the LHS in the second estimate of the statement. The LHS in
the first estimate admits an expansion of order n + 1 + |a,| because of the additional factor t.

These two properties together with Lemma 2.6.3, imply the result. Note that because of the last part of
Lemma 2.6.3, the spatial derivatives do not provide an improved estimate. O

We are finally able to conclude this subsection. We recall that S,+1 > S, + N +1 —r,41.
Proposition 8.4.5. For any |k| < N — 41, there holds

log®"+1 (¢)

Vi > 2, V|3§‘| < t, Yv € R?}, <x>szn71<,U>Nu |3£71)gn+1(t7x7v) - a£7vfw(x7v)| 5 tn+l

Proof. Since |X; — X,11| S 1 and [v — V01| < ¢t71 on the set {|z] <t} x R3, we have by Lemma 7.1.4
that

(64) Vt>2, V]z| <t, YveR3, () Ne (p)No

072G [ (t, Xngr + Vi1, Vi) S loghl(8),

for any |v4| + |7w] < N — 1. Combining this estimate with the Lemmata 8.4.2-8.4.3-8.4.4, we have

o 1+Sp+N—rpn41 (t)

1
8Rv9n+1|<t7w7v) rg &

17

Vit >2, Vx| <t YveR3 (g)Ne=n=1 ()N

tn+2

To conclude the proof, it remains to show that f., is indeed the limit of g,,41. For this, we use that f., is
the limit of g,, and that

‘gn-&-l(taxav) gn(t € U)' < va v9n(t, a')HL"O (

according to the mean value theorem. By (60) and (43), the RHS converges in L (R3 x R3) to zero. [

loc

n+1l = Xn| + t|Vn+1 - Vn|)a

8.5. Strong convergence estimates for the spatial averages of g, 1. A direct application of Propo-
sition 8.4.5 provides that the spatial average of g, .1 converges to the one of fo, as t~"~1 logS"Jrl t. As we
performed in Section 7.1 for the analysis of g;, we are in fact able to establish an enhanced convergence
estimate for the spatial average of gn11. For this, we can decompose 0;9; ,gn+1 as in Lemma 8.4.3 into
the sum of terms of the first and second kind. The terms of the first kind decay as t~"~2log' " (t) and
they govern the rate of convergence in Proposition 8.4.5. In contrast, the terms of the second kind decay
as =" 3 log T (¢).

In order to obtain the improved convergence estimate, we need to carefully study the spatial average
of the terms of the first kind. The key idea will be to exploit that these terms carry a factor of the form
V. Z¢ f allowing for integration by parts.

Proposition 8.5.1. Let |k| < N —1—1r,41. Then, there exist Q”’ﬁ € CON L>(R2) such that

’/ 0y gn+1(t, 2 vdz—/ 0% foo(z,v)dz — Z Z 10§+1 pf(v)/ 2508 foo(2,v)d2
|z|<t R3

[BI<|k| p+[€|<n =
<2 logSh (1),

for all (t,v) € [2,00) x R3.
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Proof. Fix (t,v) € [2,00) x R3. We start by applying Lemma 8.4.3. There exists N* € R such that

~¥,a,8,b,c
@0 [ Ogutzvdz— 3 S N§7a,5,b7c/ TV ot 2, 0)dz
l=I<t I+l +I8I< x| b+e<|x| 1<t
(65) §/ <’U>3|8ﬁgn+1(t,tw,v)|t2d,uga + sup sup <v>3 / Tiz 5bc(t z,v)dz|,
s2 [v[+]el+8]<] x| b+e<|k] [z|<t

where dpg2 is the volume form on the unit sphere S?. The goal consists in proving the following properties:

e Any error term in the RHS decay faster than ¢="~3 log“»+! (t).
e The integral over {|z| <t} of any term Tv w.pbe(ts 2 v) is (n+2)-equivalent to a sum of terms

1 —k
(60 EOG;2 0 [ S0tz <

To conclude, it remains to take the antiderivatives in time of quantities of the form (66). Here, we identify
the limit by applying Proposition 8.4.5, which implies
lim In+1(t, z,0)dz = foo(z,v)dz.

t=+00 J2 1<t R3

Control of boundary terms. Recall that N, > 2n + 6. We control the boundary term in (65) by
applying Proposition 8.4.5, together with Corollary 7.1.6 in order to estimate foo. So, for every |£| < N—r,41
we have

/ ‘Gggnﬂ(t,tw,v)‘d,u% < t_N”+"+1<v>_N“ <t () 3.

8%

We will deal with other boundary terms by the next consequence of Corollary 7.1.6,

(67) By (t,v) ::/ 07 91| (¢, tw, v)dps2 < tNeF L) =3,
82

with |[y| < N — 2.
Estimate for terms of the second kind. Let us fix b+ ¢ < |x| and |y| + |a| 4+ |8] < |k]. Combining
(64) with the Lemmata 8.4.2 and 8.4.4, we bound the terms of the second kind by

(68) Vizl <t T30 gpel(t2,0) S (2) 7 o) 2T log N T (1),

Consequently, these terms give rise to error terms decaying as t~"~3log®"*+1(¢) in (65).
Estimate for terms of the first kind. We now focus on the term of the first kind ']I‘i wBbe
that is, terms of the form

O (041 = 09,0(8 X1+ EVo11)) - [Vo02 G (6 X1+ Vg, Visd) P (KO BEFA(V).

(t,Z,’U>7

From now on, we study the decay properties of a fixed term TA/ a.Bbe

Reduction of the analysis to T*.We first reduce the analysis to the study of
Tl(t, 2,’7 ’U) = 83 (815Xn+1 - th(b(t, Xn+1 + tVn+1)) . [VIG;“GBJ‘] (t, Xn+1 —|— tVn+1, \/n+1)‘P‘1&|7 b(X)7

where P‘ ! »(X) is obtained by formally replacing X,, 41 by X, so that

PL (X)) =1og®l(t) T[] Ve0y,ofi(),  kielL3], Y. |ul=b |ul>1

1<i<|al 1<i<|al
For this, we note that:

o By the form (41) of X411 — X1, we have [P} (X) = PL, ,(X)| S (2,log(t)) t~* logl*! ' ().

e By the form (42) of V4, — v, either |agT1( <t 'or |13|;;T1( Y =1 St
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e Thus, by (64) and the Lemmata 8.4.2 and 8.4.4, one of the next two estimates hold:

Sn+N—rp41 (t) o Sn+N—rpi1 (t)

log — g

1,k 1,k 1

T, o0l (t:20) S (2)A{p)3tnts TS e s0e = Tt 20) (2)4(v)3¢n+3
Therefore, if the first estimate holds, the term T,ly '; Bibe is of lower order. Otherwise, if the second estimate

holds, we carry on with the analysis of T!.
Reduction of the analysis to T'. We next show that we can in fact focus on

TY(t,z,0) := ) (atxnﬂ— tVo(t, Xpy1 + tvnﬂ)) [ V202 GPf) (8, X0 + 1V, V1) P (X)
since the difference T' — T is lower order, that is

10g1+Sn+Nfrn+1 (t)

()4 (v)3¢n+3
For this, we apply Lemma 8.4.4, and we use the mean value theorem together with Lemma 7.1.4 as well as

Vz] <t |T1—'f1}(t,z,v)§

1
Yz <t, ’Xn+1 — le(t,z,v) —|—t|Vn+1 - V1|(t z,v) < <z log(t)) .

Comparison with g1 and conclusion. Our last reduction consists in applymg Remark 8.2.3 and Lemma
7.2.2, in order to write G? f in terms of the derivatives of g;. This implies that T! (t,z,v) can be written as
a hnear combination of terms

e cither decaying as (z)~4(v) =3t~ 3 log" TN =t (¢),
e or of the form

T(t,2z,v) := 0] (3txn+1 =tV o(t, Xpp1 + tVn+1)) V0705 01] (L, 2,0) Py (X)),
where [v| = [af, and [v] + || < |of +[B].
Note now that integration by parts yields, as X; — xz and V; are independent of x, that

(v)?

o 0007 (0K = V26t X1 + V1)) [0 ] (2, 0) P (X) = T2, 2, 0)d2
|z|<t
<t>n+1 10g1+5n+|1’\(t) 1

nt+3’

sup  (v)°Be(t,v) <
1E1<Iv]+]pul
where we used Lemma 8.4.4, (67), and N, — 1 > n + 3 in the last step. Assume first that |v| +1 < n and
note that |y| + |v| +1 < N —r,41. Then:
e Recall from Lemma 8.4.4 that V0% 97 (0: X, 11—tV ¢ (t, Xp+1+tVp41)) admits an asymptotic poly-
homogeneous expansion of order n+2+|v|. Here, the error term decays as ()" log" 5= (£)t=n=3= v,
e According to Lemma 8.4.4, all the terms of order up to n + 1 vanish.

Consequently, there exist Kf, € C%N L>°(R3) such that, for all |z| <t and allv € R?, we have

~ n+2

. 28 logP (t 1 ogltSn (¢
‘vm 0L0) (K1~ IVa (8, Ko + Vi41)) = Y th()Kg(v)‘ <2 o ).
p+lg|<n—|v|

Next, we use the particular form of P | ,»(X) to show that there exists L{ € C° N L (R3) such that

log? logitSn
/ T(t, z,v)dz — Z (1§+(2t)1‘1§7<v)/ 26 [8591}(t,z,v)dz < log " (1)
|z|<t |z|<t

3
<U> ~ tn+3
p+[§|<n

It remains to apply Corollary 7.1.6 for || < n, which provides

‘/ J(t, = v)dzf/ 2508 foo(2,0)d2| <
\ \<t R3

logN(t) < logs"“_"(t)
t t '
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If |v| > n, we use |0X41(t, 2,v) + |05V ai1|(t, z,v) <7160 and |V,056|(t, 2) < et=271¢ to argue that

1

|V2020] (0:X g1 — tVod(t, Xpg1 + tVi1)) | S sl

One can then deduce that T also satisfies (68). This concludes the proof. ]

9. NON-LINEAR TAILS AND WEAK CONVERGENCE

In this section, we obtain late-time tails for the spatial density and the force field. We also prove that
the distribution (up to normalisation) converges weakly to a Dirac mass in the zero velocity set. We finally
capture the shearing of the system with a weak convergence statement.

9.1. Hierarchy of asymptotic conservation laws. Let f.: R3 x R? — R be a regular scattering state.
Let |a| + |8] < N — 2 be multi-indices. We consider the weighted spatial averages Ag R3 — R given by

A3 (v) := /R3 z0° P f oo (2, v)dz.

T

o0
T,V

By Proposition 4.2.2, we note that A7 is bounded by a weighted L
Moreover, the weighted spatial averages Ag can be defined as

norm of the scattering state f..

o — T a na+p
AB (U) t1i>nolo %8 T a’U g1 (ta z, U)dxa
by Corollary 7.1.6. See for comparison Proposition 4.2.1 for the definition of the conservation laws of the
linearised system.

9.2. Late-time tail for the spatial density. Let f: [0,00) x R x R? — R be a small regular solution for

the Vlasov—Poisson system. The late-time asymptotics of the spatial density are obtained in Proposition

8.2.11. In this subsection, we apply this result to obtain non-linear tails for the spatial density. We begin
xr

writing the tail of the self-similar profile A%(%) in terms of the conservation laws A% (0).

Lemma 9.2.1. Let N > 2 and |a|+ |B|+[y| < N —2. Then, the weighted spatial average Af satisfies that
for all (t,x) € [2,00) x R3,
z 1 Y ‘x|N+1f|a|flﬁl
af 2\ T a7 po el g e B
’A5<t> > ylavAﬂ O 77| S e

IYI<N—|al-|8] "

Proof. The proof follows by a straightforward application of Taylor’s theorem (see the proof of Lemma
4.3.1). Here, we have bounded the norm of the scattering state by the initial data norm. |

We similarly apply Taylor to obtain an expansion for the self-similar profile F, (). Recall that by
Proposition 8.2.11, these profiles can be written in terms of the hierarchy of asymptotic conservation laws
AF. Moreover, according to Lemma 2.6.4, we have F, ; € CN=rav1 QW =rar1,00(R3).

Lemma 9.2.2. Let N > 4 and (p,q) € N? such that p < q and 7441 < N. For any integer k € N and
multi-index (8 satisfying k + |B| < N —rq11 — 1, we have

x 1 7 ||+
apryq(;> - Z JangFp,q(O)tW S 1

lvI<k '

V(t,z) € [2,00) x RS,

Finally, we obtain late-time tails for the spatial density in terms of the hierarchy of asymptotic conser-
vation laws A(f).
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Theorem 9.1. Let N > 4 and n € N such that 141 < N. For any |8] < N —rpp1 — 1 and all
(t,z) € [2,00) x R2, we have

X7

27 logP (t) log® 1 (t)
3 Gﬂftxudv— >y .mw paO)—pre | S g1l +1

p<q<n |y|<n—q

Here, 83+5Fp7q(0) can be computed in terms of Ag(v) and its derivatives for |a| + [B] < N — 2.

Proof. Since 1,11 = r, +n + 1, the proof follows directly by Proposition 8.2.11 and Lemma 9.2.2. |

9.3. Late-time tail for the force field. The late-time asymptotics of the force field are obtained in
Proposition 8.3.1. In this subsection, we apply this result to obtain non-linear tails for the force field. We
begin writing the tails of the self-similar profile V,®, ,(%) in terms of the constants V., 0] ®, 4(0).

Lemma 9.3.1. Let N > 4 and (p,q) € N? such that p < q and 7441 < N. For any integer k € N and
multi-index § satisfying k + |8] < N —rq11 — 1, we have
7 ‘$|k+l

T
V(t,z) € [2,00) x RE, ‘vva{jcppyq(t) > v w01 (0) 7 | S St

| |<k

Finally, we obtain late-time tails for the force field V¢ in terms of the profiles q)g’ ¢ We recall that @5,(1
are explicitly defined using the hierarchy of asymptotic conservation laws A(f).

Theorem 9.2. Let N > 4 and n € N such that rp,41 < N. For any |B] < N — rpp1 — 1 and all
(t,z) € [2,00) x R3, we have

x )

7 log? (¢ log™» (¢t
LTS B S .aWBv B, ,(0) Mgﬂ() < gth( )|x|n+1.

p<q<n |y|<n—gq

where ®, , is defined by A,0) P ®, , = 0JPF,,.
Proof. The proof follows directly by Proposition 8.3.1 and Lemma 9.3.1. O

9.4. Weak convergence properties. In this section, we show the weak convergence of the normalised
distribution t3G? f for small data solutions to the Vlasov-Poisson system in terms of the scattering state
8{,’ foo. For this purpose, we first compute the limit of the spatial averages studied in Proposition 6.1.1 in
terms of the scattering state.

Proposition 9.4.1. Let || < N — 2. For all (t,v) € [2,00) x R3, we have
log" (1)

‘ GPf(t,x,v)dz — 0P foo(z,v)dz| < €
RS RS

In particular, the spatial average fRS GPf(t,z,v)dx converges to fRS 0P foo(x,v)dx as t — oo.

Proof. We recall that [G? f](t, z+tv,v) = 02 gy(t,z,v), so it suffices to prove the result for | 3| = 0 according
to Proposition 6.1.1. Then, by performing the change of variables y(z) = = — tv — plog(t) Voo (v), we
observe that the spatial average of f and g; are equal. It remains to apply Corollary 7.1.6. (]

In particular, one can show the following corollary.

Corollary 9.4.2. Let |3| < N — 3. Then, for all (t,v) € [2,00) x R?

v

we have

log" ™! (#)

Vo e RS, ‘/ Gf’f(t7y,@+3)dy—/ 8ffoo(y,v)dy‘ S €@)
R3 t RS L

Corollary 9.4.2 will be used in the forthcoming subsections to show the weak convergence statements of
the distribution function.
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9.4.1. Concentration in the zero velocity set. In this section, we show that t3G# f(t,x,v) converges weakly
to the Dirac mass ([ 02 foo(2,0)d2)8,—o(v). This the nonlinear version of Proposition 4.4.3.

Proposition 9.4.3. Let ¢ € CF, be a compactly supported test function. Let |B] < N — 2. Then, the
Vlasov field f satisfies

lim B3GPf(t, x,v)p(x,v)dedy = / (Ag(O)évzo(v))go(x,v)dacdv.
100 JR3 xRS R3 xR3
In other words, the distribution t3GP f(t,z,v) converges weakly to Ag(0)8,—0(v) as t — oco.

Proof. Applying Lemma 4.4.2, for fixed t > 2, to the distribution g(x,v) = GPf(t,x + vt,v), we have

’/ t3GPf(t,z,v)0(x,v)dzdy —/ <p(x, E)/ G'Bf(t,y—l—x,f)dydx‘
RS xR3 R3S t7 Jrs t

St oswp (@)P(IGPfI+|GGP ) SlogN TN
(z,v)ER3 xRS

where the last estimate holds by Proposition 5.4.1. Finally, we apply Fubini, the dominated convergence
theorem, and Corollary 9.4.2, to show

i x B o — B
thm . cp(x, t) /Rg G f(t, Y+, t)dydx /]Rg o(z,0)dz /}R2 0% foo(2,0)dz.
O

9.4.2. Shearing of the Hamiltonian flow. Let v € R3. In this subsection, we show that 3G f(t, x +tv, v +0)
converges weakly to the Dirac mass ([ 95 foo (2, 0)dx)8,—5(v). This result is analogous to Proposition 4.4.5
in the nonlinear setting. The proof is similar to the one of Proposition 9.4.3 and relies on Corollary 9.4.2.

Proposition 9.4.4. Let ¢ € CF%, be a compactly supported test function. Let v € R3, and |3 < N — 2.
Then, the Viasov field f satisfies

lim B3GPf(t,x,v)p(x — t7,v)dzdy = /

{200 JR3 xRS RS xR3

(Ag(ﬁ)évzg(v))ga(x, v)dzdv.
In other words, the distribution t3GP f(t,x + tv,v + ¥) converges weakly to Ag(0)dy—5(v) ast — oco.
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